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A method of perturbation calculation, especially adapted to nucleon-nucleon scattering problems, 
is described. Any contribution to the energy of the system which is relatively small where the nuclear 
potential is large may be treated as the perturbation. Two principal examples are discussed. (1) Energy 
as the perturbation: An expansion of the phase shifts in powers of the energy is written down which 
extends earlier results of Schwinger, Blatt, and Jackson. (2) The Coulomb field as the perturbation 
in the proton-proton problem: Expansions are given which relate the nuclear phase shifts in a com- 
bined nuclear and Coulomb field to the corresponding phase shifts for a purely nuclear problem. 


Attention is confined to central forces throughout. 





I. INTRODUCTION 


HE study of nucleon-nucleon scattering has 
long been recognized as a source of direct 
information about the nature of nuclear forces. In 
the absence of a detailed theory of nuclear forces, 
the procedure commonly adopted in the past has 
been to describe the interaction phenomenologically 
by a short range potential of some particular shape. 
Calculations of scattering cross sections were carried 
out and comparisons made with experimental data, 
with varying degrees of success depending on the 
energy region in question. 

In the low energy region (<10 Mev) it was found 
that no potential was obviously superior to any 
other.! The underlying reason for this lack ‘of dis- 
crimination was recently explained quantitatively 
by Schwinger.? The reason is that the scattering 
characteristics of a given potential shape may be 
described, in this limited energy region, by only two 
parameters. These may be chosen as the scattering 
length at zero energy*® and the so-called effective 
range.‘ Since there are only two parameters to be 
fitted, it is evident that any shape potential is 
suitable provided the proper choice of range and 
depth is made. 


1 Breit, Condon, and Present, Phys. Rev. 50, 825 (1936). 

2 Julian Schwinger, Phys. Rev. 72, 742 A (1947); Hecto- 
graphed Notes on Nuclear Physics, Harvard (1947). 

3E,. Fermi and L. Marshall, Phys. Rev. 71, 66 (1947). 

4 John M. Blatt, Phys. Rev. 74, 92 (1948). 


Schwinger’s analysis, which has been confined 
thus far to central forces, is based on an expansion 
of the quantity, k cots, in-powers of k*. k is the 
wave number and 6 is the S phase shift for neutron- 
proton scattering. 


k cot8=Ao+Aik?+Ack'+---. 


(A) 


For any positive (or negative) definite short range 
potential, A» turns out to be so small that the third 
term cannot be noticed experimentally at low 
energies. This, of course, is the underlying reason 
for the well shape independence of low energy cross 
sections. It is not clear from Schwinger’s procedure, 
however, why the quantity k coté should be repre- 
sentable by a rapidly convergent power series in the 
energy. In fact, the appropriate quantity to expand 
in the case of proton-proton scattering is consider- 
ably more complicated. In this paper we derive a 
general expression for that quantity which in a 
particular problem can be expected to have a con- 
vergent power series representation. The actual 
determination of any number of the terms in the 
expansion can be carried out in a straightforward 
way, and the form of these terms is, in general, sim- 
pler in appearance than that given by Schwinger’s 
variational method. The higher terms in the energy 
expansions are of physical interest because of the 
information they give about the shape of the nuclear 
potential, but we shall not discuss this aspect of the 
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problem. Blatt and Jackson’ have made a detailed 
investigation of the coefficient Az, using the varia- 
tional principle. They discuss the physical implica- 
tions in detail. 

The expansion (A) will also be generalized to an 
arbitrary angular momentum. The possibility of 
making analogous expansions in parameters other 
than the energy is pointed out, and in particular 
the case of the Coulomb field as a perturbation is 
discussed in considerable detail. The usefulness of 
the various expansions will be discussed in Section 
V. 

We shall .confine ourselves, for simplicity, to 
central forces. The generalization to tensor forces 
has been made by R. S. Christian and will be 
published by him. 


II. THE GENERAL METHOD 


The problem to be solved is the determination of 
the asymptotic form of the regular solution of the 
following differential equation: 


[L+f}u(x) = —eg(x)u(x), (1) 
L=(@/dx*)+q(x), (2) 


f is a short range self-adjoint operator, € is a 
parameter of smallness, g(x) is an arbitrary function 
no more singular at the origin than 1/x? and g(x) 
another function no more singular than 1/x. 

Equation (1) is therefore a general form for the 
radial Schrédinger equation for an arbitrary angular 
momentum. The choice of q(x), €, and g(x) will vary 
from problem to problem. The asymptotic form 
of u(x) shall be called X (x) ; i.e., X(x) is an irregular 
solution of the equation . 


LX (x) = — eg(x)X (x). (3) 


Since an expansion in powers of ¢ is the object 
here, we define explicitly the limiting forms of u(x) 
and X(x) as « approaches zero. Thus vp(x) is the 
regular solution of the equation 


{L+f}or(x) =0, (4) 


and Y;(x) is the asymptotic form of ve(x), being in 
turn an irregular solution of the equation 


LY;(x) =0. (5) 


It is convenient also to define at this time an 
irregular solution of Eq. (4) and the regular solution 
of Eq. (5). These will be designated as v(x) and 
Yr(x), respectively, and chosen so that 


W,(vr, UR) = 1 
bea am {for slits (6) 


where 


5 J. M. Blatt and J. D. Jackson, Phys. Rev. 75, 341 (1949). 
We are indebted to Drs. Blatt and Jackson for an advance 
copy of their more detailed paper. 
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and so that asymptotically v(x) approaches 
— Ypr(x). The notation W,(f, g) means the Wron- 
skian [f(x)dg(x)/dx—g(x)df(x)/dx]. These condi- 
tions can be achieved by a proper choice of the 
constant in the following representation of v7(x) : 


. * dx’ 
ar) =on(s)| -{ wan tonstant | (7) 
R 


We now derive the fundamental identity from 
which all subsequent results can be obtained. From 
Eqs. (1) and (4), one sees that 


Wao(vp, U) = Wai(vpe, wef g(x)ur(x)u(x)dx. (8) 


x0 
Similarly from Eqs. (3) and (5) 
Wo( Y;, X) a Wr Y;, X) 


tf e)¥ie)X@)dx. (0) 


z0 
The difference of these equations gives 


Wro( Y;, X) = Wao(vp, u) = Wi( fn X) = Wei(vp, u) 


+ef g(x)[ Yr(x)X (x) —vr(x) u(x) Jdx. 


0 
Now pass to the limit x; %, x90. We obtain 


lim Wro( Y;, X) 
x00 


4) 


= lim f g(x) Vr(x)X (x) —vr(x) u(x) ]dx, (10) 


x0 


since the Wronskian of the two regular functions 
u(x) and vr(x) must vanish at the origin. Hence- 
forth the limiting process, x»—0, will be implied 
wherever xo is written. 

Later examples will show that Wz(Yr, X) is a 
measure of the influence of the term eg(x) on the 
scattering characteristics of the system. It is evident 
that Wzo(Yr, X) can be represented by a rapidly 
convergent power series in e whenever the functions, 
u(x) and X(x), can be so represented im the region 
where the nuclear potential is important. This, in 
turn, will be the case if eg(x) is relatively small in 
the region where f is effective. 

It should be noted that Eq. (10) is homogeneous, 
i.e., it is independent of the normalization of vz(x) 
and u(x). This follows from the fact that if vz or u 
is multiplied by a constant factor, the corresponding 
asymptotic form must be multiplied by the same 
factor. In subsequent examples the normalization 
will be chosen for convenience. 

A procedure is now set up by which any number 
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of terms in the required expansion can be obtained. 
The expansions of u(x) and X(x), if they exist, 
can be obtained by the iteration method which 


follows. ® 

The differential equation (1), together with its 
boundary conditions, may be replaced by the 
following integral equation, 


u(x) = Wai(vr, u)vR(x) 


+e on(x) f g(x’ )ur(x’)u(x’)dx’ 


ons) fo e(eon(e")ula")de’ . (11) 


If we choose x, sufficiently large to be outside the 
range of f, then 


Wai(vz, u) = W2(— Yr, X) 
= —W,(Yr, X) 
tof ele) Yale')X@). (12) 
0 
Thus 
u(x) = —Wo(Yr, X)vr(x) 


tears) f 2(x’)ur(x’)u(x’)dx’ 
—* f sh ali ale ie 


+on(e) fee) Ya) X() 
+ur7(x')u(x’) |dx’ ; 


It is obvious now that x; may just as well be taken 
as +o, and one can always adjust the relative 
normalizations so that 


Wo( Yr, X)=—1. 
Assuming this to be done and defining 
Fyy2(x) = Yr(x)X (x) +07(x) u(x), 


we arrive at the final integral equation 


(13) 


u(s) ons) +efor(a) f g(x’ )ur(x’)u(x’)dx’ 
—on(x) f “g(x")or(x")u(x!)de’ 
+vp(x) f g(x’) Hy2(x’)dx’}. (14) 
0 


®Ince, Ordinary Differential Equations (Longmans Green 
_ and Company, London, 1926), Chapter XI. 


The corresponding equation for X (x) is 


X (x) => Y;(x) + Wro( Y;, X) Yr(x) 


+4 V(x) f g(a!) V(x!) X (ee)! 


—¥e(x) f g(x’) Vr(x')X (x’)dx’}. (15) 


The three equations (10), (14), and (15) may 
now be used to find the desired expansion of 
Wo Y;, X): 


Wro( ge X) mg p> We". (16) 


n=0 


Designate the corresponding expansions of u(x) and 
X (x) as follows: 


u(x) = x Un(x)e”, (17) 


n=0 


X(x)= FE Xalxyer. (18) 


n=0 
It is convenient to define 
his(x) = Y7?(x) —vp?(x), 
heo(x) = Yr?(x) —v7°(x), 
hy2(x) = Vr(x) V1(x) +0R(x)vz(x). 
The zeroth-order terms are written down at once. 
Uo(x) =vpR(x), 
X o(x) = Y1(x), 
w= f g(x)hii(x)dx. 


x0 


To obtain W,, we must substitute in (10) wo+ ex; 
for u and Xo+eX;, for X. X, is written down from 


(15), 
X1(x) = WoVr(x)+ ¥e(x) f g(x’) Vr(x’) Yr(x’)dx’ 

— Yr(x) f g(x’) V77(x')dx’, 
and u; from (14) 


ss (2) =0r(2) f o(x")on*(x")dx’ —vp(x) f or(x’)on(x") 


X dx! +op(x) f g(x! )hhsa(x!)dx’. 
Q 
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This leads to 


Wi=2 f sbidinckebde f g(x’) Vex") Vr(xe")dee’ 
z0 0 


-2f g(e)Ina(xds f g(x’)uR?(x’)dx’. (20) 


z0 0 





W.- ff ag(x)| 2h] f g(x’) Yr(x’) Ye(e')dx' | +h f g(u’)oa'a’)dx' | 


—2 ver) f e(e’nr(e as’ | f e(e")h(")ae" [+ verc)| f 


0 
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This procedure may obviously be continued to 
give any number of terms which may be desired. 
We write down only one more, since the complica- 
tion is rapidly increasing and there is as yet not 
sufficient experimental information to permit con- 
clusions about the size of higher terms, in the energy 
expansion at least. 


2 


2) 


e(e'yhu (eb 


z 


-on')| f e(e'Vhale')ds | ~2haa(o)| f g(x’) ¥i(a')ax' | f e(e”)oat(e")dx" 


—20(s)on(0)| f g(w’ynnr’)dy’ || f e(e” hna(e)dx” 


0 z 


=209%(0)| f g(x’) Yr(x’) Ya(w’sdr’|| f e(e”Ina(e")ds” | : 


Applications of the expansion (16) will now be 
given. 


III. NEUTRON-PROTON SCATTERING 
(a) Low energies 


The chief motivation for this investigation was 
to find a systematic scheme for determining the 
coefficients in the expansion (A). The differential 
equation in question is that for an S state of the 
n-p system: 


@ 
{+4} ur) =—*u(x), (22) 
dx? 


where the unit of length has been taken to be the 
range of the nuclear potential, f, and « is the 
relative wave number of the incident proton in these 
units. As usual, u(x) is 7. times the radial wave 
function. We wish to treat the energy as a perturba- 
tion, so that in terms of our general notation, 
q(x) =0, g(x) =1, and e=x’. 

Let us first determine the meaning of Wzo( Yr, X). 
Write 


sinkx 
X (x) =x cotd® 





+coskx, (23) 


K 
where 6° is the S phase shift. A possible way of 


writing Y;(x) is 


Yx(x) =14—, (24) 
q° 


(21) 





0 





where a’ is the scattering length. It follows immedi- 
ately that 


1 
Wro( rz, X) aa. eR, (25) 
a 
and we have from (16) 
K cote?—— = PW + c43W 1+ «°6W%2+---, (26) 
a 


where W%, W°:, W%, --- are given by the expres- 
sions (19), (20), (21)--- in which ve(x) is taken as 
the zero energy solution of Eq. (22), normalized 
to (24) at infinity, and v;(x) is the irregular solution, 
normalized to — Y°r(x) = —x. 

In (26), the coefficient W% is half the effective 
range, as defined by Schwinger,” and the coefficient 
W*®,; has been obtained by Blatt and Jackson by a 
variational method. Their method, however, does 
not introduce explicitly the irregular zero energy 
solution, v7(x), and consequently leads to a more 
complicated expression. W%, has not previously 
been given. From a practical point of view, the 
introduction of v(x) is justified because it can 
always be constructed from its representation (7) 
in terms of v°p(x), once the latter is known. 

The expansion (26) is correct for both singlet and 
triplet S states of the n-p system. In the triplet 
case, however, it is desirable to relate the scattering 
length, a°, to the binding energy of the deuteron. 
The relation may be obtained at once from the 
above formalism. 


Th 
deute 


(aro= 
the b 


zero | 


g(x) = 
same 


then 
Wo 
so th 


The | 
that 


x cot 


The 
eners 
tions 


othe: 
pend 
by t 
procs 


x cot 


wher 
the : 
Kk? al 





still 


and 





The radial equation for the bound state of the 
‘| deuteron is 

a? ' 

{| —+4]uo(2) = ato) (27) 
dx? 

(aro=(MB/h’)', with ro the range of the force, B 
the binding energy of the deuteron.) 

The boundary condition is that up(x) approach 
zero for large x. We must set e= —a?, g(x) =0, and 
g(x) =1. Then vpe(x), vr(x), Yr(x), Yr(x) will be the 
same functions as above. If we choose 

Xp (x) mere, 
then 


Wo( Y;, X) = WL1+(x/a), e- |= —a—(i/a), 
so that 
1/a°= —ateeW —f8W ,+a°W +--+. (28) 


The coefficients in (28) are the same as in (26), so 
that we may rewrite the latter for the triplet case as 


k Coté? = —at (K+ a?) W%o+ (x4— a4) W; 
+ (x8) W%+ +++, 


The coefficients here are defined in terms of zero- 
energy scattering functions, not the deuteron func- 
tions, as is sometimes done. 


(29) 


(b) High Energies 


If the value of x coté is known at some energy 
other than zero, say at x”, then the energy de- 
pendence in the neighborhood of this value is given 
by the identity (10). The generalization of the 
procedure in (a) is obvious: The result is 


x Coté? =x’ ctndo’ + (x? — x?) Wo’ 
+P 4 '+---, 


where the coefficients W®,’ are defined in terms of 
the regular and irregular solutions at the energy 
x”? and 6” is the corresponding phase shift. 


(30) 


(c) Higher Angular Momenta 
We next generalize Eq. (22) to 


is 1(1+1) 


dx? x? 





+f} =— u(x), (31) 


still treating x? as the perturbation. Choose 


IV 
X (x) = x21 cotd®———+ x'ni(x), 
K 


and 
(2/1)! 1 

Y°; (x) =—x!+ 
24! 


241! 
a°; (21+1)! 





+l 
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where j:(x) and (x) are, respectively, (axx/2)! 
XK Jing(xx) and (—1)"(axx/2)*J_13(xx). Asymptoti- 
cally, 

lx 


lx 
jnla)—sin( ax"), mx) cose —— . 
Then 
Wao( Yr, X) = x? cotd®, 
1 (2I)! 


—— —-—_W2(x—"', x'n;). 
a, 


(32) 


The last term on the right-hand side will in general 
become infinite as x» approaches zero, but reference 
to (10) shows that this will be exactly compensated 
by terms on the right-hand side of that equation. 
This fact is guaranteed by the identity (9). There- 
fore let us define a series 


(21)! 
—— W2p(x—', x'n)) == x? : x D,, a(«*)* 
211! n= 


and write out the expansion (16) as 


1 
K24+1 cotd®, aapie =(W, o—Dz, 0) x? 
ai 


+(W*,,; —Dy1)K*+ = dala (33) 


where the W°,,. are defined-in terms of the zero 
energy solutions of Eq. (31). 

For potentials without a ‘“‘tail,’’ such as the 
square well, the expansion (33) converges equally 
well for all /. The criterion for convergence stated 
in II shows us, however, that if a small tail is 
important in producing the phase shift in question 
the perturbation approach fails as soon as the 
energy is comparable to the strength of the tail. 
Since the phase shifts for higher / have a strong 
tail dependence, the convergence of (33) will be- 
come rapidly poorer as / increases. 

It is quite feasible, however, to use the analog 
of (30) to investigate the effect on any phase shift 
of small fractional changes in the energy. 


IV. PROTON-PROTON SCATTERING 
(a) Low Energies 


Proton-proton scattering may be treated in much 
the same way as above. The radial equation for the 
S state in this case is 


da £B 
[—-=+4)u = — x*u(x), (34) 


dx? «x 


where B=170/(h/Me?), with ro the range of the 
nuclear potential and M the proton mass, For low 
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energies, we again identify x? with e to obtain the 
expansion analogous to (26). Choose 


F(x) 
X (x) = Co*« coté C + CoGo(x), (35) 


oK 


where F(x) and Go(x) are the regular and irregular 
solutions in a repulsive Coulomb field defined by 
Breit, Wheeler, and Yost.’ 


Bx 1 240 2 
Fo Come| Lp ae bt +f 


+ Bx {Iny’*Bx—1+Q}+-- ‘| 
Fy—sin(xx+6.), 
Go—cos(xx+ 6,), 


where 
Co? = 21a/(e?**—1), 
6. =argI'(1+7a) —a In2kx, 
a=6/2k, 
I’ (—ia) 
Q={ Real Part —Ina, 
I'(—ia) 
Iny = Euler’s constant = 0.5772: - - 
The zero-energy asymptotic form is taken as 
Y;=K(x)+I(x)/a, 
I(x) = 1/8(6x)*I,(2(Bx)!), 
K (x) =2(6x)*Ki(2(6x)4), (38) 


and a might be called a dimensionless ‘‘Coulomb 
scattering length.”’ J;(x) and K,(x) are the modified 
Bessel functions of the second kind of pure imagi- 
nary argument as defined by Watson.* The be- 
havior of J(x) and K(x) near the origin is 


I(x) ~x+Bx?/2, K(x)~1+6x{Iny?6x—1}, 
allowing us to calculate 
Wo( Yr, X) =Co?x coté—1/a+8Q. 
The required expansion is, therefore 
Co?x cot6+8Q=1/a+nWotetWitnWe, 
7 Breit, Wheeler, and Yost, Phys. Rev. 49, 174 (1936). 


8G. N. Watson, Bessel Functions (Cambridge University 
Press, New York, 1944). 


(37) 
where 


(39) 


(40) 
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where the W, are defined in terms of the appropri- 
ately normalized zero energy solutions of Eq. (34). 
Here again the coefficients Wo and W, have been 
obtained and discussed by Schwinger and others, 
We believe that the method of approach given here 
is simpler and makes the relation between the n-p 
and p-p expansions clearer. 

It is obvious that the results of III(b) and III(c) 
can be generalized to the p-p case. The formulas 
become quite complicated, so we shall write down 
only a single special case, one that might be of 
interest in the near future. This case is the p phase 
shift for triplet proton-proton scattering. The 
appropriate expansion turns out to be 


(1 +a’) Cerx? cotd;+6x?(Qi—2) +8°0,/4— 1/a; 
= K°(Wo—B Iny*Bxo—1/x0) 
+KWitKnWet---, (41) 


where 


and the W, are defined in terms of the solutions of 
the equation 


laa} 


normalized at infinity to 


1 2sx\} 
V; = 6(8x)4K ,(2(Bx) ae 1,(2(6x)'), 
a, 8 


and 


. rm ) Ts(2(Bx)!). 


(b) A Treatment of the Coulomb Field as a 
Perturbation 


Up to this point we have consistently had g(x) =1 
in all applications. As was pointed out in the 
introduction, there is no reason why this must be 
done. Qne might, for instance, investigate the 
effect of small changes in the nuclear potential 
itself. We describe here an application, in which 
the Coulomb term, 8/x, is considered as small. This 
is possible even though outside the range of the 
nuclear force, the Coulomb term may represent the 
main contribution to the total energy. The point is 
that the integrand on the right-hand side of Eq. 
(10) fails to vanish only within the range of the 
nuclear force. What the perturbation may do to 
the function u(x) outside the range, therefore, does 
not affect the value of the integral. The only 
requirement is that its relative effect inside the 
range is small. This condition is clearly satisfied by 
the Coulomb field, even when the kinetic energy of 
the incident proton is small. 
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Let us consider Eq. (34) again, therefore, this 
time regarding —/x as the perturbation, i.e., 
e=—B, g=1/x. X is again given by (35) but Yr 
is now to be 

sinkx 


Y; =x cotd® +coskx, 
K 


where 6° is the phase shift produced by the nuclear 
field alone. We calculate 


Wao Yr, X) = Cot coté—x« coté® 
+6 Iny?8x0+86Q. 


The expansion (16) becomes 


Cox cotd6+BQ = x coté®—B(Wo+Iny*Bxo) 
+8Wi-B’We, (43) 


where the coefficients W, are defined in terms of 
the purely nuclear wave functions at the energy in 
question. Since 8 is always of the order 7 or less, 
the series converges rapidly and we have a method 
for computing Coulomb phase shifts without actual 
recourse to the complicated and only incompletely 
tabulated hypergeometric functions. The corre- 
sponding relation for the p phase shift is 


(1-0?) Co?x® cotd;+Bx?(Q1—2) +6°QO1/4—«* cotd, 
= —B[Wotlny*Bxo— (1/2) xo? ]+6°L Wi — (1/2)xo] 
— 6 [W.+t Iny*Bxot3]+6'Wst+---, (44) 


where the W, are defined in terms of the purely 
nuclear p-wave functions at the energy «? normal- 
ized as in III(c). 


(c) Coulomb Field Plus Energy as Perturbation 


The last application of the identity (10) to be 
given here is provided by the case in which the 
energy term and the Coulomb term are simultane- 
ously considered as perturbations. We restrict our 
attention to S scattering. In Eq. (34), therefore, 
we regard «x®—6/x as eg(x). Here we use (35) for 
X(x) and (24) for Y;(x). This leads to 


(42) 


1 
Wa2o(Y1,X) = Cok cot6+8Q+8 Iny?Bxo——, 
a° 
and thus to 


1 ee) 
Cor cotd-+60=—+ f (x? —B/x) (V7? —v°p?)dx 
a x0 
—B In-y?Bxo+2 f dx(x? —8/x) 
x0 
x{ aca [veer vente (26/2 )ae! 
0 


— Wha) f ote’) (—0/x')d | (40’) 
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A comparison of (40’) with (40) allows us to 
express the Coulomb scattering length and effective 
range in terms of the corresponding purely nuclear 
quantities. Thus 


s 3 a3 
-=——Af f =(%#(s) ate (a))dx-+In] 


0 x 


7 h°;(x) = dx’ F p 
+26 f dx—— ff vote) Yale’) 
z0 0 


x 


re) h®, % 90 2(a-/ 
=f m = > “ae |+-008, (45) 


0 x 


a) z Y°;(x’) Y°n(x’) 
Wo =W%)— 26 f asl Meu(a) f Y dx’ 
x0 0 x 


a ao 


x 





x 





h®, 1 (x) z 
+ f ¥;(x’) Ye (xe’)dx’ 
0 


x 


z vp?(x’) 
—Wa(x) f ie 
0 x 


hx. z 
__ f ot(e'rd’ | +008. (46) 


x 0 


These last two formulas are of considerable 
practical use, because the best way of analyzing 
low energy p-p data at present is to plot the left- 
hand side of (40) versus energy (or x’) and then 
read off (in dimensional units of course) the inter- 
cept and slope of the resulting straight line. The 
problem is then to find out what these two numbers, 
the Coulomb scattering length and the effective 
range, imply about the nuclear potential which is 
acting. A definition of 1/a and Wp in terms of a 
purely nuclear zero-energy wave function is much 
easier to interpret than one which involves the 
combined nuclear and Coulomb field. The terms 
actually written above give sufficient accuracy for 
the available data, the residual error in each 
expansion being less than 1 percent. 


DISCUSSION 


The advantages of analyzing nucleon-nucleon 
scattering data via expansions in powers of the 
energy have been mentioned in the introduction 
and are discussed in great detail by Blatt and 
Jackson. Unfortunately the data available at 
present make this a completely practical procedure 
only for singlet-S proton-proton scattering. Higher 
angular momenta and n-p scattering in general 
still require the direct computation of phase shifts 
from an assumed potential for at least part of the 
analysis. We believe that in many cases expansions 
such as presented in this paper afford the most 
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convenient means of making such computations. 
It is necessary to determine a wave function, in 
general by numerical integration, and then to 
evaluate various definite integrals involving this 
function. Once these integrals are known, the 
behavior of the phase shifts over a considerable 
region of variation of the parameter in question is 
also known. We give a few typical examples. 

(1) Energy Dependence of Phase Shifts—A knowl- 
edge of W%) and W*®; in the expansion (26) will 
yield the -p singlet-S phase shift with an accuracy 
of 1 percent up to an energy of 40 Mev. A similar 
situation exists in expansion (40) for the p-p singlet 
S phase shift. In the expansions (33) and (41) a 
knowledge of the coefficient of «? yields 6, to 2 
percent up to energies of 30 Mev for wells without 
tails. 

Triplet phase shifts are given with a comparable 
accuracy. The triplet S is an especially favorable 
case because of the nearness to 90° during much of 
the interesting range. 

(2) Modification of the Nuclear Phase Shift due to 
the Coulomb Field—Expansion (43), keeping only 
terms proportional to 8, may be used at all energies 
with roughly the same accuracy. At 32 Mev the 
error in the phase shift is about 0.2°. The accuracy 
of the formulas in Section IV(c) has already been 
discussed. 

We have been purposely vague about the nature 
of the potential, f. The only requirements that 
need be made are that it be a short rangé, self 
adjoint operator. Professor Breit has pointed out 
in this connection that an operator of the form 


fi) = f dr’ Vir, W(r’), 


G. F. CHEW AND M. L. GOLDBERGER 


with V(r,r’)=V(r',r) may be treated by this 
method. 
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Notes added in. proof.—(1) Professor Bethe® has 
derived Eq. (10) for g(x), a constant, and has 
demonstrated explicitly the extreme smallness of 
W, in this case. Further investigation shows, how- 
ever, that higher terms (i.e., Wo, W3 +--+) are not 
correspondingly smaller if the well has a tail. For 
practical purposes there is, then, a radius of con- 
vergence at about 2xW)=1. Our statements in 
paragraph (1) of the discussion, therefore, apply 
only to wells with sharp boundaries. 

(2) Dr. Jackson has pointed out a more concise 
method of writing the formula (21), namely as 


W.= f 8 (x) _Xi?(x) —u1?(x) Jdx. 


From the computational standpoint, it is easier to 
evaluate the functions X; and m numerically and 
substitute into this formula than to use the cumber- 
some (21). 


9H. A. Bethe, Phys. Rev. (to be published). 
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Using pseudoscalar meson theory, the behavior of a single- 
nucleon system in an electric field is studied. From the electro- 
static interaction, the interaction between neutrons and elec- 
trons is computed. From the spin-orbit interaction, the mag- 
netic moments of neutron and proton are computed. The 
calculation is carried out relativistically, with nucleon and 
pseudoscalar meson fields both subjected to second quantiza- 
tion. The Hamiltonian of the nucleon-meson system is diag- 
onalized to second order in the coupling parameters by two 
canonical transformations, and transitions induced by the 
electric field between single-nucleon states are investigated. 
For pseudoscalar coupling of 282 e.m. mesons, estimating the 
coupling constants for charge-symmetric theory from the 
observed singlet neutron-proton scattering length (using static 
nuclear forces), it is found that the volume integral of the 
neutron-electron interaction potential is about —14 kev 


X (42/3) (e?/mc?)’, and that wp and uw are about 1.7 and —5 
nuclear magnetons respectively. Results are also given for pure 
charged theory. Pseudovector coupling is compared to pseudo- 
scalar coupling, and is found to give the same magnetic mo- 
ments, but a logarithmically divergent neutron-electron inter- 
action. The influence of the contact interaction term is 
discussed. 

The results are compared with those of ‘‘non-relativistic”’ 
methods and with experimental values, and the neutron- 
electron interaction is computed approximately for several 
types of mesons with an improved non-relativistic method. 
Charge renormalization and the approximate distribution of 
the charge cloud around a neutron are discussed. The pseudo- 
scalar meson contribution to the Lamb Shift of the 2S hydro- 
gen level is estimated as +0.08 Mc. 





I. INTRODUCTION 


MESON field coupled to nucleons modifies the 

behavior of the nucleons in electromagnetic 
fields. It had thus been hoped that meson theory 
would provide an explanation of the anomalous 
magnetic moments and other properties of neu- 
trons and protons, as it does indeed qualitatively.! 
Unfortunately, quantitative investigation of the 
magnetic moments? and charge clouds’ led to di- 
vergent results with the ordinary weak-coupling 
theory that necessitated the introduction of ad hoc 
cut-offs, while other theories‘ led to incorrect results. 
This, together with the failure of meson theories to 
yield nuclear forces free from objectionable singu- 
larities was considered to limit severely the value 
of the theory. 

However, in the calculations with weak-coupling 
theory cited above,?* the divergences may have 
been introduced by the following assumptions 
made there: 


(1) The nucleon was taken to be infinitely heavy. If nucleon 
recoil is taken into account, certain energy denominators 
occurring in the calculations will be large for high momentum 
virtual states and may decrease the degree of divergence. 


* Publication assisted by the Ernest Kempton Adams Fund 
for Physical Research of Columbia University. 
1W. Heitler, Nature 148, 680 (1941); H. Fréhlich and W. 
Heitler, Nature 141, 37 (1938). 
one Heitler, and Kemmer, Proc. Roy. Soc. A166, 127 
3 Frohlich, Heitler, and Kahn, Proc. Roy. Soc. A177, 269 
(isa: W. E. Lamb, Jr. and L. I. Schiff, Phys. Rev. 53, 651 
‘See G. Wentzel, Rev. Mod. Phys. 19, 1 (1947). 


(2) Hole theory was not used, and it is conceivable that 
negative-energy processes might cancel part of the divergences 
of positive-energy processes, as is the case for electron self- 
energy, etc. 


Moreover, recent advances in quantum electro- 
dynamics suggest how divergences due to mass ef- 
fects can be separated from true divergences in rela- 
tivistic calculations. It was thus thought worth while 
to reinvestigate the divergent results relativistically. 
On the other hand, experimental evidence has 
very recently been obtained by Havens, Rabi, and 
Rainwater,®> and Fermi and Marshall® that indi- 
cates a weak attraction between neutrons and elec- 
trons that is not a spin effect. Improved experiments 
by Rainwater, Rabi, and Havens are in progress;? 
the earlier experiment® suggesting a value of 
minus several kev for the quantity U»=Volume 
integral of interaction + (47/3)(e?/mc?)’, which is 
called the ‘‘neutron-electron interaction.’”’ This is 
of the sign and order of magnitude expected quali- 
tatively from meson theory,® so that a detailed in- 
vestigation is of considerable interest. 
The two forms of weakly coupled meson theory 
that have proved most useful are the pseudoscalar 
and vector theories, and we will restrict our atten- 
tion principally to the former. We will investigate 
the behavior of a single nucleon in an electric field. 
The interaction between the neutron charge cloud 
and the electric field of an electron will be used to 


5 Havens, Rabi, and Rainwater, Phys. Rev. 72, 634 (1947). 
6 Fermi and Marshall, Phys. Rev. 72, 1139 (1947). 
( 7See Rainwater, Rabi, and Havens, Phys. Rev. 75, 1295 
1949). 
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compute the neutron-electron interaction, while the 
magnetic moments can be computed from the spin- 
orbit interaction of the nucleon in an electric field.® 
By dealing only with electric fields, we avoid use of 
the more complicated vector potentials and current 
density operators. 

It should also be stressed that exact quantitative 
agreement with experiment can hardly be expected 
from pseudoscalar meson theory alone, since it fails 
in other respects‘ (high singularity of tensor force), 
and because the solution will be carried only to 
second order in the coupling parameter. It is also 
likely that mesons of mass 700-1000 e.m. will add 
contributions. 


II. METHOD OF COMPUTATION 
Lagrangian and Hamiltonian 


The nucleons will be described by a doubly 
quantized Fermi-Dirac field, with 8-component field 


operators y= wel | where Wp and yy are 4-com- 


ponent Dirac operators for proton and neutron re- 





1;0v° ow 

= — {d,twtd + euty} ane 
2' 0x, dx, 

a) 


+ (4x) goBrr— 
Le 


where the following notation is employed: 
yt=w*6 is the ‘‘adjoint”’ operator of y; 


re) 0 
d,=——7eA,; d,t=—-+47eA,; 
OX, Ox, 
=(A(r), <V(r)) =4-potential of external elec- 
Fe seh ows field ; 
s=meson mass (assumed equal ine charged and 
neutral mesons) ; 
M =neutron mass= proton mass (the mass differ- 
ence is neglected) ; 
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spectively. We define the charge operators 


CoO pO D 
GPC 


where 7 changes neutrons to protons, 7t protons to 
neutrons, and rp and ty respectively single out the 
proton and neutron parts of y. y* is the Hermitian 
conjugate of y. 

The mesons are described by a doubly quantized 
Einstein-Bose field with pseudoscalar field operators 
W and its Hermitian conjugate Wt for charged 
mesons and ¥°= Wt for neutral mesons. h and c will 
be taken as unity throughout and the summation 
convention will be used. We use the Schrédinger 
representation with time-independent operators. 

The Lorentz- and gauge-invariant Lagrangian 
density of the system of mesons and nucleons in the 
external field is: 


“49 
oe —+N0e| +i] v( —-ierea,) +a} (4m) 'g(BY+Btvt) 


OX, 


(41)! sail 


f(BaV+B,td 91) a pB, 1B, + "eB, °B, (2) 


mn Ox, =e 


B= (Ptysrp); Bt=(Ytysrty); B= 
Y¥e= 71727874; 
B,= (vtysy 7h); Bt = (Wtysy tty) ; 
= (vlysy7r VY); 


s and ¢ are arbitrary constants to be discussed 
later; 

g, go are ‘‘pseudoscalar coupling”’ constants for 
charged and neutral mesons, respectively; 

f, fo are ‘“‘pseudovector coupling’’ constants for 
charged, neutral mesons. 

The Hamiltonian density is given by 


(Ytysry) ; 





v 
3C(r) = IN + Vt y+ ew +4 {e+ (yw)? + ro} +] 0—+ 01h (4r)#g(BY+ BIv') 
4 


(4)? 
— (41) *goBv?+ 
mn 


4)! 4 
45 wfall°Bo? o_o pe, BH (14s) BBB 


mn re we 


: fB-VV+Bt-yvt) 4 ptB, + TB, + 


(4m) 4) 
fo(B°- Vv ¥°) 
ML b 


t4 ae (1+2) 4rfe 


0 


we y) ue 


+ie{ V(tWt—TlW)+WtA-v¥—WVA-y¥t} +e Awl +ely*r py —eA: (y*arpy) 


(414 
+ie——f{VtA-Bt—WA-B} (3) 
BL 


8 We are indebted to Professor H. A. Bethe for pointing out this fact. 








NUCLEONS AND ELECTRIC FIELDS 


where II, IIt, and II° are the momenta conjugate to 
Vv, Vt, and W°, and 


B= (P*aia2as8ry), Bt=(P*aja2a38rty), 
B= (p*aia20387Y), 
Bt=(y*orty), 
B= (y*or"y), 


Byt = 4(p*aja2a3Ttp) ’ 


B=(/*ory), 


Bo= —1(P*aia2asry), 


BY = —1(P*aja2a37y). 


In (3), the first line refers to the pure meson and 
nucleon fields, the second to the meson-nucleon 
interaction, the third to a self-energy and a contact 
or ‘‘6-function”’ interaction between two nucleons 
that will be discussed later, and the fourth line to 
the interaction between mesons and nucleons and 
the electromagnetic field. Putting fo=go=0 gives 
pure charged theory, while go=g/v2, fo=f/v2 gives 
symmetrical meson theory. More generally, the 
neutral meson need not have the mass uy and 7° can 
be any diagonal charge-operator, but we will deal 
only with pure charged and symmetrical theory. 
We transform to momentum representation by 





W(r) = dow (26, L*)—*{ q+ exp(zk-r) 
+q-x!t exp(—7k-r)} 

W(r) = Dok (2e,.L*)—3{ gox exp(zk-r) 
+ qoxt exp(—ik-r)} 

I(r) = dow i(e,/2L*)*{q+et exp(—ik-r) 

—q-k exp(tk-r)} 
T1°(r) = >oxw i(e,/2L*)*{ goxt exp(—ik-r) 

—qgok exp(ik-r) } 

v(t) = Lip L~lapup exp(ip-r), (4) 
and the conjugate equations. Here, L is the length 
of the cubic enclosure in which we imagine our 
system, e¢,=(k?+,?)!, and up is a normalized 8- 
component Dirac spinor for which we have omitted 
subscripts for spin direction, sign of energy, and 
charge. The commutation relations are in this 
representation : 

Cq+kt, q+’ ]=[g-nt, q—«’]=[gokt, gow’ ] = dix’ ; 
apt, ap’ ]=dpp’. (S) 
Other commutators involving g’s and anticommuta- 
tors involving a’s are zero. 
The Hamiltonian H= {3dr then becomes (we 
restrict ourselves to the case A(r) =0): 
H=H"+H"+H'+H'+H', (6) 
where 


H"™= > ex(N++N-«+ Nox), H*= dp EpNp, 


f af 
Ht= > ay'ay(2n/esL4)¥( uy | (evar a-ant) ~ gaara —“easasas+—o-k) 


pp’k 


fo 


rn be 


tfo 
+au( — 290102038 ——€,2102a3-+—O° k) Jov-oss 


m 


m 


f af 
+ (q+ktrt+q—-«tr) ( — 20102038 +—€,.0102a3 ——O° k) 
rn rn 


f tf 
+au( — Z9a102038 peepee oonni ’ k) Jor-+x2 fu) 


He=H™ +H 


be Mm 


-— far V(r) 2 (exex)—3{ (q+k’tq+k —q—k’tg—k) (e.+e-) exp(i(k—k’) -r) 


+q-k’g+k(e,—e) exp(t(k+k’) -r) —q+’tq—«t(e, —e,) exp(—i(k+k’) -r)} 


sie: -(= 


wL? PP’PoPo’ 


é 
4+ — 
L 


drV(r) > ap’tap(up’*r pup) exp(i(p—p’) -r) 


pp’ 


D> 4p+p’.pot+po’Aptapo’ap’tapo{ (1 +5) (up*ara2as7 tupo) (up’*ara2a3TUpo) 


+s(up*ortupo’) - (up’*erupo) } 


Anf,? 
"= ( ) > 5p+p’,po+po’Ap'apo’dp’tapo { (1 + t) (up*a 10237°Upo’) (up’*a 10¢2037°Upo) : 
2u?L*/ pp’popo’ 


af (up*orupo ") . (up *erUpo) } , (7 ) 
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Here, Ep=(up*le-p+ 8M jup), and is +(p?+M?)* 
while Np=aptapo, N+k=q+ktqix, N-k=q-xtq-x, 
Nok = goktgok. 

It should be mentioned that the nucleon charge 
density operator used above, namely, ey*rpy (see 
(3)), gives a negative infinite expectation value for 
the total charge in the vacuum state. This can be 
avoided by using Heisenberg’s symmetrized charge 
density e/2(~*rp)—yrpy*). However, only off- 
diagonal elements of the charge density will be en- 
countered, and by virtue of the commutation rela- 
tions, the two definitions give identical results for 
such elements. 


The Canonical Transformations 


The representation in which Np, N+, N-«, Nok, 
and hence H®°=H”+H” is diagonal will be used as 
the unperturbed representation. The state in which 
all N’s are zero, except that the Np’s for negative- 
energy states are unity, is the vacuum state. A 
single-nucleon state of momentum p is one that 
differs from the vacuum state only in that for this 
one positive-energy state, Vp=1. 

If a canonical transformation exp(—7zS) is applied 
to H to diagonalize the part H°+H‘'+H? not con- 
taining the electric field, the unperturbed single- 
nucleon states are transformed into the true single- 
nucleon states in zero field. The transformed 
electrical part exp(—zS)H* exp(zS) has matrix ele- 
ments between the zero-field single-nucleon states 
that determine the properties of single nucleons in 
external fields. Actually, however, the diagonaliza- 
tion will only be carried to second order in the 
coupling parameters, and an unknown error will 
thus be introduced into the final results. 

Before proceeding, account must be taken of the 
self-energies, which have the effect of causing a mass 
change 6M for the nucleons and 6 for the mesons. 
(6M diverges logarithmically for pseudoscalar and 
quadratically for pseudovector coupling.*) We write 
the Hamiltonian as follows: 


H=(f+6H)+(H'+H'—6H)+H 
where 


aH = fdr[sMyrab+asPUNW + Hout), 


The term in the first parenthesis in H is simply H° 
for the nucleon mass M+6M, charged meson mass 
u+éu, and neutral meson mass u+6dyo. These, how- 
ever, are the experimentally measured masses, and 
in a correct theory would presumably differ only by 
a second-order quantity from the inertial masses. 
The Hamiltonian could then be written, at least to 
second order, in the form 


H=H°+(H'+H'-—6H)+H., 
®N. Kemmer, Proc. Roy. Soc. A166, 127 (1938). 


(8) 
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where H®, etc., are all given by (7), but with M@ 
and yu standing for the experimental masses, and 6H 
chosen so that it just cancels the self-energy parts 
of H‘+H’*. The form (8) will be used hereafter 
despite the fact that it is not strictly applicable. It 
is very reasonable to suppose that any convergent 
results so obtained will agree to second order with 
those of the ‘‘correct” theory. Divergences, how- 
ever, should really be treated with refined methods, 
such as Feynman’s relativistic cut-off® before it can 
decisively be stated that they are not really ‘‘mass 
effects.”’ 
We note the formula: 


exp(—iS)H exp(iS) =H+(—1)[S, H] 
(i? 


- (9) 


+> LS, LS, HJJ+---. 


Then, to second order, we have from (8): 
H, =exp(—1S)H exp(iS) 
= H°—i[S, H°|—3LS, [S, H°]] 
+H'‘—-i(S, H*|4+H°-—6H+H: 

—iLS, H°)—3(S, LS, HJ]. (10) 
To eliminate first-order terms, put —LS, H°] 
+H'*=0, so that 
AH, = H®—(i/2)[S, H‘]+H*—sH+H* 

—iLS, H*]—30S, (S, H*]] (11) 
with the elements of S between states e and a of 
energies E(e) and E(a), given by 

Sea = 1H .a'/(E(e) — E(a)). (12) 
We next apply a transformation exp(—7T) to 
eliminate second-order terms from H;. Then 
Hy =exp(—1T ) Hr exp(tT ) 
= F—i[T, H®]—(4/2)S, H*] 
+H'—6H+H*—i[T, H*] 
—iLS, H°]—4LS, CS, HJ]. (13) 
“Self-energy transitions’ are those for which 
either initial and final states are identical or (be- 
cause of the 6 in 6H) those where a nucleon .has 
merely changed the sign of its energy. For such 


transitions, the matrix elements of (—(¢/2)[.S, H*] 
+ H*—6H) are zero by our choice of 6H. Then 


Tea=0 (self-energy transitions). (14a) 
Otherwise, we put 7=7'+T7", with 
tH s'H sa‘ [ 1 1 
" 2(E(@)—E(@))LE(e)—E(e) E(e)—E(a)1 
3» Bg 

$ = 

E(e) —E(a) 

(non-self-energy transitions) 
10R, P. Feynman, Phys. Rev. 74, 1430 (1948). 


a 
ea 





ea 


(14b) 
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giving 
Hy =H°+H*—iLS, H*] 
—i[T, H*}—3LS, LS, H*]]. (15) 
In (15), H® has no off-diagonal matrix elements, 
all transitions being induced by the field. The H* 
term has the same matrix elements between single- 
nucleon states as it would have had if there were 
no mesons; zero for neutrons and the customary 
Dirac value for protons. The [.S, H*] term is not 
diagonal in the number of mesons, and hence has 
no elements between single-nucleon states. The 
operator of interest is thus K = K‘+K°*, where 
Ki=—aT', H*]-45, [S, HT], 
K'=—i[T', H*]. 
Then, from (12) and (14), we have 
pS | 


(16) 


i 





Re = 
(E(e) —E(w)) (E(e) —E(2)) 
a Bea *Haa'tin' 
(E(w) — E(a))(E(2) — E(a)) 
Aww'Hws*H sa‘ 
(E(e) —E(w))(E(2) —E(a))' 











Hata! ‘g Hata 
E(w)—E(e) E(a)—E(w)’ 


(non-self-energy transitions), 


r) 


a> 





(17a) 


except that in case the transition e—z in the first 
term of K* or w—a in the second term are self- 
energy transitions, we must make respectively the 
substitutions 


Hw*'Hws'H 20° 
(E(e)—E(w))(E(e)—E(2)) 
,. 
2(E(e) — E(w) (E(w) — E(e))' 
yet s'H ce' 
(E(w) — E(a))(E(2)—E(a)) 
Hates ee* 
2(E(w) —E(z))(E(z) —E(a)) 














(17b 


In K®, only non-self-energy elements of H* should 
be taken. Equation (17) is our basic formula. 


Ill. NEUTRON IN ELECTRIC FIELD: CONVERGENCE INVESTIGATION 
The Matrix Element 


The matrix element due to the electric field for a transition from a single-neutron state of momentum 
Po to a single-neutron state of momentum p (not equal to po), Kppo will now be examined. In the following 
table of processes contributing to Kppo, which will be seen to be exhaustive, y+ and wo stand for positive 
and negative mesons, V+ and N~ for positive- and negative-energy neutrons, and P+ and P~ for protons. 
The momentum of each particle is written immediately after the symbol for the particle, and the term in 
the Hamiltonian causing the transition indicated by arrows is written in square parentheses. 


1. Processes contributing to Kppo* due to H™: 
(a) N+(po) destroyed before N*(p) created : 


(a) N+(po)LH*]—P*(—k)+u-(b); u-(b) LH? Ju (a); P*(—k) +4-(@)LA*]-N*@) 
(8) [H*]-ut(—b)+u-(a); N*(po) +ut(—b)LH*]P*(—k); P+(—k) +4 (a) LH*]>N*(p) 
(y) N*(po)LH*]>P*(—k)+u-(b); Pt(—k)LH*]>N*(p)+u*(—a); w-(b) +u*(—a) LA*]-. 


(b) N+(p) created before N*(po) destroyed : 


(a) P-(—k)LH*]>N*(p)+u*(—a); ut(—a)[ He] >ut(—b); N*+(po)+u*(—b) LA‘ ]-P-(—k) 
(8) P-(—k)[H*]>Nt(p)+u*(—a); N*(po) LH*]>P-(—k) +u-(b); wt(—a) +u-(b) LHe] 
(y) [H*}eut(—b)+u-(a); P-(—k) +4 (a) LA*J>N*(p); N*(po) +ut(—b)LA*]>P-(—k). 


2. Processes contributing to Kppo* due to H*: 
(a) N+(po) destroyed before N*(p) created : 


(a) N+(po)LH*]>P*(b)+u-(—k);_ P+(b)LH*]Pt(a);_ Pt(a)t+u-(—&) LA] 0) 
(8) P-(b)[H*]—Pt(a); N*(po)LH*]>P-(b)+4-(—k); Pt(a)+u-(—k) LA‘ ]>N*(p) 
(y) N*(po)[H*]>Pt(b)+u-(—k); P-(a)+u*(—k)LH*]>Nt(p); Pt(b)LH*]>P-€a). 


(b) N+(p) created before N*+(po) destroyed: 


(a) P-(a)[H*]>N*(p)+ut (k); P~(b)LH*]—P-(a); N*(po) +u*(k)LH*]>P-(b) 


(8) P-(a)LH*]—>N*(p)+u*(&); 


N* (po) +u*(k)LH*]—P*(b); Pt+(b)[H*]—P-(a) 


(y) P-(b)LH*]Pt(a); P*(a)LH*]>N*(p)+ut(&); N*(po)+4*(k)LA*]>P-(b). 
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3. Processes contributing to Kppo’ due to H@: 



































































































¢ 
(a) P-(b)LH*]—Pt(a); N*(po)+Pt(a)_LH*]-N*t(p)+P-(b) 
(b) P-(a)+N*(po)[H*J->N*(p)+P*(k); P*(b)[H*]—P (a). 
Here, 
a=k+p, b=k+po, (18) 
and we note that none of these processes are self-energy processes (since p¥po), so that (17a) should 
be used. 
Using (5), (7), (8), and (17a), as well as properties of Dirac matrices and the usual projection operator 
tricks," one obtains: ( 
Koppo = aptapo( ~ 16/219) f dr V(r) exp(z(po—p) -r) } (up*Iupo), (19) 
where for general pseudovector and pseudoscalar coupling: 
mar, F=Fi4+P=> (Feit Fé), Fis Fim Fin (Fim Fein). 
Be k k 
(1+ @)(1+K’)(1+@) (1+ @)(1+K’)(1—@) 
Fi™ = (eg +6) — (€.—&) 
(€a -E,+£) (@ —Epo+£) (€, —Eyt+E) (ate —Ep+ Epo) O 
(1—@)(14+K’)(1+@) (1—@)(1—K’)(1—@) : 
+ (€a—@) + (eat) ( 
(€a+€—Epot+ Ez) (e—Epo+£) (ea +L,+£) (e+ Epo+E£) Cc 
(1—@)(1-K’)(1+8) (1+4@)(1-K’)(1-8) ; 
— (€a—6) + (€.—€&) (20m) : 
(ea +L,+£) (ea te+E,—Epo) (€at+€+ Epo — Ep) (@+Ep+£) tl 
a 
1+A)(1+B 1+A)(1-—B 
pina ait +448) (14+.A)(1—B) . 
(Ea—Egt+¢)(Ex—Epote) (Ea—Ep+¢) (Ea +Ey—Ep+ Eno) 7 
(1—A) (1+ B) k 
“ (1+) it 
(E,+E,+E,— Epo) (Ex, —Epote) 
a x0| (1—A)(1—B) (1—A)(1+B) 
_ = 
(Eat E,+¢) (E> +Epot+e) (Eat E£p+¢)(£.+L,+E,— Epo) 
(1+A)(1-B 
_ — fax) (20n) : 
(Z,+ E, —E,+ Epo) (Ex, +Epo+e) ‘ 
- Oc ld —B)—sa(1+A)-(1—B)e Paihia —A)(1+B) —sa(1—A)-(1+B)e f: 
= — am . 
E,+E,—E,+Ep E,+E,+E,— Ep : 
2h —4tio-aXb 1 1 W 
Ga, + ) om Ts 
“ ba E,E, E,+E,—Ept+Ep EatEo+Ep—Envo om 
ere, 
Ea=+(a?+M?)!, e=+(a?+n*)}, etc, (E=Ex, =e); p=ug/f; ; 
A=(a:a—BM)/E,, B=(a-b—6M)/E,, K=(a:-k—BM)/E; i 
A'=—(«-a+8M)/Ex, B’=—(ab+6M)/Es, K'=~(e-k+6M)/E; 21) fF , 
Q@= —(a-a+fp)/ea, = —(a-b+8p)/e, K=+(a-k—£p)/e. t! 
For pseudoscalar coupling alone (f=0), p 
M=2G, G=G"+G"*=D> (Ge"+Gn") (22a) h 
. | 
tl 





11 See W. Heitler, The Quantum Theory of Radiation (Oxford University Press, London, 1947), p. 150. 
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one éate . Ea — & 
te \(e—Ept+E)(a—Ent+E) (—E>+E)(a+a—E,+Eed) 
‘ine (1—K) ete 
~ (@-+e+E»—En)(a—EntE) | eats | (éo+Ep+E)(o+En+E) 
€a — & €a — & 
+ ~ (22m) 
(etEp+E)(+e+E,—Em) (4+e—E,+Em)(o+Epot£) 
Pe, Re (1+4)(1—B’) 
¢ | (Ex—E,+e)(Es—Epote) (Es—Ep+e)(Ea+Es—Ep+Evo) 
(1-—A’)(1+B’) 1 (1—A’)(1—B’) 
~ (Ea+Ey+E,—Epo)(Es—Eo+e) | el (EatE, t+) (Est+En+e) 
(1—A’)(1+B’) (1+.4’)(1—B’) aul 








" (Eat E,+¢)(Eat+L,+E,— Eno) ‘x (E.t+ EF, —E,+ Eno) (Es+Epo+e) 


In (20) and (22), the terms are listed in the same 
order as in the table of processes, so that for in- 
stance 2 (a 8) contributes the second term of (20n). 
(In (206), the first and second lines come from the 
charged and neutral mesons, respectively.) We note 
too that the contribution of every (0) process is the 
same as that of the analogous (a) process, except 
that the signs of a, 6, Ep, and Epo are reversed. The 
dptapo in (19) stands for the matrix element of this 
operator between the two neutron states in ques- 
tion, and is +1 or —1, depending on the ordering 
of the states. It is not important physically (when 
Kppo is squared to compute transition probabilities, 
it has no effect at all) and will not be carried further. 


Charge Conservation and Ambiguity 
_of the Integrals 


Since }-k ~(L/2r)*fdkdk,dk., and the oper- 
ators (21) are all of order of magnitude unity (or 
less) for large k, F can diverge no worse than 
quadratically; G no worse than logarithmically. In 
fact, the quadratically divergent terms of }o« Fx 
are from processes 1 (a a) and 1 (ba), which con- 
tribute ~ +2/k each to Fx, and 2 (aa) and 2 (ba), 
which contribute ~—2/k each to Fx. Thus, in 
both the meson and nucleon contributions, positive- 
and negative-energy processes contribute terms of 
the same sign that diverge with equal strength. 
(For >°« Gx, the situation is the same: 1 (a a) and 
1 (b a) contribute ~(1/2k*) each, while 2 (a a) and 
2 (ba) contribute ~—1/(2k*).) This contradicts 
the conjecture made initially that negative-energy 
processes would help the convergence. 

The effect of negative-energy processes found 
here is to be expected intuitively. If, for instance, 
the total meson charge in a single-neutron state is 





considered, it is seen that this differs from the meson 
charge in vacuum for two reasons: 


(1) The single neutron can make transitions to a proton- 
negative meson state, causing a net negative meson charge. 

(2) Certain transitions (from negative-energy protons to 
positive meson+the neutron in question) that would take 
place in vacuum are now excluded, decreasing the positive 
meson charge and effectively providing a further negative 
meson charge. Thus, instead of canceling most of the negative 
meson charge, the negative-energy processes increase it. 


The case with nucleon charge is exactly similar: 
(1) causes a positive nucleon charge while (2), pre- 
venting ‘‘dissociation” of negative-energy protons, 
further increases the positive nucleon charge. 

A convergent matrix element is thus possible only 
if the meson and nucleon charge clouds, which are 
of opposite sign, give contributions that cancel to a 
sufficient extent. In fact, it will now be shown that 
charge-conservation implies that (19) is zero for 
P=Ppo. Thus, the leading divergences of Fx and Gx, 
which are independent of p and po, must cancel. 
(This already guarantees the convergence of G.) 

The formal statement of charge conservation is 
that the Hamiltonian and contact transformations 
are all diagonal in the total charge; i.e., they com- 
mute with the total charge operator 

Q=e>-x (N+x—N-x)+e >> Np. (23) 
Proton 


states only 


(Note that since we will consider only changes of 
total charge, use of the simple charge operator 
rather than Heisenberg’s symmetrized operator is 
immaterial.) By (7), H* becomes identical to Q if 
V(r) =1, so that Kppo for this V(r) gives the change 
in charge due to the canonical transformations, 
which must be set equal to zero. Now if p= po, the (0) 
processes in the tabulation cannot occur, and (17b) 
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must be used for processes where H® occurs first or 
last—and these give a zero contribution, as may be 
seen from the numerators of the corresponding 
terms in (20). The result is that 


(1+@)(1+K’)(1+@) 
>. upo* 26; 
(¢—Epot+£)? 
(1+)(1+B)(1+B)(1+K) ) 
= Upo =(. (24) 
(E,—Epot+e)? 


Since the same equation holds true if —e, —6, 
— Epo are substituted for a, 8, Epo in (24) (see the 
Appendix), it is seen that (19) is zero as asserted 
for p=Po. 

It is very difficult to prove (24) by direct calcula- 
tion. This is connected with the naming of the 
momenta that has heretofore been used, which was 
chosen so that the electric field scatters momenta of 
magnitude |a| and |b| in both nucleon and meson 
cases, which suggests itself rather naturally. If, 
however, we substitute im Fx’ and Gx" only 


—(k+4A) fora; —(k—4A) for b; 
Dp 


=— (v-=) fork, (25) 








where 
S=Potp, A=Ppo—p (25a) 


it can immediately be seen for po=p, that not only 
is (24) satisfied, but that Fr and Gx are identically 
zero. If the meson and nucleon integrals converged 
individually, such changes of variable would cer- 
tainly be admissible. However, especially for a 
quadratic divergence, such a change can alter the 
results essentially, so that both choices of variable 
should be examined to verify that the results are 
not ambiguous. (If they were, the results obtained 
using the substitution (25) would be preferred, since 
it is known that charge conservation would then be 
satisfied practically as well as formally.) 

We note that the substitution (25) could just as 
well have been made in the nucleon terms only, but 
this will be seen to give the same results. 


Degree of Divergence and Effect of 
Contact Interaction 


To determine whether Kppo coriverges, (20) must 
be expanded in a power series in k—. Only the three 
leading terms (in k-', k-*, and k~) give divergent 
contributions to F, so that all quantities appearing 
in (20) need be expanded to second order only. One 
then obtains for finite, but not necessarily small, p 
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and po, after averaging over the possible angles of 
‘the vector k, 


Fe'~ (2A? — 32 (Epo — Ep)? +2t0-poXp ]-k- 


+terms in k~ etc. 


5—A4s 1—4s 
mel) es 


— 2ie-po Xp |-#-*++terms in k~ etc. 








1+4s 
Frw~ (——) [ A? = (Epo — Ep)? ] -k-3 
+terms ink etc. (26) 


The lengthy algebra used to derive (26), which made 
use of the substitutions listed in the Appendix, will 
not be reproduced here. 

If the substitution (25) is made in (20), precisely 
the same result (26) is obtained, so that any am- 
biguity is unlikely. In fact, if Fx*™ is expanded in the 
original notation, and then —(k+4s) is substituted 
for k (before the averaging over the angles of k), 
further expanded, and then averaged over angles, 
only the terms in s? and o can be changed. The 
former is, however, zero by charge conservation or 
direct computation, while the spin term is found to 
be actually unchanged. Moreover, it is immaterial 
whether (25) is used on the meson or nucleon 
contributions to Fx. 

The absence of a term in p? (or even p) in (26) 
again verifies the convergence of the pseudoscalar 
coupling contribution. Moreover, since the diverg- 
ence of G” and G” is only logarithmic, a change of 
variables such as (25) is very unlikely to change the 
value of the matrix element. 

We note that Fx has a relativistically invariant 
form, which would seem to indicate that relativistic 
invariance has not been lost due to divergences. It 
is important that if Fx’ were neglected, the result 
would not have an invariant form. Also, the spin- 
dependent term, which will be seen in Section IV 
to represent the magnetic moment, diverges if Fx’ 
is neglected. However, if the contact term is con- 
sistently handled, the magnetic moment is seen to 
converge for any value of s, i.e., regardless of 
whether or not any invariant contact term is added 
to the Lagrangian. This convergence has been 
noticed for the special choice s= —1 by Case.” 

However, the matrix element F will diverge un- 
less we choose s=—+. On the other hand, the 
physical significance of the contact terms is rather 
dubious, so that results critically dependent on 
them, including the convergence of the magnetic 


2K. M. Case, thesis, Harvard University (1948); Phys. 
Rev. 74, 1884 (1948). 
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moments, must be accepted with great caution. In 
this connection, note that the neutral meson part 
of (206) sums to zero, at least if E,= Epo, as is most 
easily seen by using (25). It should also be men- 
tioned that the choice s= —%4 has sometimes been 
recommended to remove contact terms from the 
static nuclear potentials, but this is a very question- 
able procedure. 


Comparison of Pseudoscalar and Pseudo- 
vector Couplings . 


Dyson has shown rather generally" that the 
pseudoscalar and pseudovector couplings give equiv- 
alent results, at least to first order. This may be 
seen directly from (7), which gives for the matrix 
element for a transition from a nucleon of momen- 
tum po to a meson of momentum k and nucleon of 
momentum p=po—k the value 


(24/eL*)*{ — g(up*aya2as8upo) 
+ (f/u) (Up*Leara2a3 —io-k ]upo) } 


and similarly for absorption. If both nucleons have 


positive energy, it follows from the Appendix that | 


this is just 


(a) {(-x)(™** 
[--(=3) (o+P.) |uv) 


. (:) (wri | =k +P») Ju) |. (27) 


Thus, apart from the second term in each square 
bracket, which is negligible for low momentum 
processes, the couplings behave identically; a 
pseudovector coupling of strength f behaving like 
a pseudoscalar coupling 


= —(2M/u)f. 


In many calculations (such as of static nuclear 
forces, where only positive-energy processes are 
considered and only in non-relativistic approxima- 
tion) the two couplings give rise to the same result. 
Although this has frequently been overlooked, one 
need only put (f—yg/2M) for f to rectify the omis- 
sion of pseudoscalar coupling. (Note that from (28) 
a g? of 30 is no more “‘strongly coupled” than an f? 
of about 0.2.) 

It may thus seem surprising that pseudovector 
coupling can give a divergent interaction while 
pseudoscalar does not. However, a closer inspection 
of (27) for high momentum processes (|k|>M 
or |po|) shows that the square bracket of the g term 


(28) 


13 F, J. Dyson, Phys. Rev. 73, 929 (1948). 
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approaches —k+k, while that of the f term ap- 
proaches —k—k, so that the pseudoscalar coupling 
matrix elements are less divergent. Moreover, many 
matrix elements between nucleons of different 
energy signs occur in the calculations, and here the 
couplings differ considerably. 

It is very instructive to extend Dyson’s proof to 
our problem. We define H; and Hy to be the Hamil- 
tonians (6) with g=0 and f=0 respectively. We 
also omit the neutral meson field—which we have 
seen makes no difference in the neutron scattering 
element—and set s=0 for simplicity. If a unitary 
transformation exp(tR) of Hy; is carried out, with 
R=(4r)}(f/u) fdr(BoW+Bot¥t), we obtain to sec- 
ond order for the transformed Hy, after considerable 
reduction, exp(tR)H; exp(—7iR) = Hz+H’, where 


H! = (4nf2/,2) f ar| }(BotBo— BoB!) 


+L") (IY — 111) 
+ (Y*ary)-(Vyvt—Vtiyy) | 
~ (yey) (uty teat) |, 


and in Hy, g is given by (28). (It is convenient to 
perform the reduction in coordinate representation.) 

In diagonalizing the non-electrical part of H;, we 
may first carry out the transformation exp(zR), 
and we then obtain for the neutron scattering ele- 
ment precisely the value for pseudoscalar coupling 
with an additional term K.a’ given by (cf. (17a)): 


K. / Hi. oo H, a H enti. on 
“E()—E(w) E(a)—E(w) 





Only two transition schemes give non-zero con- 
tributions: 


1. [H*]—>u+(a)+u-(—b); 
ut(a)+u-(—b)+N+(po)[H’]N*(p). 


2. N+(po) LH’ J—-N*+(p)+ut(—a)+u-(b); 
ut+(—a)+nu-(b)LH*]-. 


One obtains finally for the contribution to Fx 
of (20a): 


aia oS 
€at+e+(Epo— Ep) 
(€& —€) —a- (a+b) 
€a t+ — (Epo— Ep) | 





E€a€d 





If E,=Epo, Fe’ becomes 2(€—€a)?/[€aes(€a+e) ], 
which is rigorously spin-independent. Thus H’ gives 
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zero contribution to the magnetic moment, so that 
—to second order at least—pseudoscalar and 
pseudovector couplings give exactly the same neu- 
tron magnetic moment. Investigation of the term 
proportional to s in (20) shows it to be spin- 
independent, so this equality of the magnetic mo- 
ments holds even for non-zero s. The arguments 
may also be extended to the case of the proton 
moment. a 

However, >-« Fx’ itself diverges logarithmically, 
since it is easily verified that asymptotically, Fx’ 
~4[A?—(Epo—E,)? ]k. Since Ho gives no diverg- 
ent contribution, Fx’ is the only term giving rise toa 
divergence, and Fx itself ~3[A?—(Epo—E,)? Jk. 
This agrees exactly with (26) (since we have here 
put s=0), which was computed entirely independ- 
ently. We note that H’ has self-energy terms corre- 
sponding to an infinite mass renormalization, but 
as is to be expected (cf. Section VI), it contains 
no “charge renormalization”’ terms. 

It thus seems that the pseudovector element 
diverges genuinely (except for the special choice of 
s mentioned). On the other hand, Case, using the 
newer methods, has recently reported that pseudo- 
vector and pseudoscalar couplings are exactly 
equivalent to second order insofar as scattering in 
an electric field is concerned.!* The reason for this 
discrepancy is not known to us at present. If it is 
not spurious, it may prove to be of great interest. 

In any case, the greater simplicity of the pseudo- 
scalar coupling, its freedom from questionable con- 
tact interactions, its apparently stronger converg- 
ence, and its equivalence to pseudovector coupling 
in the theory of nuclear forces, are arguments for its 
exclusive use in the present preliminary stage of the 
theory. Only pseudoscalar coupling will be con- 
sidered in Sections IV and V. 


IV. THE NEUTRON-ELECTRON INTERACTION AND 
MAGNETIC MOMENT OF THE NEUTRON 


Determination from Matrix Element 


In a static electric field, only energy-conserving 
processes are of interest; i.e., we may take E,= Epo. 
In this case, G”, etc., may be written, after using 
the Appendix, in terms of the following scalars: 

P°=Po’, P'Po, O'P, O-Po, O-PXPo, 
which (apart from the masses) are the only inde- 
pendent ones available. As may easily be verified, 
@ enters only in triple products involving a cross- 
product of two other vectors, which either vanishes 
when averaged over angles, or takes the form 


o-pXpo. Thus the expressions will take the form 


“ K, M. Case, Phys. Rev. 75, 1306 (1949). 
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(using charge conservation) : 


Gm /L = Cy+(s?/M?)C,+(A2/M2)Ca™ 
+ (to -poXp/M?)C.™ 
G/L? = — Cy—(s*/M2)C,+(A?2/M?)Ca" 
+ (0 -poXp/M?)C," 
G/L = (A?/M?)(Cs™+ Ca”) 
+ (io-poXp/M*)(C.™+C.") (29) 


where Co(u/M) is a logarithmically divergent in- 
tegral and C,, Ca”, Cx”, Co”, C." are dimensionless 


‘functions of (u/M), (s?/M?), and (A2/M2). (Since p 


and pp of interest are <M, the C’s will be computed 
for A?/M?=s?/M?=0; ie., only the first non- 
vanishing terms of an expansion in p and pp will be 
used.) The matrix element for a transition between 
the two single-neutron states in the electric field is 
then, by (19), 


Kppo= ( -~*) | far V(r) exp(#A | 


A? 
x ( w+] (Cant Cx”) 


io-P XPo 
MM? 


On the other hand, a magnetic dipole moment yu 
is associated with the spin-orbit interaction energy 
—u:(—VV)X[—-(i/M)V ] (—“¥ is the momentum 
operator), which has a matrix element for the transi- 
tion in question of 


1 
f ctu exp(—ip-1))(—w-v vx—v) 


X (L-?upo exp(tpo-r))dr. 


This is seen to be, apart from a neglected surface 
integral, 


(uve/2M?L*) | fa V(r) exp(tA-r) (up*io - Pp X Popo) 


where we have put y=uw(e/2M)oe; un being the 
neutron moment in nuclear magnetons. Comparing 
the above expression with (30), we obtain for the 
neutron moment 


UN >= —re?(C"+ (.*). (31) 


(Note that as in the Schwinger calculation of radia- 
tive corrections to the electron spin-orbit inter- 
action, no Thomas factor must be used.) 

In the neutron scattering experiments from which 
the neutron-electron interaction is determined,®’ 
spin-dependent effects are not detected because of 
lack of polarization of both neutron beam and 








~~ ees a2 ae oe 


ee ae ae 
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scattering sample, which averages out interference 
between spin-dependent neutron-electron and neu- 
tron-nucleus scattering. Thus only the Cy part of 
(30) is to be compared with these experiments, 
which may be done, for instance, by inserting the 
effective atomic for V(r) in (30). 

Alternately, the experimental result may be given 
in terms of a neutron-electron potential U(r). This 
would give, for an electron bound to a fixed position 
(taken as the origin), a matrix element between the 
two neutron states of 


fara exp(—ip-r)) U(r) (L~iupo exp(tpo-r)). 


If U(r) has a range short compared to the neu- 
tron wave-lengths—a condition well satisfied— 
this reduces to {ZL—*fdrU(r)}(up*upo). Compar- 
ing this to (30) after noting that V* exp(zA-r) 
= — A’ exp(iA-r), using Green’s theorem and then 
discarding the surface integral, and using V*V 
= —4rp(r) = +47ed(r) for an electron fixed at the 





“dk 4k7-1 1 2k?/2 1 2 ~ dk 16k4(E+.€)? eR 
cnn f 2278148, *, Sete, & 
o 2w@ ReLE ¢« 32\E 2 ER 0 2m? 3FeR* 4E(E+¢e)? 





BE +e ——+—— 


Cc.” = a 
3R 2E 


° dk a 
0 2m? R°E* 


4E —| 





dk k? (2 1 + F k? +k? 
cam=— f ——|—4+—4—(2-—) +( + 
0 2WPRIE 2e 2é 3é € 
Rk 
-4) 
3F? 


RB(2E+6/R R? 1 2k? 
+——"(=-1) -{(1+5)+ (34n) 
3E% \E E\ 3E/ 3E% 


P r dk ee aptee 26 
a J, ae Re E/L 3BR?) ER 


where 
R=(E+¢e)?—1 and E=(k?+1)!, e=[k?+(u/M)*]}, 


which differs slightly from previous notation. The 
second form of C,” is obtained with (25), and was 
used as a check. 

We note that (33m) and (33n), taken together 
with (43c) and (43s) below, agree exactly with the 
results of a recent calculation of the magnetic mo- 
ments by J. M. Luttinger, who used an entirely 
different method.!5 


1 J. M. Luttinger, Helv. Phys. Acta 21, 483 (1948), espe- 
cially Eqs. (12), (23), and (25), after correcting some mis- 
prints. Note that his up and g* correspond to our up—1 and 
g?/2. Unfortunately, Luttinger substituted for his g* twice the 
experimental value for symmetrical theory and four times the 
experimental value for pure charged theory, and made some 
additional numerical errors in his final substitution. He points 
out that the integrals corresponding to our (33) are elementary 
and may be brought to familiar form by introducing the vari- 
able Z=(E+¢)*. This is also true for (34). 
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origin, the expression 
f U(r)dr= UsV.= (2u%e%g?/M2)(Ca"+ Ca") (32) 


is obtained, where by convention V.=42/3(e?/mc?)?. 


Computation for Pseudoscalar Coupling 


Using the Appendix, (22) can be written as a 
multiple of the unit operator plus the scalar product 
of « and a vector. The spin-dependent term, which 
contains the magnetic moment, converges even 
before averaging over angles, so transformations, 
as (25), do not change the magnetic moment. 

If the part of Gx not involving o is expanded in 
a series in p and po (or s and A), one obtains a 
logarithmically divergent term in k alone, plus 
converging terms. If (25) is used, the term in A? is 
not influenced at all, while the s? term, which is of 
no interest, is changed in form but integrates to zero 
in either case. 

The results are: 








(33m) 
(33n) 
2k?\ [ 2E k? 4k?(E+e)* 
“20-5 om 
E eR 3é 3eR? 








Equations (33) and (34), integrated graphically 
for u/M=0.154 corresponding to a meson mass of 
282 e.m., give 


2n°C,"=0.343; 2°C,"=0.477; 
2n°Cx™= —0.520; 2°Cx"=—0.001. (35) 


Using (31) and (32), it follows that 
un = —0.128g?; Uy=—0.340g? kev. (36) 


Further discussion of the behavior of the integrands 
at low momenta, variation with u/M, etc., will be 
left to Section VI.* 


V. THE MAGNETIC MOMENT OF THE PROTON 


The matrix element for the transition from a 
single-proton state of momentum pp» to one of mo- 


*For uw/M=0.50, (918 e.m.), 20?C,"=—0.118, 22°C,” 
=—0.010, Uo= —0.0834g? kev. 
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mentum p in an electric field is given by the ordi- 
nary Dirac term plus Kppo as defined by (17). The 


Dirac term, as is well known, gives a spin-orbit 


interaction corresponding to one nuclear magneton 
(with a Thomas factor of $) when a reduction to 
two-component wave functions is made. The anom- 
alous part of the proton moment, wp—1 nuclear 
magnetons, is given in analogy to (31) by 


up—1=—-2g*?(D,"+D,"). (37) 


Here, D,™ and D,” are the coefficients, exactly 
analogous to C,” and C,” in (29), in the expansion 
of the operators Gt” and G+", where 9M in (19) is 
given by 


M=”’Gt=g?(Gt"+Gt*). (37a) 


Discussions and interpretations will be considered 
in Section VI. 
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Charged Meson Contribution 


The processes that contribute to the meson part 


G*™ of Gt are-precisely those under (1) in the tabu- 
lation of Section III, except that the P’s and N’s 
must be interchanged, as well as the signs of all the 
meson charges. It is easily seen from (7) that this 
change does not alter any of the matrix elements, 
except those involving H’, where it always reverses 
the sign. Thus, as was to be expected intuitively, 
we obtain . 

Gut™= —Gu"; D,™=—C,". (38) 


For the nucleon contribution, none of the proc- 
esses (2) of Section III, or slight modifications, can 
be used. For instance, if the initial proton state 
changes to a virtual neutron plus positive meson 
state, the neutron cannot interact with the field. 
However, the following processes are now possible: 


1. P*(po)LH‘]—>N*(b)+u*+(—k); P~(po)[H*]>Pt(p); N*(b)+ut(—k)[H*]>P (po). 

2. P~(po)LH*]>N*(a)+u*(—k); Pt(po)_LH*]—P-(p); N*(a)+ut(—k)[H*]Pt(p). 

3. (a) P*(po)LH*]—P*(p); P*(p)LH*]>N*(a)+u*(k); N+(a)+ut(—k)LH*]>P*(p). 
(b) P*(po)LH*]—P*(p); N~(b)LH*]—P* (po) +u-(k); P+(po) +47 (k)LH*]>N~(b). 

4. (a) P-(po)LH*]>P*(p); P*(po)[H*]>N*(b)+ut(—k); N+(b)+u*(—k)[H*]—P (po). 
(b) P~(po)LH*J—P*(p); N~(b)LH*]>P- (po) +u-(k); P* (Po) +u-(k)LH*]N-(b). 

5. (a) P*(po)[H*]>Nt(b)+u*(—k); N*+(b)+ut(—k)[H*]Pt (po); P*(po)LH*]—P*(p). 
(b) N-(a)LH‘]—P*(p)+u-(k); Pt(p)+u-(k)LH*]>N-(a); P*(po)[H*]—Pt(p). 

6. (a) P-(p)LH*]>N*(a)+ut(—k); N*(a)+u*(—k)[H*]—Pt(p); P*(po)LH*]>P-(p). 


Note that 


(t) All of the above processes in which an H‘ transition 
follows an H* transition are self-energy processes, so that the 
substitutions (17b) must be made in (17a). 

(ti) The above list of processes is exhaustive, except that 
processes in which neither P+(p) nor P+t(po) are involved in 
the H* transitions can also occur. These, however, cancel since 
the contribution of such a process to the third term of (17a) 
just compensates the contribution to the first two (for which 
(17b) must be used). These processes correspond to irrelevant 
vacuum fluctuations. 

(tit) 4 (a) cancels half the contribution of 1; 6 (a) cancels 
half of 2. 


In the usual manner, the above processes are 
found to result in a total contribution: 


| teat bt’ | 
2e\(Eate—E,)? (Eate+£,)? | 


a-p+BMy 1 @-Pot BM 
(ESO) 
zy 2e Epo 


1+B 1—B’ 
x| le ; (39) 
(Ey, +¢€— Epo)? (Ey, +e+ Epo)? 








It is significant that the highest term in a power 
series expansion in k is +(1/k*). Since the highest 
term of Gxt™ (see (38) and Section III) is —(1/k'), 


(b) N~(a)_H*]>P*(p)+u-(k); P-(p)+4-(K)LA* JN (a); Pt (po) [H*]>P-(p). 








these two terms, which give rise separately to log- 
arithmically divergent contributions, just cancel, so 
that Gt=Gt"+G*" converges as in the neutron 
case. One could then compute the correction to 
Rutherford scattering of protons and electrons, but 
this will not be done here. 

The spin-dependent term, not only the first term 
of the power series expansion, is found from (39), 
by a brief calculation, to be zero exactly. Thus 


D,"=0 (charged mesons). (40) 


This result is physically clear, since all the processes 
in the above table are just contributions from the 
renormalization of the nucleon wave function, 
which is evidently a pure numerical factor inde- 
pendent of spin. Renormalization of the nucleon 
wave function might change the Dirac moment, but 
this would also only appear on reduction to two- 
component wave functions (see Section VI). 


Neutral Mesons; Symmetrical Theory 


Although neutral mesons contribute to neither 
neutron moment nor neutron-electron interaction, 
they contribute to proton processes. There is no 
meson contribution due to neutral mesons, and the 
nucleon contribution arises from the following two 






th 


35 = 


NUCLEONS AND ELECTRIC FIELDS 


sets of processes (again, canceling vacuum fluctua- 
tions are neglected) : 

(a) Every transition listed above under charged 
mesons, except that NV must be changed to P, and 
ut, w- to w°. Since for neutral mesons the matrix 
element for emission or absorption of p® by P is 
given by —(2m/eL*)igoaiasa38 (see (7)) as opposed 
to — (22/eL*)!ga1a2038 for emission or absorption of 
charged mesons by neutrons or protons, this gives 
a contribution to Gt of precisely (go/g)? times 
(39), or 


Gu = (go/g)?Gut"=3Gu*"; D,*=0 (41) 


since go=g/V2 for symmetrical theory. By (40), 
this gives rise to no spin-dependent term, i.e., to 
no contribution to the neutron moment. 

(b) Every transition listed under (2) in the tabu- 
lation of Section III is possible, except that V must 
be changed to P and ut, yo to p®. Just as above, this 
gives precisely Gx", apart from a factor (go/g)? or 3. 
Thus, 

Gu = (g9/g)*?Gu"=4Gu"; D,%=3C,". (42) 


Note that the highest term in the expansion 
of Gx is +(go/g)?(1/k*), while that of Gk® is 
— (go/g)?(1/k®). The sum G°=G%+G® thus con- 
verges. 

The final result for the magnetic moments in 
nuclear magnetons is thus: 


Ln = — re(C"+ C.”) > ie i= +7g*C,™ 
(pure charged) (43c) 
and 


pn = —7g?(Co"+C."); wep—1=+2g?(C,"—4C,") 


(symmetrical) (43s) 


where C,” and C,” are given by (33). This agrees 
with results obtained recently by Case, as well as 
with the results of Luttinger. 

For (u/M) =0.154, (43) becomes 


uv = —0.128¢?; pp—1=+0.0535¢ 
(pure charged) (44c) 


up—1=+0.0164g? 
(symmetrical). 


uv = —0.128¢°; 
(44s) 


VI. NON-RELATIVISTIC METHODS, THE CHARGE 
CLOUD, AND COMPARISON WITH EXPERIMENT 


In this section, the previous results, especially 
those pertaining to the neutron-electron interaction, 
will be discussed in a more qualitative and pictorial 
manner, and the connection with ‘‘non-relativistic”’ 
methods and experimental results will be given. 


The Non-Relativistic Approximation. Comparison 
with Present Method 


In the usual ‘non-relativistic’? method (more 
properly, non-relativistic nucleon method), it is as- 
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sumed that the nucleon is so heavy that it can be 
well localized, that negative-energy processes, which 
involve energy changes ~ 2M, contribute negligibly, 
and that the nucleon recoil is negligibly small. In 
fact, M is usually set equal to infinity at the outset 
and the nucleon is taken as localized at a point. This 
procedure gives zero for calculations with pseudo- 
scalar coupling, as is evident from (27) or (28), and 
a slightly modified procedure will be discussed below 
in connection with the charge cloud. First, however, 
we will consider a different method that is less 
graphic, but simpler and more direct. 

We will assume that the nucleon mass M, though 
finite, is so large that all quantities can be expanded 
in a series in M—, and only the term of lowest order 
kept. The scattering element Kppo, as well as (29), 
(31), and (32), may still be used, though matrix 
elements and energy denominators will be replaced 
by the simpler ‘‘non-relativistic’’ expressions. 

In general, processes involving negative-energy 
nucleons are thus excluded because of the large 
energy denominators, so only processes 1 (aa), 
1 (a8), 1 (ay), and 2 (aa) of Section III are in- 
volved. For pseudoscalar coupling, their contribu- 
tion can easily be computed using the simpler ex- 
pressions from the start, or, since we have already 
done the work, directly from the appropriate terms 
in the exact expression (22). In either case we easily 
obtain 


2 a-b+ie0-aXb 1 k? 
Gu™! = — ; 
€a€>(€a +) M é 


7! — aun eaneitidites. alias 


(45) 





Note that G™ and G” individually diverge quad- 
ratically, and the sum G! diverges logarithmically. 
However, since it is known that the exact expres- 
sions for G! converge, we can compute it approxi- 
mately by integrating only up to a finite cut-off 
momentum. Since the integrand is large only in the 
neighborhood of |k|~u, and the integral varies 
quite slowly with the cut-off momentum if it is taken 
several times as large as yu, this procedure will give a 
result close to the true value. 

At this point, a phenomenon peculiar to pseudo- 
scalar coupling must be mentioned. Matrix elements 
of H* between positive-energy states are propor- 
tional to M~, while matrix elements joining posi- 
tive- and negative-energy states are seen to be of 
order unity. Thus even though the energy de- 
nominators are large, the total contribution of the 
processes 1 (b) and 2 (ba) of Section III are seen 
to be of the same order in M as (45). In fact, these 
processes contribute 


1 
Gu? = — 


1 
Ge"? = —— 


M? we. M? ¢ 


(46) 


to Gx” and Gx" respectively. These terms too give 
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rise to a logarithmically divergent contribution that 


must be cut off. 
If (45) and (46) are expanded as in (29), we find 


readily that 
Kdksk?\(5 yp? Spt 

Cam = -f —(—)|- +-——— Ca" =0 
o 2m*\4E/7 13 Ge? Get 
, dk 

me ee eee ; 
J 46/13 6é 

pe dk =) {i+ 

o 2et\2e 


where K is the cut-off momentum and é« as usual is 
(k?+?)!. Note that the above expressions for Cy” 
and Cy,” (as well as C,” and C," to be discussed 
below) are easily obtained from (34) (and (33)) by 
keeping only the first term in M. If K is much 
greater than yp, (47) is given very closely by 


{2 2K “|; 


Cs"=0 (47) 


ICM = —~|— lag 
413 pw 2 


1ji 2K 1 
20? Ca” = --|- loe——-} 
413 aw 2 


1 2K 
2n8Can = —( log——1 > Ca"=0. (48) 
2 im 


K must be taken large enough to include the region 
in which the integrands are large, but not so large 
that the incorrect asymptotic behavior that causes 
the logarithmic divergence affects the integral ap- 
preciably. A value of K midway between yu and M, 
or about M/2, seems plausible. (We see incidentally 
from (48) that the C,’s are not very sensitive to 
changes of the meson mass.) 
For K=M/2 and »/M=0.154, we obtain 


29?Cy™ = —0.37; 22?Cym® = —0.025; 
22?Ca™ = —0.40; Cya"=0. (49) 


Comparing (49) and (35), we see that errors of 
about 20 or 30 percent arise from this approxima- 
tion. We note too that negative-energy processes 
have little effect even for the singular case of 
pseudoscalar coupling. In Fig. 1, the exact inte- 
grands of C4” and Cy” are compared with the non- 
relativistic expressions, for u/M=0.154. It is seen 
that even for this mass ratio, which is not very 
small, the agreement is fair for low momenta. 

The spin-orbit interaction cannot be used to 
compute the magnetic moments by the above non- 
relativistic approximation, essentially because the 
spin-orbit interaction is a higher order effect. At 
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first sight, this seems false, since (45) contains a 
spin-dependent term that converges and is easily 
evaluated. Moreover, it gives a value of the neutron 
moment in better agreement with experiment than 
the exact method, because it gives a zero nucleon 
contribution. (The exact method gives a nucleon 
contribution that will be seen below to be much 
too high.) 

However, this agreement is illusory, since the 
substitution (25) makes (45) give zero for both 
meson and nucleon contributions to uy (cf. the 
second form of (33m)). Moreover, this substitution, 
which has no effect on the C,’s, is to be insisted 
upon, since otherwise, when (45) is expanded, it is 
seen to contain a spurious term in s’, which violates 
charge conservation. A ‘non-relativistic’? method 
for computing the moments by considering inter- 
action with a magnetic field is possible, but will not 
be attempted here. It is interesting to note that 
many phenomena noted above have counterparts in 
the calculation of the Lamb effect and the radiative 
corrections to the electron moment. 


The Neutron-Electron Interaction for Other 
Types of Mesons 


Since pseudoscalar and pseudovector couplings 
are equivalent (using (28)) for positive-energy proc- 
esses in non-relativistic approximation, and to this 
order, as may be verified from (20), no negative- 
energy processes (including the contact interaction) 
contribute, we obtain for pseudovector coupling, 


oVe= (8m'e?f?/u?)(Ca™ + Ca™). (50) 


We have used (28), (32), and (47). However, we 
have seen that cutting off is here unjustified except 
for the special choice of contact term- mentioned 
above. Note that the C,”* term for pseudoscalar 
coupling is small, so that (28) may be applied to 
(36) without very great error to get the pseudo- 
vector value. 

The non-relativistic calculation may very easily 
be carried through for the case of vector mesons. 
Here too, two couplings occur, characterized by 
constants f, and g,, which, however, are not equiva- 
lent. Moreover, both couplings have matrix ele- 
ments of order unity for positive-energy transitions, 
so that no negative-energy processes need be 
investigated. 

For charged vector mesons we have: 


Hem = (e/2L*) fdrV(t) DL) (exex)*(5-j’) 
keke’ jj’ 
X { (q+ire’tq+ik — q—j'e’tq —ik) (e+e) 
Xexp(i(k—k’) -r) +q-ie'g-+ ike — ex’) 
Xexp(t(kK+k’) -r) —q+i'e'tq—set (ex — x’) 
Xexp(—z(k+k’)-r)}, (51) 
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where j is the polarization unit vector and can have 
three possible values for each k: one along k (longi- 
tudinal mesons), and two others perpendicular to k 
and to each other (transverse mesons). In non- 
relativistic approximation, the matrix elements for 
emission and absorption of a meson of momentum k 
are, disregarding g, a, and 7+ factors as well as 


the up’s,* 
(2m/eL*)*{ 4(g/uv)k} 
for longitudinal mesons and 
(Qn/eL*)¥{ti(f./uso-jXk} (524) 


for transverse, where the upper signs are for 
absorption. 

Then from (51), (52), and (17a), we have im- 
mediately for the relevant processes of Section III 
the contributions: 


(52i1) 


m=" (Gu"+Gu") Prt Fe): (53) 

My Mo 
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and similarly 


Fy™=> dX (6: jaXa) (ja- jo) (ojo Xb) 
k €26(€a+€) jajd 


8 
7 ne 
k €n€>(€a+€) 


4 
—5) E -5xk)G-H)(e-5xb) 
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4 
=> —-[2k?]. (541) 
k é 


Comparing (53) and (54) with (45) and (47), we 
see that 


UoVe= (8x6?/ur”)(Ca™ + Ca™) (20? +2f0?). (55) 


Note that here, the legitimacy of cutting off has not 
been investigated. Assuming it possible, we have 
for an arbitrary mixture of pseudoscalar and vector 
mesons (neglecting C4”* and other small effects, as 


* The u’s for the intermediate states may be omitted, since 
they are effectively two-component wave functions and are 
summed over both spin indices. Thus z (up* O,up’) 

p’ spins 
X (up’* Ooupo)-= (up* O1 O2upo) for any operators ©; and QO: 
involving @ and unity. Of course, the up* and upp must be 
inserted. 


$ 


MESON 
(Exact) 


WiM=.154 


“weusonf os nm k/M 
NUCLEON 
(Exner) NUCLEON (NON-REL) 
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INTEGRAND oF a27'C, 





Fic. 1. Comparison of exact (Eq. (34)) and non-relativistic 
(Eq. (47)) integrands of 2x*Cy. Note that minus the integrand 
is drawn. For C4", multiply abscissas by 2 and divide ordi- 
nates by 2. 


well as the change in the C,4’s due to the difference 
between yu and py): 


2v } v e ~~ 


Mo 
In fact, if we adjust (56) to agree with the exact 
expression (36) for f=f,.=g,=0 and u/M=0.154, 
we obtain 


U»=57.3| ( s-t) 4 (=) wo+2 | kev. (57) 


The Charge Cloud. Charge Renormalization 


If the spin-independent parts of the scattering 
matrix element Kppo can be interpreted as resulting 
from the interaction of a charge cloud p(|r—ro|) 
around a nucleon at fo, and an electric field V(r), 
we would have 


a f dro(L~'uy* exp(—ip-10)) 


| fdrvieo(|r—1) 

xX (L-iupo exp(1po : To)) s (58) 
Comparing this with (19), we see that we must have 
fo | E —fo| ) exp(7A4 ‘Io)dT9 


= (—er/2L*) exp(tA-r)M, (58a) 


where 9M is a function of po and A only. By Fourier’s 
integral theorem: 


A er ) a 
p(r—fo) = exp(ia- (ero) —-( py 


4 ( -—) Ea expiA-(t—10))M(A, Po), (59) 
2L° 


so that p is essentially the Fourier transform of 31. 
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We therefore see immediately that a constant 
term in 9M corresponds to a 6-function charge dis- 
tribution; i.e., a point charge at the position of the 
nucleon. It follows, for instance, that the constant 
term in G™ (Eq. (29)) corresponds to an alteration 
of the nucleon charge by g? times a logarithmically 
divergent integral. Since G* gives an equal and 
opposite alteration, the nucleon charge is entirely 
unchanged. The divergent point charges are thus 
not to be looked on in any sense as a renormalization 
of nucleon charge due to the meson field. This cir- 
cumstance, guaranteed by charge conservation, is 
necessary if proton and electron charges are to be of 
the same magnitude. However, the fact that G”, 
etc., give rise to a (divergent) point charge plus a 
convergent continuous distribution shows that it is 
sensible to separate meson and nucleon contribu- 
tions. (It might have been objected that since G” 
and G* individually diverge, only their sum has any 
significance and a separation into C4” and Cy,” is 
inadmissible.) 

Equation (59) can be rewritten, with R=r—fo, as 


er 
p(R) = ( -—) >A >k Mx exp(tA-R) 


er 
* (-S) da ob Mx exp(i(b—a)-R). (60) 


The usual non-relativistic method of obtaining the 
charge density is to evaluate the expectation value 
of the charge density operator —ze(IIW—IIf¥f) 
(see Eq. (3)) for an infinitely heavy nucleon at rest 
at the origin. Using perturbation theory, precisely 
the value (60) is obtained if the non-relativistic 91 
is used. The double-summation in (60) is there due 
to the neglect of nucleon recoil, and hence mo- 
mentum conservation, so that a and b are inde- 
pendent. If this method is to be applied to pseudo- 
scalar coupling, one need only remember that g/M 
is finite, but that for other purposes M may be 
taken infinite, and that a contribution from 
negative-energy processes is being omitted. (59) 
may also be looked on as a transformation back to 
coordinate representation, or as resulting from a 
summation of plane-wave matrix elements Kppo to 
give the matrix element for a localized neutron. 
The charge density will now be evaluated in the 
non-relativistic approximation for a mixture of 
pseudoscalar and vector mesons (neglecting the 
small negative-energy contribution for pseudoscalar 
coupling). We have then from (60), (45), and (54): 


oR) =(-- = | (1-2) +4209] 


Sa-b 4k) 
Xd da ene exp(iA-R). (61) 


The second term in this summation—the nucleon 
contribution—is independent of A and corresponds 
entirely to a 6-function charge. This is due to the 
fact that the nucleon charge is smeared out over 
approximately the neutron Compton wave-length 
(divided by 27), which is here assumed zero (see 
Fig. 1). We will accordingly omit this term, but 
remember that it cancels the 6-functions arising 
from the meson portion and causes the total charge 
to be zero. The integrals in the meson contribution 
may with this understanding be computed in the 
sense of summability, which has the effect of neg- 
lecting such singularities. We then obtain, integrat- 
ing first over the angles of a and b: 


=| (5-2) +6424] 
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4uR 2 
Though this converges at any finite R, it has a 
1/R® singularity, and should be cut off at a value 
of R that gives a value for the neutron-electron 
interaction near that given by (57). For the total 
meson charge outside the cut-off radius R,, we obtain 


[Amend | 


| —SH,™ (2¢R-m) 
2Reu 
which diverges ~1/R? as R.-0. 


+iHo(2iRem)$ (63) 
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The volume integral of the electrostatic potential 
U, due to a charge distributed with density (62) 
outside of R., and with a charge at the origin suffi- 
cient to make the total charge zero is 


fvar= — an) f Rar rpdr 


oe 
r°odr 


Re 


(47)? ) 
_ f pR4dR 
3 Re 


Re 
~ (4x)? f RAR 
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rs) 


= —(ax/6) f pR‘dR 


=er/6u, {StH (2iRw) 


+3(2Ru)*?Ho™ (2¢R-u) 


—7/2(2R.u)Hi™(2¢tR.u)}. (64) 
(The three terms in the first line are due respec- 
tively to charges inside R for R>R-,, to the bare 
nucleon for R<R,, and to charges outside R for 
all R.) The volume integral of the potential of a 
neutron in the field of an electron is given by 
UoV.= —ef Udr. For agreement with (56) or (57) 
the expression in curly brackets in (64) must be 
about unity, so that 2R.u must be slightly greater 
than 1. The total dissociated meson charge given 
by (63) is correspondingly about 7 or 3 of an elec- 
tronic charge, using a value of about 0.2 for the 
factor in square brackets, as will be discussed in the 
next paragraph. The range of this interaction is 
about R,, or a little more than ~1/(2y), or about 
+ of the classical electron radius for 4.=282 e.m. 
Figure 2 is an attempt to depict very roughly the 
meson charge cloud and neutron-electron potential 
as a function of the distance from the neutron. In it, 
the cut-off distributions have been smoothed out to 
simulate the result that would have been obtained 
from an exact calculation. 


VII. COMPARISON WITH EXPERIMENT 
AND CONCLUSIONS 


To compare the results (44), (36), and (57) with 
experiment, the coupling constants will be evalu- 
ated by comparison with the known nuclear forces. 
To avoid questions associated with the highly singu- 
lar tensor force, the 1S neutron-proton potential 
will be examined, since it does not involve the tensor 
force. For a mixture of pseudoscalar and vector 
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Fic. 2. Neutron- 
electron potential and 
meson charge cloud 
around neutron (very 
rough). 
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mesons of mass u, the theory gives a singlet potential 


-|( f- y+ 24-20 exp(—ur) 


for_symmetric theory 


and 
i (7-= verre 2},-1 a 
[(-) nee pac 


for pure charged theory. 





All non-static terms have been neglected in these 
expressions, so an unknown—perhaps quite large— 
error has been introduced. On the other hand, the 
experimental data can be fitted to a potential 
—0.2397-! exp(—yr) calculated for a singlet scatter- 
ing length of —2.375-10- cm and uv = 282 e.m. from 
Eq. (35), of Rosenfeld’s book.'* 

We first assume f=f,=g,=0. Then from the 
above equations, (ug/2M)?=0.239 or g?=40.3 for 
symmetrical, and similarly g* = 20.1 for pure charged 
theory. We then have from (36) and (44) 


Uo= —13.7 kev; uy = —5.15; up—1=+0.66 (65s) 
for symmetric theory, and 
Up= —6.9 kev; pw = —2.56; 


for pure charged theory, as compared to the experi- 
mental values 


up—1=1.08 (65c) 


Uy~ —several kev; py=—1.91; 
pp—1=1.79. (65e) 


It should be remembered that pure charged theory 
gives unsatisfactory nuclear forces even apart from 
the tensor force difficulty, so that (65c) is not to be 
taken too seriously. 

The most important conclusion to be drawn from 
(65) is that pseudoscalar-coupled pseudoscalar 
meson theory gives results that are convergent and 
correct in sign and order of magnitude. Quantita- 
tively, however, the magnetic moments depart con- 


167, Rosenfeld, Nuclear Forces I (Interscience Publishers, 
Inc., New York, 1948), p. 88. 
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siderably from the experimental values. This is not 
due merely to the coupling constant, since for the 
ratio —(up—1)/un, which is independent of g’, 
we have 


— (up—1)/un =0.128 (sym.); 0.418 (charged) ; 
0.936 (exp.) (66) 


respectively for symmetrical theory, pure charged 
theory, and experiment. As mentioned before, quan- 
titative disagreements due to higher order terms, 
other meson masses, etc., are to be expected, but 
the disagreement of —(up—1)/un may indicate a 
more serious fault. The difficulty stems from the 
fact that if equations such as (43s) or (43c) are to 
be fitted to experiment, the nucleon contribution to 
the moments must be very small, while in fact, 
(35) shows it to be 40 percent greater than the 
meson contribution to the neutron moment. If the 
nucleon contribution is omitted altogether, we find 
for symmetrical theory yy = —2.16, wp—1=2.16, 
in good agreement with experiment even for the 
present coupling constant. 

The large size of the nucleon contribution may 
also seem surprising in the light of simple qualitative 
considerations.! For instance, if a neutron of 
S:=+4 is dissociated into a negative meson of 
L=1and Z,=+1 anda proton of S,= —} for about 
zo or + of the time (in accord with the total meson 
charge estimated in the last paragraph) we would 
expect a negative contribution of about 75 to 3 
from the proton, and a further negative contribu- 
tion from the meson about M/yp times as large 
(since the meson magneton is M/y times the proton 
magneton). Instead, we find a nucleon contribution 
even larger than the meson contribution (and nega- 
tive, so it does not arise from transitions involving 
mesons of L =0) for the neutron moment, and none 
at all for the proton moment. 

To understand these results, we note that the 
nucleon contribution, at least to the spin-orbit 
interaction, does not seem to arise in the manner 
suggested above. In fact, the spin-orbit interaction 
in the ordinary Dirac case arises because the elec- 
trical matrix element 


(q/L') f VG) lid aed, 
becomes 


~@/L| f drV(r) exp(iA | : 


P:Po m-PpXPo 
(wel 1+ 4 lum) 
4M? 4M? 


when reduction to 2-component wave functions mp! 
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etc., is made. Here q is the charge of the particle. 
Thus, since the charge of the proton is reduced (by 
an infinite amount!) due to ‘‘dissociation,’” the 
expected decrease of the Dirac moment does appear 
on going to the 2-component functions. However, 
the meson charge results in a term in 


f dr VO) exnia Oued 


in the Hamiltonian that just compensates the reduc- 
tion of proton charge. The case of the neutron is 
exactly similar. Charge conservation thus ensures 
that the spin-orbit interaction does not change on 
reduction to 2-component functions. The nucleon 
contribution is thus to be thought of as arising from 
sharing of the orbital motion by the nucleon, which 
also explains the zero result for the proton moment 
(orbital motion of the neutron gives no contribu- 
tion). Though this too may be thought to be small, 
we have seen that high momentum (~ M) contribu- 
tions are important, and here relativistic mass in- 
creases makes the sharing large. It should also be 
remembered that higher radiative corrections, 
which, judging from the ‘‘dissociation time,” are 
zo to } or even larger, have been entirely neglected. 
For vector mesons, which possess an intrinsic-angu- 
lar momentum, the situation may be entirely 
different. 
From (57), noting that for symmetric theory 


ug \? 
—-— 2f.? — gy? | =0.239 
L(g) te] 


for a mixture of vector and pseudoscalar mesons, we 
see that unless g, is very large, Up is still about 
—15 kev. Thus, if they converge, the other coup- 
lings do not give a substantially different neutron- 
electron interaction. 

To summarize, the results of the above investiga- 
tion seem sufficiently positive to warrant examina- 
tion of other couplings and higher corrections. How- 
ever, use of the newer methods seems advisable for 
more secure treatment of divergences. 
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NUCLEONS AND ELECTRIC FIELDS 


APPENDIX 


If up and upo are Dirac 4-component columns corresponding to positive energies E, and Epo, then for 
any Dirac operator D an operator D’ of the form const+ (const-«) can be found so (up*Dupo) = (up*D'upo). 
The operators and their replacements (indicated by —>) are as follows: (Of course, 1-1 and o—v.) 


ErEpo+ M?—p-Po—to-p XPo 
Pn M(Ep+Eno) 
c-stio-cXA 
ac 

Epo+ Ep 
c:-A+i-cXs /Ep—Ep\c-st+ie-cXd 

2M “Ca 2M 

EpEn+M?  2ic-sXA+(s?—A’)o-c+2(c-A)(o- A) —2(c-s)(o-s) 
~ M(Er+Em) 4M(E»+En) 











Ba-c— 





Bo-c— 


io°S 
nV 
Ep+ Epo 
iA (——)=* 


2M \Em+Ep/ 2M 





102003B—> — 


where S=po+p, A=po—p, and ¢ is an arbitrary ordinary vector. 


Note on Meson Contribution to the Lamb Shift 


An estimate of the shift of the 2s hydrogen level caused by the meson charge cloud around the proton 
is of some interest. As may be seen from the non-relativistic approximation or from (39) directly, the 
nucleon contributions are not very important, while the meson contribution is by (38) just the negative 
of that for the neutron case. Thus, in analogy to (30), we have for the proton 


m 


meg* A? neg? , ; 
Koppo ~ sas fava) Ota = OL fave exp(7A-r) 


A 
Ma 
By Green’s theorem, this is, apart from a surface integral, 


(—xeg?/2L8) f dr exp(iA-r)W2V(t)(Ca"/M2). 


Now for a proton localized at the origin, the product of the initial and final wave functions is 6(r) rather 
than L~exp(iA-r). Also, ¥?V = —4p(r) = +42eyp*y, where y(r) is the electron wave function, so that 
the change in energy due to smearing of the proton charge is approximately 


~ (meg?Ca"/2.M?) f drb(t)-4mep*y = — (2n*Ca™e2g?/ M2) |¥(0) |?. 


For an s electron, |¥(0) |? = (an'a,*)— (ao= Bohr radius). Thus with 27?C,™= —0.5 and g*~40 we obtain 
+0.08 Mc for the shift of the 2s level, considerably less than the present experimental error. 
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Theory of Proposed Reactions Involving Polarized Protons 
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The use of fast polarized projectiles in nuclear reactions provides a possible tool for studying the 
spin-dependence of nuclear interactions. In the first section general properties of such reactions are 
discussed. For incident neutrons or protons and a value Lmax for the maximum partial wave that 

_need be considered in the incident beam, the results are summarized in theorems 3 and 4. 

The following reactions involving polarized protons are shown to be possible: (a) production of 
polarized protons by the (n,p) reactions of N or He? using polarized thermal neutrons, (b) detection 
of polarization by means of the Li?(p,«)a-reaction, and (c) production or detection by the resonance 
scattering of protons from helium. Considering these reactions alone and exploring the fundamental 
limitations on intensity, one finds that the intensity problem appears to be least critical if (c) is used 
for both production and detection. The polarization effect usually depends on at least one parameter 
which does not affect or affects much less critically the unpolarized result. The polarization effect 
caused by the spin-dependent Coulomb scattering is calculated and found to be less than 5 percent 
for atomic number Z less than 5, except for special cases. Protons retain their polarization while being 


slowed down. 





I. INTRODUCTION 


HE production of a beam of polarized ele- 
mentary particles might provide a useful tool 
for the study of the spin-dependent interactions of 
these particles. During the past twenty years a 
number of methods have been suggested for accom- 
plishing this. The most successful of these has been 
the polarization of thermal neutrons by scattering 
in iron in a magnetic field.! The use of these neutrons 
to study spin-dependent nuclear interactions is 
limited by their low velocity. Proposed methods for 
polarizing fast particles depend upon the presence 
of spin-orbit coupling in the scattering of the par- 
ticles. Mott first proposed such a method for 
polarizing electrons in 1929,? but the experiments 
did not prove successful until recently.* Similar 
methods for polarizing fast neutrons have been 
discussed recently by Schwinger.* * The experiments 
suggested by Schwinger have not as yet been 
attempted because of the difficulties associated with 
the double scattering of neutrons. 

The present investigation concerns the possi- 
bilities of producing and utilizing polarized beams 
of protons. In the introduction the general proper- 
ties of reactions involving polarized particles of 
spin 3 are considered, while in succeeding sections 
specific reactions involving polarized protons are 
proposed and discussed. It will be assumed through- 


* Now at Carnegie Institute of Technology, Pittsburgh, 
Pennsylvania. 

1F. Bloch, Phys. Rev. 50, 259 (1936); 51, 994 (1937). A 
summary of the latest work is given by D. J. Hughes, J. R. 
Wallace, and R. H. Holtzmann, Phys. Rev. 73, 1297 (1948). 
(1932) F. Mott, Proc. Roy. Soc. A124, 425 (1929); A135, 429 

3 C. G. Shull, C. T. Chase, and F. E. Myers, Phys. Rev. 63, 
29 (1943). 

4 Julian Schwinger, Phys. Rev. 69, 681 (1946). 

5 Julian Schwinger, Phys. Rev. 73, 407 (1948). 


out that the target nuclei involved in the reactions 
are unpolarized. ® 

The spin function corresponding to a state of 
complete polarization is written 


A,s'+A_,s—3 (1) 
with |A;|?+|A_;|? equal to unity. The expectation 
value of the components of the spin operator ¢ are: 


,=2Re(A;*A_,), 
G,=2Im(A,*A_), (2) 
G,=|A;|?—|A_4|?. 


A superposition of ” states of the form (1) with 
arbitrary phase relations is expressed 


>. [Ans!+4_nstag / 


A=1 


where ¢ is the weight with which a particular state 
is introduced, and ¢« is an arbitrary phase factor’ 
which enters into any meaningful result (such as an 
expectation value) only in the form «*«,, which is 
defined to be equal to 6. In this notation an 
unpolarized spin state may be represented 


{ sheyt+s—te.} /23. (4) 


For the states given by Eq. (3) the expectation 
value of the spin operator ¢ is 


c= Fam / Zot, (5) 


A=1 A=1 
where the components of @ are determined from 


6 Possibilities involving polarized target nuclei have been 
discussed by M. E. Rose, Phys. Rev. 75, 213 (1949). 

7A similar factor is used by G. Breit and B. T. Darling, 
Phys. Rev. 71, 402 (1947). The «’s may be thought of as 
basis unit vectors, and the summation over \ indicated in 
Eq. (6a) as a vector summation. 
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Eq. (2). If one makes the substitution in Eq. (3) 


>A sno / 


rA=1 A=1 


n i 

Ea') =A +441, (6a) 
where »; and v_; are unit vectors like e but are not 
mutually orthogonal, Eq. (5) yields a generalization 
of Eq. (2); 


6,=2Re(A 4*vy*A_yv_y), 
dy = 2Im(A y*vy*A_yv_4), 
G,=|A;|?—|A-4|?. 


The most complete knowledge that may be 
found experimentally concerning a spin state is the 
mean value of an arbitrary operator for that state. 
' Since any operator may be written in terms of oz, 
dy, ¢z, and the unity operator, a spin state is com- 
pletely designated by the values of ¢2, gy, 2; that 
is, a vector o. For each vector @, and thus for each 
spin state, there exists a representation in which the 
spin functions are quantized in the direction defined 
by g, and »; and v_; are orthogonal. In this coor- 
dinate system it is seen directly that the percentage 
of polarization P is givea by 


P?=6-0= (62)? + (Gy)? + (G2). (7) 


Since the right-hand side is a scalar, Eq. (7) holds 
in all coordinate systems. 

Several general theorems concerning nuclear 
reactions involving polarized particles will now be 
demonstrated. (Theorems 1 and 1A not restricted 
to particles of spin 3.) 

Theorem 1.—lf Lmax is the maximum orbital 
angular momentum that need be considered in a 
nuclear reaction the maximum degree spherical 
harmonic that can enter into the angular distribu- 
tion of the outgoing intensity is 2(Zmax+S), where 
S is the spin of the incident particle if it is polarized 
and S is zero if the particle is unpolarized. Further- 
more, if 2(Zmax+S) is odd, the maximum degree is 


(6b) 


Theorem 1A.—The maximum degree is 2(Lmax | 


+5+.S’) if the angular distribution of a specified 
state of polarization of an outgoing particle with 
spin .S’ is considered. 

The following corollary follows immediately for 
particles of spin }: 

Theorem 2.—The maximum degree spherical 
harmonic that can enter the angular distribution of 
the outgoing intensity is 2Zmax whether or not the 
incident particle is polarized. In particular, polar- 
ized particles can never be detected by a reaction 
in which only s-waves are involved. 

These theorems may be proved most directly 
using a method given by Yang.® It will be con- 
venient for later purposes, however, to follow the 


.  ®&C.N. Yang, Phys. Rev. 74, 764 (1948). 
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procedure of Eisner and Sachs.® (In both references 
Theorem 1 is proved for the case in which the 
incident particle is unpolarized.) A collision char- 
acterized by orbital angular momentum L of a 
projectile with spin S and a nucleus of spin J will 
be considered. The initial state may be written as 
a sum of products of functions of the spin and angle 
variables. If the nuclear spin is unpolarized the 
initial state in any coordinate system is written 


Vo=ZmrmgsmtA mgBmz,s™8b™La™ €mz/(2I+ 1), (8) 


where s”S represents the spin state of the projectile 
with a spin component mg along the z axis, and 
a™ and b™ similarly represent nuclear spin and 
orbital angular momentum states. Ams and Bm, 
are the coefficients with which the states s™’ and 
b™£ are introduced.” The products s™5b™4 may be 
expressed in terms of the eigenfunctions 0; of the 
total projectile angular momentum j, 


sm™shml => (SLjms+mz|SLmsmz)Oj"4+"s, 


using the usual transformation coefficients. The 
products @;"4+™Ssa™ may similarly be expressed in 
terms of the eigenfunctions ‘x ;"4*+™s+™! of the total 
angular momentum J. (Since three angular mo- 
mentum functions have been combined, the eigen- 
functions for each J value are in general degenerate. 
Here a particular set of eigenfunctions has been 
selected according to the j values, and the members 
are distinguished by the left-hand superscript.) 
Equation (8) may now be written 


Vo= LUmrmgm iJA mgBmi(SLjms+myz | SLImgm ,) 
X (Lj Jmr1+mst+m_,|ljmmms+mz) 
mx iy ymitmstml em, /(2T+ 1)}. 


The effect of a nuclear reaction is to transform 
each state ‘x,” into 2x(2J+1)! *p,;i 6;”, where 
Kpy,;i is independent of M, and *@;™ is one of the 
states of the outgoing particles having the same 
transformation properties as x,”. The outgoing 
wave function then is 


WV; == UmrmgmpijJK KpsiA mgBmz 
x (SLjms+myz | SLmgm z) 
X (Ij Jmr+ms+m_|Ijmms+mz) 
XKG mL tMStMl Emr, (9) 


The argument of Eisner and Sachs® can be fol- 
lowed from here on. If the coefficient of @ in Eq. 
(9) is written as a, the absolute square of the 
outgoing wave function has the form™ 


v;t VW; = DmrlmgmiJK a*mgmiJK (Kp ymitmstms)t 
Xlmsg'my'J'K’ Amg’my’J’K’ 
x (K’ mL’ tms' +m’) | 


(10) 


9E. Eisner and R. G. Sachs, Phys. Rev. 72, 680 (1947); 
L. Wolfenstein and R. G. Sachs, 73, 528 (1948). 

104mg may in general contain phase factors like 4. Thus 
for an initial unpolarized state of spin 4, Ay=a/2', A_y= 2/23. 

ll Yt is the conjugate transpose of ¥. WtW implies a sum- 
mation over all the spin variables involved in ¥. 
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If the product of the ®’s in Eq. (10) is reduced to a 
sum of terms WV ;* which transform under rotation 
like an eigenfunction of total angular momentum J, 
the maximum value of y» that occurs is seen to be 
2(L+S). Because this holds in all coordinate 
systems it follows that J must be less than 2(Z+5S), 
that is 


J=2(L+S) p=J 


x > CyuV5u. 


J=-0 u=J 


ViV;= (11) 


If W,;'W; is integrated over all the independent 
variables except the outgoing direction of one 
particle, it follows that the maximum degree 
spherical harmonic that can enter in the angular 
distribution of the intensity of this particle is 
2(ZL+S). Furthermore, the parity of each term 
entering Eq. (9) is the same being determined by L, 
the intrinsic parties of the initial particles, and the 
conservation of parity. It follows that each product 
obtained in squaring WY; has even parity, and con- 
sequently only even spherical harmonics enter the 
angular distribution: Theorem 1 is now proved for 
the case of a single Z value. Theorem 1A may be 
proved in a similar manner. 

The argument is easily extended to the case in 
which more than one orbital angular momentum is 
effective with Z in the previous results interpreted 
as the maximum orbital angular momentum Lyax. 
Equation (10) takes the form 


UAW; =D (OtLinax + Ot imax -1+ ae -) 
mi 
X (Qimax + QLnax —1+ ig *). 


The terms Qimax'QZmax have been considered. By 
the previous argument the terms QZmax'QZmax—! 
when reduced to the form (11) can contain no J 
value greater than (Lmax+Zmax—1+2S). Further- 
more, these terms must have odd parity. It follows 
that the maximum degree spherical harmonic which 
can arise from these terms is one less than that 
which can arise from the terms already considered. 

For particles of spin 3 the outgoing intensity is 
related to the initial direction of polarization by the 
following theorem: 

Theorem 3.—(a) Polarization parallel to the axis 
of incidence (z axis) has no effect on the intensity. 

(b) Assuming initial polarization along the 
y axis, the effect of the polarization on the angular 
distribution of the outgoing intensity is to produce 
a left-right asymmetry given by 


2Lmax —-1 


> a, cos”"6 sin8@ cos¢, 


n=0 


where @ is the angle of scattering and ¢ is the 
azimuth angle measured from the x axis. If only 
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one parity need be considered in the incident wave 
(that is, only odd or only even LZ), 7 is restricted to 
odd values. 

To prove Theorem 3(a) an outgoing beam is con- 
sidered with intensity Jo in a given direction 
(xo, Yo, 20). Symmetry about the axis of incidence 
(g axis) must obtain because no other direction is 
defined; therefore, the intensity is Ip at (xo, —o, 20). 
Now consider the transformation 


y=-y, x’=x, 2'=2. 


The only effect of this on the incident wave is to 
reverse the direction of polarization (because the 
spin is an axial vector); for the outgoing wave it 
gives the intensity Ip at (xo, —yo, 20). Thus the 
intensity is the same for the two directions of 
polarization. 

The proof of 3(b) will be given in two steps, the 
first of which parallels the proof just completed. 
Let the intensity at (xo, Yo, 20) be Jo. In this case the 
transformation y’= —y does not alter the incident 
state but gives the intensity I at (xo, —yo, 20): 


I(—yo) =I (yo), 
I(—¢)=I1(¢). 


Setting mz, equal to zero in Eq. (10), Y,'Y, 
contains products of the form (@;™+™s)t(@ ,,m+ms") 
Analyzing ®, into products of the outgoing spin and 
orbital functions, carrying out the sums over the 
spin variables, and designating the remaining 
orbital functions Y,“, one is left with products of 
the form (Y,;~/+™stm)*(Y,,mrtms'+m), Since (Y,“)* 
equals + Y;™, these are of the form 


(12) 


Y ,~(mit+mstm) VY pmitms’+m_ 


Consequently, in Eq. (11) the maximum absolute 
value of » is the maximum absolute value of 
ms'—msg, namely, 1. (For the unpolarized case, the 
maximum value of uw is zero.) For polarization 
parallel to the y axis, A;=1/2!, A_y;=2/2}. For this 
case the sum of all the terms (Y,~/+™s+™)t Y,,mrtms’+m 
for which ms=ms’ gives the unpolarized result, 
considering Eq. (4). The remaining terms for 
which ms #ms3’ represent the difference between the 
polarized and unpolarized cases and reduce into 
those terms of Eq. (11) for which uw equals +1. 
Thus the angular distribution of the intensity dif- 
ference between the unpolarized and _ polarized 
cases may be expanded in spherical harmonics 
Ws! and Wy. To satisfy Eq. (12) the combinations 
proportional to cos# must be chosen; these are 


J=1 siné cos¢, 
J =2 sin@ cos@ cos¢, 
J=3 (5 sin@ cos*@—sin@) cos¢, etc. 


The maximum value of J is 2Zmax (Theorem 2), and 
odd values of J are forbidden if only incident waves 
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of a single parity need be considered. Theorem 3(b) 
follows immediately. 

The formalism employed here is clearly sym- 
metrical in initial and final states. Theorems 1, 2, 
and 3 may therefore be easily transformed into 
theorems concerning the angular distribution of a 
specified state of polarization of an outgoing par- 
ticle provided the incident particle is unpolarized. 
In particular, from Theorem 3 one obtains 

Theorem 4.—For an incident unpolarized beam, 
the outgoing particle, if polarized, will be polarized 
perpendicular to the plane of the motion and the 
polarized intensity will have an angular distribution 


2Lmax—1 
>< a, cos”"é sind. 


n=0 


The special case of elastic scattering will now be 
considered further. In the customary theory of scat- 
tering’ extended to particles of spin } the scattered 
wave may be written: 


¥,U(r) = f(9, ¢)uoU(r), 


where U(r) is essentially an outgoing spherical wave, 
uo is the initial spin state, and f(@, ¢) is an operator 
operating on this state. An arbitrary operator f may 
be expanded 


F(6, ) =g(8, 6) +o-h(6, 4). (13) 


The scattering cross section per unit solid angle is 
given by 


dS ; : 
Nae |f(8, b) | 2x0 


@ 


=|g|?+|h|?+20)-Re(g*h), (14) 


where @ describes the initial spin state. The 
polarization of the scattered wave is determined 
from 


dS 
o_- Palre, p)af(8, b) uo 
@ 


= | g|°%)+2Re(g*h) +20, x Im(g*h) 


+26)-h*h—|h|%5. (15) 


For an initially unpolarized beam 
$;=2Re(g*h)/{|g|?+|h|2}. (16) 


This expression, of course, is also equal to the 
percentage change in cross section introduced by 
polarizing the initial beam in the direction of 
Re(g*h), as obtained from Eq. (14). If the scattering 
is not dependent on the nuclear spin, it follows 


2N. F. Mott and H. S. W. Massey, Theory of Atomic 
* Collisions (Oxford University Press, New York, 1933). 
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from Theorem 3 or 4 that h is normal to the plane 
of the motion and is proportional to sin@. The last 
follows from the fact that g(@, ¢) is as in usual scat- 
tering theory a polynomial in cosé@. 


II. PRODUCTION OF POLARIZED PROTONS 
USING POLARIZED NEUTRONS 


If polarized thermal neutrons! are used as pro- 
jectiles in the (m, p) reactions of N“ or He? it is 
possible that the resultant protons may also be 
polarized. These possibilities are investigated fol- 
lowing the formalism of Section I." 

For the (n, p) reaction with nitrogen, the spin J 
equals 1 so that J values of $ and 3 are possible. 
Since both N™ and C* have even parity, the final 
orbital angular momentum values / are limited to 
even numbers. Since C“ has zero nuclear spin, the 
values J=% and J=} must correspond to / equals 
2 and 0, respectively. 

Using Eqs. (9) and (6), the expectation value & 
of the proton spin may be calculated. The com- 
ponent of & normal to the plane defined by the 
outgoing particle direction and the original direc- 
tion of polarization is zero, while the other com- 
ponents resolved perpendicularly and parallel to the 
outgoing direction are 


&, cosd —é, sind =3(1+W) siné@, 
é, sind+6, cos@ = —4(1—2W) cosé, 
{ | ps2|?-+2Re(ps204*) }/{ | ps2|?+3| 0317}. 


Here the z axis is. the direction of the original 
neutron polarization, and the outgoing particle 
direction is given by the usual spherical coordinates 
6 and ¢ with @ equal to zero. The fact that no 
higher power of sin@ or cos@ than the first can enter 
Eq. (17) can be demonstrated on general grounds 
for this case. 

The penetrability of the Gamow barrier for the 
outgoing protons is about 0.001 for outgoing 
d-waves (J=%) and 0.14 for outgoing s-waves 
(J =4). As a consequence it may be shown that the 
probability that the experimental cross section is 
primarily due to the J= resonance is only about 
one-sixth the probability that it is primarily due to 
the J=# resonance. If the J/=% resonance has only 
a small effect, the outgoing proton will have a 
polarization of about 33 percent for @ equal to 90°. 

For the (n, p) reaction with He’, the spin I equals 
1 so that J values of 1 and 0 are possible. Since the 
product H? nucleus has spin } the value J/=1 may 
correspond to a final orbital angular momentum / 
of either 0 or 2, while the value J=0 corresponds 
to / equals 0. For the s-disintegration the proton 
energy is above the Coulomb barrier, while for the 
d-disintegration the barrier penetrability is only 


(17) 


os 
Fu 
W 


13] wish to thank Dr. Frank C. Hoyt for showing me the 
work he had initiated on this problem. 
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the d-disintegration completely; one then obtains 
in the same manner as before 


6, = —} sin0(1+R cosy)/(1+4R’), 
éu=¥ cos6(1-+R cosy)/(1+4R’), 
Re‘ = po/ pi. 


If R is close to zero the proton polarization is about 
67 percent, while if R is equal to infinity there can 
naturally be no polarization because only angular 
momentum J=0 is involved. The polarization is 
found to be at least 20 percent for a wide range of 
values of R and y. 


III. DETECTION OF POLARIZATION BY THE 
Li’(p, ~)a@-REACTION 


(18) 


A possible reaction for the detection of polarized 


protons is!* 
Li’+H'!—2He?. 


For unpolarized protons the angular distribution of 
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Fic. 1. Fractional change r in the scattered intensity as a 
result of the polarization of protons in the Li’(p,a)a reaction 
for @=45° and ¢=0° as a function of proton energy E and 
phase factor y. Upper curve: one J=0 and one J=2 reso- 
nance assumed. Lower curve: two J=2 resonances assumed. 
(A change of 180° in y changes the sign of r.) 


 T am indebted to Dr. Robert G. Sachs for this suggestion 
and for discussions concerning it. 
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about 0.02. It seems reasonable therefore to ignore 











the reaction may be represented by!® 
(dS/dw)y>~1+A(E) cos?@+B(£) cos‘6, 


where 6 is the angle between the line of centers of 
the leaving particles and that of the incident par- 
ticles, and £E is the initial kinetic energy. This 
angular distribution has been successfully ana- 
lyzed!617 on the assumption that the ground state 
of Li’ has odd parity so that only odd orbital 
angular momenta are effective in the reaction. In 
particular, s-waves are not effective in the reaction, 
which makes it especially favorable for the detection 
of polarization. If -waves alone are considered it 
follows from the general analysis that the only pos- 
sible effect of polarizing the incident protons along 
the z axis is to add to the unpolarized angular dis- 
tribution a term 


(dS/dw) »~ C(E) sin@ cos@ cos¢. (19b) 


If f-waves also are considered a still further term 
may be added; 


D(E) sin@ cos*6 cos¢. 


An explicit expression for C(£) will be worked 
out for the case of p-waves alone. Since [= (for 
Li’), L=1, and S=3, and since the final state has 
even parity and no spin, there are three factors py’: 
po', po, and pe!. The final intensity may be obtained 
by squaring Eq. (9) and interpreting ®;¥ as the 
spherical harmonics Y;™”. For initial protons 
unpolarized this yields 


(dS/dw)o= | po! |?+8| p2*|?-+8| p24]? 
— {§Re(p24p2!*) — (5#/6) Re( po! p2!*) 
+ (54/6) Re(po#p2'*) }(3 cos?@—1). (20) 
For polarization along the y axis the difference 


(dS/dw), between the polarized and unpolarized 
intensities is 


(dS/dw) o> { (5 4/2) Im(po!p2**) 


(19a) 








— (5/2)Im(p2'p2**) } sin? cos@ cos¢. = (21) 
From Egs. (19a), (19b), (20), and (21), 
C(£) a 54Im(p2' p2!*) — Im( po! p2™*) (2) 
A(E) 5*Re(p24p2!*) + Re( po!p2!*) — Re( po! p2!*) 





The fractional change in the scattered intensity 
caused by polarization has a maximum for @=45° 
and ¢=0°, given by 


_@S/de)» C/A 
~ (dS/da)o 1+2/A 


Since A ranges between 1 and 2, for energies from 


(23) 





16 Heydenburg, Hudson, Inglis, and Whitehead, Phys. Rev. 
73, 241 (1948). 
16 C, Critchfield and E. Teller, Phys. Rev. 60, 10 (1941). 
17 David R. Inglis, Phys. Rev. 74, 21 (1948). 
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0.5 to 2.0 Mev, an appreciable effect is expected 
unless (C/A) is in the neighborhood of zero. Equa- 
tion (22) shows that (C/A) may vanish only if— 


(1) p2?=0, 
(2) Im(po!p2'*) =5*Im(p2'p2!*). 


Both of these conditions are very special and there 
is no reason to believe that they hold. Furthermore, 
even if the second condition were valid at one 
energy it would not be expected to hold over a 
sizeable energy interval. From the previous equa- 
tions upper limits rmax may be set on the possible 
absolute values of r. If only J=2 is involved 


1 max = (33/2)(3+2A —A*)1/(A +2). 


Using the experimental value of A,’ this gives a 
maximum r of 0.36 at 1-Mev energy and of 0.6 at 
energies of 0.5 and 2.0 Mev. If both J=0 and J=2 
are involved, for the values of A of interest, 


max = ¢(63+66A —A?)*/(A +2). 


At 1 Mev this limit is 0.86, while at 0.5 and 2.0 Mev 
it is 0.95. 

The use of the resonance formula to determine 
the value of r (Eq. 23) is not generally possible for 
two reasons: (1) it is not possible from the experi- 
mental data to determine all the constants in the 
resonance formula for the unpolarized angular dis- 
tribution ; (2) even if these constants are determined 
there remains completely undetermined a phase 
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Fic. 2. Polarization ¢ of protons scattered from a doublet 
P resonance as a function of energy « and splitting x. 5)9=45°, 
7=0, 6=90°. 
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Fic. 3. Polarization ¢ of protons scattered from a doublet 
P resonance as a function of energy ¢ and s-phase shift do. 
x=0.5, »=0, 0=90°. 


factor!® which critically affects (dS/dw), although 
not affecting (dS/dw)». However, it was thought of 
interest to calculate the polarization effect using the 
resonance formula for two cases: 


(a) A very broad resonance with J=0 plus a narrower 
resonance with J=2 was assumed, using a set of constants 
suggested by Inglis!” to fit the experimental data. 

(b) Two resonances with J =2 were assumed, each having a 
width of 1 Mev and located at 0 and 2 Mev,'® using one set of 
constants that fit the data roughly. 


The results are given in Fig. 1 as a function of 
proton energy E and the undetermined phase 


factor vy. 


IV. POLARIZATION EFFECTS IN RESONANCE 
SCATTERING 


The possibility of polarizing neutrons and also of 
detecting the polarization by means of the scat- 
tering from a resonance level that is split because 
of spin-orbit coupling was suggested by Schwinger.‘ 
In particular, he considered the scattering of neu- 
trons with energy about 1 Mev from helium. Ex- 


~_-——— 

18 This is the phase of the scattering from total spin 1 
relative to that from total spin 2 (see the bottom of page 26 
of reference 17). For purposes of calculation this phase factor 
was introduced by replacing sint on page 14, of reference 
16 by singe*’. If two J=2 resonances are considered one 
obtains in a similar manner factors y for the higher energy 
resonance and vy’ for the lower energy. (dS/dw)o depends on 
(y—v’) but otherwise is independent of y (or y’). 

19 This possibility has been suggested by R. Christy and 
S. Rubin, Phys. Rev. 71, 275A (1947). 
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periments” indicate that a p-wave resonance exists 
around this energy and that there is a considerable 
splitting between the ?P 3/2 and ?P, levels. A similar 
split resonance level would be expected around 
2 Mev in the case of the scattering of protons from 
helium. 

The scattering of a proton from a nucleus without 
spin is first considered in general with only one 
assumption : that incident orbital angular momenta 
L greater than 1 need not be considered. (For con- 
venience, the polarization of an initially unpolarized 
beam is discussed, although, of course, one can 
directly convert this into the effect of initial 
polarization on the outgoing intensity.) In terms of 
the s-wave phase shift 59 and the two p-wave phase 
shifts 32 and 7, which correspond to total angular 
momenta J of 3 and 3, respectively, the scattering 
cross section for an unpolarized beam is* 


dS /dw =%* { | — (n/2s*) exp[ —in Ins? ]+sindoe* 
+cos6[2 sinys/2 exp[i(ys/2+01) ] 
+siny; exp[7(73+¢01) ]]|? 


+sin?6 sin*(ysj2—3)}, (24) 


and the expectation value ¢ of the spin after scat- 
tering is given by 


od S/dw = — 2%? siné sin (y3/2 —%7;) 
X {sindo sin(ys2+73+01— do) 
— (n/2s*) sin(yse+74+014+ 7 Ins?) 
+3 cosé@ sinys/2 siny;}n. (25) 


Here 


X=h/Mv, n=Ze?/hv, o,=2 tan, 


s=sin(0/2), n=(kXk’)/|kxk’|, (26) 


where v is the incident velocity, M is the reduced 
mass of the proton, and k and k’ are incident and 
outgoing wave vectors, respectively. From Eq. (7) 
the percentage polarization is equal to the mag- 


nitude of &-n, which will be written ¢. 














Fic. 4. Polarization ¢ of protons scattered from helium as a 
function of scattering angle @ under two assumptions. 


20 T. A. Hall and P. G. Koontz, Phys. Rev. =, 196 (1947); 
H. Staub and H. Tatel, Phys. Rev. 58, 820 (1940). 

*It is to be noted throughout that @ is in the center-of- 
mass system. 
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For a small value of the splitting as measured by 
(ys/2—3) the polarization effect is directly propor- 
tional to the splitting. It is of interest to compare 
this with the effect of the splitting on the cross 
section. Introducing a mean phase shift 7 into Eq. 
(24) by the substitution 


2 sinysy2 exp[4(y3/2+o1) ]+siny; exp[7(y3+01) ] 
= —3ie[ (1—T)/2]+3T siny exp[7(7+01) ], 
T= [1 —8/9 sin?(y3/2 = 
,{ 2 sin2ys2+sin27; 
2 cos2y3/2+cos273}’ 


one finds that the effect of the splitting on the cross 
section is proportional to sin?(7y3;2—‘y;) and thus to 
(y3/2—3)” for small values of the splitting. Con- 
sequently sizeable polarization effects may exist in 
some cases even though the splitting cannot be 
detected from the cross section alone. 
If the p-wave scattering is assumed to be due to 
a split resonance with energies E3;2 and Ey and a 
single width I, the phase shifts at an energy E are 
expressed 
Y3/2=cot(e+x), 
74=cot(e—x), 
e=([(E3;2+E;)/2—E](2/P), 
x=(E32—E,)/T, 


where ¢ and x are dimensionless forms of the energy 
and the splitting.?° Substituting Eq. (28) into Egs. 
(24) and (25), the polarization ¢ is found as a 
function of ¢ and x, the s-phase shift 59, and the 
Coulomb factor 7. The results for 6 equal to 90° and 
n equal to zero are shown in Figs. 2 and 3. (The 
general features of the curves are the same for 
values of n up to 0.3.) It should be noted that a 
change in sign in x merely changes the sign of ¢ 
and a change in sign of 59 merely changes the sign 
of e. One sees that for x greater than 0.2 a polariza- 
tion of more than 80 percent is generally obtainable 
at one energy. For smaller values of x, the polariza- 
tion is approximately proportional to x. A secondary 
polarization maximum with the polarization re- 
versed in sign also exists, which becomes more 
important as x increases and as 69 decreases. The 
two maxima are separated by an energy of the 
order of the resonance width, assuming this is not 
less than the separation of the two resonances. In 
general, there exists an angular interval about 90° 
with a width of at least 30° over which the average 
polarization effect is similar in magnitude to that 
at 90°. 

The particular case of the scattering of protons 
by helium will now be considered. The experi- 
mental angular distributions seem to show the 
presence of a p-wave resonance between 2.0 and 
3.0 Mev.” An analysis made on the basis of the 

21 N. P. Heydenburg and N. F. Ramsey, Phys. Rev. 60, 42 


(1941); Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 
342 (1949). 


(27) 





7=% tan- 


(28) 
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earlier data and under the assumption that d-wave 
scattering is unimportant indicates that this p-wave 
resonance must be split. From this analysis the 
following conclusions about the polarization effect 
are drawn: 


(a) The polarization for @ equal to 90° should reach a 
maximum value of about 80 percent at an energy between 2.0 
and 2.5 Mev. (The earlier data goes only to 3.0 Mev and con- 
sequently does not allow the specification of a second polariza- 
tion maximum.) 

(b) The width of the polarization maximum may be as 
large as 1 Mev. 

(c) The polarization @ as a function of scattering angle 6 at 
an energy corresponding to a maximum of the polarization 
effect is given by one of the curves in Fig. 4. Cases 1A and 2A 
are distinguished by the assumed sign of do: negative for 1A 
and positive for 2A. 


These conclusions may be modified by consideration 
of the recent data. 


V. POLARIZATION EFFECTS IN COULOMB 
SCATTERING 


The earliest method suggested for the polariza- 
tion of an elementary particle was to make use of 
the spin-orbit coupling in the Coulomb scattering 
of electrons.” Mott found that a polarization of the 
order of 30 percent should be possible at relativistic 
velocities and large atomic numbers. Recently 
Schwinger® has proposed a method for polarizing 
neutrons employing the interference between the 
spin-dependent Coulomb scattering and the nuclear 
scattering at small scattering angles where the two 
are of the same magnitude. For the case of protons, 
which will now be considered, however, the spin- 
independent Coulomb scattering greatly decreases 
this effect at small angles. 

' A classical treatment of this interaction between 
the proton spin and the Coulomb field is not sig- 
nificant at any energy as may be shown from an 
uncertainty principle argument.” In the quantum- 
mechanical approach, the proton is treated by the 
Dirac equation with an added Pauli term to 
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* TaBLE I. Maximum polarization effect caused by Coulomb 
scattering and nuclear s-wave scattering as a function of 
s-wave phase shift 59, atomic charge Z, and proton energy E. 
e=E (Mev)/2.5 Mev. ¢=maximum polarization. 6=angle of 
scattering for maximum effect. 








Z=1d Z=5é Z=10d 
50 G/e 0 G/e 0 G/e 6 


90° 0.0032 31° 0.0068 66° 0.0076 90° 
60° 0.0072 30° 0.026 64° 0.026 96° 
30° 0.026 39° 0.090 90° 0.020 130° 
15° 0.100 52° 0.032 138° — _ 
— 30° 0.0016 54° 0.0032 68° 0.0038 80° 
— 60° 0.0024 39° 0.0062 62° 0.0084 76° 











describe the anomalous magnetic moment: 


(E—eV+Bmc?)¥ = —ca-pv 
—(eh/2Mc)(uo/t)Ba-EV, (29) 


where V is the Coulomb potential, E= —VV, and 
Ma is the anomalous moment in units of eh/2Mc. 
The discussion of this equation will be restricted to 
the condition v*/c?<1. An approximate solution for 
the scattered wave valid under the conditions, 
eo? =(Z/137)?<«1 and n<1, is the following: 


f(8) = —X(n/2) {esc?(0/2) — (v°/c*) (ua t+3)i0 
-n cot(0/2)} exp[—77 In sin?(@/2) ], (30) 


where n is the unit normal to the plane of motion. 
This result is identical with the Born approxima- 
tion except for the addition of the characteristic 
Coulomb phase factor, which multiplies not only 
the ordinary Coulomb scattering but the spin- 
dependent scattering as well.”* 

From Eqs. (13), (16), and (30), it follows that to 
this approximation the Coulomb scattering gives 
no polarization effect. The highest order polariza- 
tion effect is obtained by adding to f(@) of Eq. (30) 
the nuclear scattering 


fn(0) =X[sindpe*+3 cos sindye*@rte) 4+--- 7]. (31) 


From Eg. (16) one then obtains for the expectation 
value of the spin for scattering at an angle 0 


cos(n Ins?) Im(f2) +sin(n Ins?) Re(fn) 





F=N(uat3)An(v?/c*) cot(9/2) 


where n, 7, s, and o; are defined in Eq. (26). The 
region of validity of the equation is energy 
E>0.025Z? Mev, EX465 Mev, and (Z/137)?<1; 
these conditions follow from <1, (v?/c?)«1 and 
a®<1, respectively. 

The polarization effect is seen to vanish for both 
6=180° and 6=0°. The order of magnitude at 
moderate angles may be obtained by setting the 
product of X, the fractional expression in Eq. (32), 


* This result is to be expected from the general argument 


_ given in reference 12, p. 45. 


I fn — (Xm/2s2)ein Ime |24.2(y,-4+-2)2(y4/c4)X2? cot?(8/2) I 





and cot@/2 equal to unity, giving 
(ua +4) n(v?/c?) = 1.23-10-8ZLE(Mev)/2.5 ]}. 


Calculations of the maximum polarization effect 
considering only s-wave nuclear scattering are given 
in Table I. These results were calculated from Eq. 


3 For ua=0 Eq. (30) is obtained by Mott (see reference 2) 
as the first terms in the expansion of the exact solution of 
Eq. (29) in powers of a?. The extension of the spin-dependent 
part of the solution to include a non-zero anomalous moment 
follows from considering Mott’s expansion as a perturbation- 
ya of the second-order equation corresponding to 
Eq. (29). 
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(32) neglecting the term in (v*/c*) in the de- 
nominator and thus are not accurate for large 
values of ¢ (greater than 0.2). In general the 
polarization effect varies only slowly with 6; the 
width of the maxima are of the order of 30°. The 
very large polarization effects occurring for certain 
positive phase shifts result from a large amount of 
cancellation in the denominator of Eq. (32) and 
therefore are associated with minima in the scat- 
tered intensity. For energies much greater than 
0.025Z? Mev (n<1) it may be shown that for a 
given value of 59, the maximum polarization ¢ is 
proportional to Z!EZ'. This may be used to extra- 
polate some of the data of Table I. 

In the special case of proton-proton scattering 
this effect is of a smaller order of magnitude because 
polarization effects can occur only for the triplet 
state, for which there is no s-wave scattering. A 
considerably larger polarization effect for this case 
is likely to be that due to the tensor force in the 
nuclear interaction. This too, however, is extremely 





. (: _ Nat f (dS/da)de ) 
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small (less than 0.1 percent at 7 Mev) under any 
reasonable form of interaction. A discussion of 
polarization effects in n—p and p—p scattering 
will be given in a later paper. 


VI. DEPOLARIZATION OF POLARIZED PROTONS 


For experimental purposes it is important to 
know the extent to which polarized protons are 
depolarized by various types of scattering as they 
are slowed down. A beam of completely polarized 
protons is considered ; the percentage depolarization 
(1—P;) after passing through a thickness dt con- 
taining N scattering centers per unit volume will 
be expressed 


1—P; = SaepNdt. (33) 


P; is the average polarization of all particles scat- 
tered through an angle less than 4p, plus all particles 
not scattered ; that is, of all particles to be included 
experimentally in the direct beam. It follows from 
Eqs. (5) and (7) that 


2 


&;(dS/dw)dw 


<60 





2 


PP= 
| 1—wva 


Neglecting terms in (dt)? this gives 


Pps Nai f (1-3-3) (dS/da)de, 
- (34) 
(1 —FoG,;) (dS/dw)dw. > 


<00 


Saep = 
Substituting from Eqs. (14) and (15) 


Siep=2 f {|h|?—|@o-h|2}dw. (35) 
<40 


If h is a well defined vector, that is, independent of 
the spin of the scatterer, the integration over @ 
may be carried out using the fact that h must be 
perpendicular to the plane of the motion and inde- 
pendent of ¢ in magnitude. This gives 


60 
Sap = (1 +cos*8)2r f |h(@)|*sinédé@, (36) 
0 3 


where ¢ is the angle between the initial polarization 
and the axis of incidence. It is to be noted that the 
depolarization is proportional to the square of the 
spin-dependent interaction and is not affected by 
interference between the spin-dependent and spin- 
independent scattering. Since the depolarization is 
found to be small the total depolarization for a 


>90 


(dS/ du)da| 





thickness ¢ may be given by SaepNt. In this case 
some particles will be included in the calculation 
that are scattered through a total angle greater 
than 6) due to plural small angle scattering, thus 
somewhat overstimating the depolarization. It will 
prove satisfactory for present purposes, however, to 
obtain an upper limit on the depolarization. 

Five causes of depolarization are considered. 

(1) Elastic Coulomb scattering from the nucleus. 
Using Eqs. (30) and (36), replacing the lower limit 
of the integral in the latter by an angle Onin, and 
assuming O@min&O01 one finds 


(Saep)1 = 24 (1 +-cos?£) (ua +3)? 

X (Ze?/ Mc’)? In(80/@min). (37) 
The angle @min is determined by the screening of the 
Coulomb field by the atomic electrons; for a screen- 


ing radius 7 
(38) 


A classical calculation based on the precession of the 
spin in the magnetic field also gives Eq. (37) but % 
in Eq. (38) must be replaced by the classical 
minimum distance of approach. Letting 6) equal 
5.7°, cost==0, and ro=5.3-10-2/Z! one obtains at 
reasonable energies the order-of-magnitude result 


(Saep)1 = 6- 10-27. (39) 


(2) Inelastic Coulomb scattering from atomic 
electrons, As might be expected, this gives a 


ae = X/To- 
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smaller depolarization than the previous case for 
Z=1 and depends linearly rather than quadrati- 
cally on Z. Therefore 


(Saep)2<6-10-*°Z. (40) 


(3) Interaction of the proton magnetic moment 
with the magnetic moment of the atomic electrons. 
It is interesting to note that this interaction is of 
the same order of magnitude as the Coulomb inter- 
action. The Coulomb interaction is proportional to 


po(eh/Mc)(e/r*)(v/c), - 
while this interaction is proportional to 
uo(eh/ Mc) (eh/mc)(1/r*), 


where m is the electron mass and wp is the effective 
proton moment. The minimum value of r for a 
collision with an electron is (#/mv); substituting 
this in the above expressions shows them to be 
equal. A Born approximation calculation sub- 
stituted into Eq. (35) gives the result that Eq. (40) 
also holds for (Saep)3. Adding up all the electro- 
magnetic effects 


(Scan )clestoemean. <6: 10-*9(Z?+ 2Z) z 


(4) Nuclear scattering involving spin-orbit coup- 
ling but no spin-spin coupling. An example is the 
scattering from helium considered in Section IV. 
For such a case 


(41) 


|h| = KX sin@, 


where K is of the order of unity and the propor- 
tionality to sin@ follows from the statement at the 
end of Section J. Substituting this into Eq. (36) 


(Saep)4 = (1-++cos?£) (4/2)X7K764 


which is at most of the order of 10~4h?. 
(5) Nuclear scattering involving only spin-spin 
coupling. Let the nuclear spin be J and 


f+(0) = f(6) for total spin S=J+3, 
f_-(0) =f(0) for total spin S=J—}. 


If I is a vector in the direction of the nuclear spin 
with magnitude J(I+1), f(@) for both total spins 
may be written in the form of Eq. (13) with 


(6) = (+1) f(0) +I f_(8) ]/(2I+1), 
h(4) = IL f.(0) — f_(0) ]/(2I+1). 


Substituting from Eq. (42) in Eq. (35), averaging 
over-all directions of I, and assuming f,(@) and 
f_(0) to be fairly constant about @=0°, 


° 4n I(I+1) ‘ 9 120? 
( oo) orga! ) —f-(0) | 760°. 


(42) 


(43) 


Writing the scattered waves in terms of phase shifts 


as in Eq. (31) one obtains 
I(I+1) 
(22+1)? 


Xsin(5z+ — 6,-)eiz* +81 eier | 2, 


6.R?| 5, (2L+1) 


4n 
(Saep) = 
3 


(44) 


If the phase-shift differences involved are large this 
will be the largest of all the depolarization effects 
and (Sdep)s will be of the order of magnitude of 
0.01%. 

As a typical example the depolarization of 7-Mev 
protons stopped in hydrogen is considered. For this 
case 

62*=3(1+(-—1)4*)6_. 


The depolarization (1—P;) of the completely 
stopped protons due to all causes is only about 10-. 


VII. CONCLUSION 


It has been attempted in this paper to emphasize 
the general features of nuclear reactions involving 
polarized protons. In conclusion, it is worth while to 
indicate the practicability of experiments using 
solely the reactions considered here. Because any 
experiment on polarization effects involves of neces- 
sity a double scattering, the problem of obtaining 
sufficient intensity is a critical one. The intensity 
will be maximized if the experiment is designed 
merely to detect the polarization effect, so that 
good resolution of angles and energies is not re- 
quired. Such experiments are simplified by the fact 
that polarization may be detected by the qualitative 
feature of a left-right asymmetry in the second scat- 
tering. 

If the initial intensity is J) the intensity after a 
scattering or a nuclear reaction is 


Sylo= (Nt) .f (@S/de) dw, 


where N is the number of scattering centers per 
unit volume, ¢ is the thickness, and the limits of the 
integral are determined by the experimental geom- 
etry. The polarized intensity equals 
13S11o = (Nt), f @as/du) 1d To. 

Similarly after the second scattering (or nuclear 
reaction) the symmetrical intensity may be written 
S25,I9, while the additional scattering to the right 
or left resulting from the polarization effect may 
be written r259r15,Jo. After time T the total number 
of events observed to one side is 


$981 oT (1 +rire) +[sesiJoT (1+1rire) |}, 
and to the other side 
SoS 97 (1 —ryre)+[sesiToT (1 —rire) }*. 
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The difference is approximately 
$2511 oT (2r ire) + 2[sesiDoT ]}}. 


Setting the arbitrary criterion that the statistical 
error should be less than one-tenth of the effect to 
be measured, the total number of incident particles 
required is 


IpT> 100/(sesirer,”). (45) 

The required values of Jo>T’ have been estimated 
from Eq. (45) for several experiments on the as- 
sumption that the scattering thickness and the 
solid angle of the scattering are determined from 
the following considerations: (1) the incident 
energy in each scattering act must be well-defined 
relative to the width of the polarization maximum, 
(2) the final proton must be able to reach the 
counting apparatus, (3) within these limitations 
product sr? is to be maximized for each reaction. 
Order-of-magnitude results follow: 

A. Polarized protons produced by He*(n,p) reac- 
tion and detected by Li’(p,a) reaction. Assuming a 
100 percent concentration of He’, 


IpT >1.5-104/C?P?, 


where P is the polarization of the protons after the 
first reaction (Eq. (18)), and C is defined by Eq. 
(19b). If C? has a value of 0.3 in the energy interval 
around 0.5 Mev and P is equal to 0.5, a flux of 
about 5-10" polarized thermal neutrons per second 
would be required for one hour. 

B. Polarized protons produced by scattering from 
helium and detected by Li’(p,a) reaction. Assuming 
that the solid angle for the helium scattering is 
chosen symmetrically about 90°, 


I,IT> 2: 10!°/(r99°)?C?, 


where (790°) is the polarization for 90° scattering 
from helium. If (790°) has a value of 0.7, and C has 
a value of 1 in the energy interval about 1.5 Mev, 
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2.0 microampere-hour of protons around 3.0 Mev 
is required. 

C. Double scattering from helium. This is partic- 
ularly hard to estimate because it has not been 
possible to determine the expected energy depend- 
ence of the polarization effect. If a resonance actually 
exists, it appears to be as broad as the proton 
energy loss caused by 90° scattering. It therefore 
seems possible that the initial scattering could be 
done at the high energy side of a polarization maxi- 
mum and the second scattering at the low energy 
side of the same maximum. Another possibility is 
that suggested by Schwinger for the case of neu- 
trons; that is, using one polarization maximum for 
the first scattering and a second maximum (see Figs. 
2 and 3) for the second scattering. In either case 
one has very roughly 


Ip T >2-101*/(ro0°) 12(790°) 2”. 


This gives about 0.005 microampere-hour of 3.0- 
to 4.0-Mev protons required. 

Thus neither of the last two possibilities can be 
ruled out solely on the basis of the fundamental 
limitations considered here. On this basis the double 
scattering experiment from helium appears the 
most practical. Both of the last two are made more 
difficult by the fact that the energy at which the 
polarization effect occurs for each of the two reac- 
tions must be determined experimentally. It must 
be emphasized that important practical limitations 
have not been considered here; in particular, limita- 
tions on the usable solid angle in each reaction 
imposed by the experimental geometry and the 
background count. Consequently it cannot be con- 
cluded whether any of the possibilities considered 
here is practical at this time. 

I wish to express my thanks to Professor Edward 
Teller for the suggestion of this problem and for 
many helpful discussions concerning it. I also wish 
to express my appreciation of a DuPont fellowship 
in physics, which I held while carrying out this 
research. 
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The expansion in energy of the cross section for central force scattering proposed by Chew and 
Goldberger is extended to tensor force scattering. The change due to the addition of tensor forces, 
in both the effective range and in the shape dependent coefficient, is shown to be small. Hence, as 
has been previously shown by Blatt and Jackson for central forces, scattering below 10 Mev is 
practically independent of the potential shape assumed and is completely characterized by the 


scattering length and effective range. 





PERTURBATION method for the analysis of 
nucleon-nucleon scattering by central forces 
has recently been proposed by Chew and Gold- 
berger! among others.?~‘ It is the purpose of the 
present note to extend the work of Chew and 
Goldberger to include tensor force scattering. We 
will, therefore, follow their notation as closely as 
practicable and their paper should be consulted for 
a discussion of the general problem. 
The second-order differential system which arises 
in the consideration of the (*S;+%D,) state with 
tensor forces, we write in the matrix form 


(L(x) + F(x)) U(x) = — U(x), (1) 


where L=(L,;) and F=(F,;) for 7, j7=1,2. That 
is, explicitly, Ly,:=d?/dx?, Le.=(d?/dx?) —(6/x’), 
Lie = D.,=0 and Fi,= f(x), Fo. = f(x) —2g(x), and 
Fy. = Fo, =2'g(x), where f(x) and g(x) are self- 
adjoint short range operators. U(x) is a two-com- 
ponent vector, with components u(x) and w(x). 
There are in general four such independent vector 
solutions of Eq. (1). The wronskian of any two 
vector functions is defined by 


W.( Ui, Uj) =ui(x)u;' (x) — us’ (x)u;(x) 
+wi(x)w;' (x) —w,'(x)w,(x). (2) 


It is a consequence of this definition and the self- 
adjoint nature of Eq. (1) that the wronskian of any 
two solutions of (1) is a constant. We adopt the 
convention that the subscripts 1 and 3 shall indicate 
solutions which are zé-o at the origin, the so-called 
regular solutions, and the subscripts 2 and 4 those 
which are irregular at the origin. For convenience 
we specify that the solutions are chosen such that 


W.(U1, U2) =W2( Us; Us) =1, (3) 


and all other wronskian combinations vanish iden- 


tically. 
The asymptotic forms of U; and U; are defined 


as 2) F. Chew and M. L. Goldberger, Phys. Rev. 75, 1637 
+I. M. Blatt and J. D. Jackson, Phys. Rev. in press. 
3 Julian Schwinger, Hectographed Notes on Nuclear Physics 
(Harvard University, Cambridge, 1947). 
‘R. E. Peierls and F. C. Barker, Phys. Rev. 75, 312 (1949). 


as the two-component vectors X2 and Xu4, respec- 
tively, which are themselves solutions of the system 


(L)X;= —8X; (4) 


The vectors U2 and U, are defined to be such as 
to have the asymptotic forms —X, and —Xsz, 
respectively. 

The solutions of Eqs. (1) and (3) contain only 
three independent constants, these being sufficient 
to characterize scattering completely. We may con- 
veniently choose the regular solutions such that 
both components of U; have the same phase shift, 
5;. The remaining constant will then express the 
asymptotic ratio between the two components of a 
solution. This completes the definition of a com- 
plete set of U vectors which are explicitly tabulated 
below in terms of their asymptotic forms, the X 
vectors : 


(sinxx/k) ) 
ReA(ja(xx) /x2) 7 


Genin Ei weliit +Re)( (5a) 


Ui—>X -( « Coté: (sinkx/x) + (cos«x) 
ea Rx® cotd:(jo(Kx)/«*) + (x?m2(xx)) J (sb 


(Sc) 


— R(sinxx/k) 

(Jaxx) /«?) ): 

— Rx® cotd3(sinxx/x) oe 
K® cotds(j2(Ka) /x*) + (x?m2(xx)) 


Us —X3= (1/14+Re( 


U 3X 4= ( 
(Sd) 
In general, x coté:, «> cotés, and the ratio R are 
functions of x. In the limit of «-0 the forms 
x cotéd; and «® coté; are finite and are the reciprocals 
of the scattering lengths a; and as, respectively. 
The contribution to the total cross section from this 
state is given by 


c= (4x/k?) (sin?6,-+sin?6s3). (6) 


The U vectors in the limit of «°-0, we call the V 
vectors. They obviously satisfy the relation 


(L+F) V;=0. (7) 
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The limiting X vectors we call the Y vectors. 
They satisfy the relation 


(L) Y;=0. (8) 
From Eqs. (1) and (7) we derive 


Wao( Vi, U;) = W2(Vi, u)+ef (V;U;)dx, (9) 


where scalar multiplication is implied by the juxta- 
position of the two vectors as in the integrand above. 
Similarly from Eqs. (4) and (8) we get 


Wa Yi, Xj) = WrlY;, xy+ef (Y,X ;)dx. (10) 


To eliminate the singular terms occurring in this 
last equation in the limit x »—0 it is convenient to 
define the new vectors X2“) and X,™ which are 
formed by subtracting from the second component 
of X2 and X4, R and 1 (one) times the first / terms 
in the expansion of (x?#2(xx)) in powers of (xx)?, 
respectively. These satisfy the relations 


(L)X,;% = — PX, -, 
Hence from Eqs. (8) and (11) we get 
Wo( Y;, X;) = W2( Yi, Xj) 


(11) 


+22 f (YiXj"-Y)dx. (12) 
0 


From Eqs. (9) and (12) and the definitions of the 
asymptotic forms we can derive several relations 
analogous to the central force fundamental identity, 
Eq. (10) of Chew and Goldberger. We consider only 
the combination formed from the first two solutions 


W(Y2, X 2°?) = ef (Y2X2®? at Vi U;)dx. (13) 
0 


Evaluating the left-hand side we find 
Wo( Ye, Xo) = (x coté;—1/ay)+RoR.K> coté;. (14) 


The right-hand side of Eq. (13) can be expanded 
in powers of «? by an iteration procedure based on 
the integral equation satisfied by U;, which is shown 
in the appendix to be 
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Ui=W.(V2, U1) Vit W.( Va, Ui) Vs 


Z1 v1 
x | vif ( Vo U;)dx+ vf ( ViU,)dx 


+ vaf (Vivide+ vef (vavoar] (15) 


which by use of Eqs. (9) and (10) can be written 
in the form 


U= Vitel - Vi f (V2Ui)dx 
0 


= vaf (VsUi)dx+ vf (ViVi)dx 
0 


0 


+ vf (V3 Vi)dx+ vif (V2 UWtX Y2)dx 
0 0 


++ vaf (Ver Fa¥a)de (16) 
0 


Similarly we find for the irregular solution X_ 
of Eq. (11) the integral equation 


X_@) = Ya +e] vif (Y2X2)dx 
0 
— vf (Y¥4X2)dx+ r0 f (Y1X2)dx 
0 0 
+¥ f (Y3X2)dx 
0 


+ vif (Y2X2% = ViU0,)dx 
0 


+ vf (YsiX.” = vivax]. (17) 
0 


Using these last two equations and Egs. (13) and 
(14) we can write 


k Coté; = 1/ay+ Won? + Wixt+ - oe, (18) 


where ss . 
R w= [ [ (x/ai1+1)?— ViVi Jdx. (19) 


and 


Wi= —Ret/a—2f [ (x/ai+1)x— ViValde f (Vi V2)dx 
0 


0 


+2 Ce/at1)— ViVi Jdx pa 1)xdx 


=2f C(e/art1)Ree—Rex/5- ViVilex f (Viveex 


+2 [(x/ar-+1)(—Rev/Sas) + Re /Saa— ViVe dx f [ Rox(x/ai+1)—Rox/5 ]dx. (20) 





NEUTRON-PROTON SCATTERING 


It can be noted here that the integral of ViVi is 
larger than that of the corresponding central force 
function, hence Wo will be reduced by the addition 
of tensor forces. The exact expression for W; is com- 
plicated by the presence of all four V solutions, 
however it can be approximated by neglecting terms 
proportional to R®. The result is then identical 
with the central force-case. (The neglected terms 
are smaller by a factor of the order of the fraction 
of 8D, admixture in the ground state of the 
deuteron.) 

The preceding analysis was carried out by ex- 
panding about the zero-energy state, however it is 
clear that this may be generalized to an expansion 
about any energy, even to negative energies cor- 
responding to a bound state. In particular since the 
deuteron bound state wave function is generally 
available from calculations of the binding energy 
quadrupole moment, etc., it is desirable to calculate 
the expansion coefficients using the bound state 
wave function, Vi(a). We will then be able to cal- 
culate an approximate third coefficient simply from 
the change in the second coefficient. The expansion 
about the bound state is 


x cotd; = —at Wo'(x?+a?) 
+ Wy'(«+07)?+---, (21) 


where —a? gives the binding energy on the bound 
level, and 


W,’ -{f [e—az — Vila) Vi(a@) |dx, (22) 


with an expansion for W;’ similar to the one for W,. 

We can further relate the scattering length to 
the binding energy of the bound level, that is, we 
expand the bound level wave functions in the zero- 
energy wave functions as in Eq. (15). The result is 
evidently 


1/a,= —a+ Woa?— Wiat+ - <<, (23) 


Combining this result with Eqs. (18) and (21) we 
get the approximate expression for W; 


Wi=(1/20?)(Wo- Wi’). (24) 


(The coefficient Wy’ has been given by Schwinger? 
using a variational procedure and is one-half the 
effective range in the current terminology.) 

Calculations with these formulas have been made 
for the meson potentials by E. W. Hart and the 
present author® in connection with the analysis of 
the high energy scattering. The modifications in 


5R. Christian and E. W. Hart, Bull. Am. Phys. Soc. 24, 
No. 2, F6 (1949). 
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the effective range due to the addition of tensor 
forces is at most a few percent for effective ranges 
less than 2X10-"% cm and with tensor strengths 
sufficient to account for the quadrupole moment. 
For example, the results with a meson potential of 
range 1.35X10-% cm can be approximately ex- 
pressed by 


2Wo=1.64(1—0.0090Pp) X10-*% cm, (25) 


where Pp is the percentage *D; state in the deuteron. 
The modification of W, is also small. 

In particular it is possible to characterize scat- 
tering below 10 Mev by means of only two param- 
eters scattering length and effective range, even in 
the presence of tensor forces. 

The author wishes to thank Professor Serber and 
Drs. Chew and Goldberger for helpful discussions 
and advice. 

This work was performed under the auspices of 
the AEC. 


APPENDIX 


The coupled second order differential system, Eq. (1) in the 
text, can be replaced by a system of four first-order differential 
substitutions yii=ui, Yas =Ui’, Yae= Wi, and yu=w;’. We can 
therefore write Eq. (1) as the matrix equation® 


Y'(x) =A (x) Y(x), (1A) 


where 
0 —1! 0 0 
Fi; (x) 0 F2(x) 0 
0 0 0 —1 
F(x) 0 F22(x) = (6/x?) 0 


and Y=(y;). That is, each column represents an independent 
solution. It is readily verified by direct application of (1A) 
that det Y(x) is a constant and further that if C is a constant 
matrix, Y(x)C is the most general solution of (1A). 

Z'(x) = —Z(x)A (zx), (3A) 
which is the so-called adjoint system. By use of (1A) and (3A) 
it can be shown that the product Z(x) Y(x) isa constant matrix. 
We can therefore choose an adjoint solution, such that 
Z(x) V(x) =I, i.e., Z(X) = Y~(x). 

A general adjoint solution of (3A) is given by 

u(x) —u2(x)  we(x) 
— u(x) u(x) —wi(x) 

u(x) —Us(x) wax) —wx(x) J 
—u3(x) us(x) —we(x) w3(x) 
It is further equal to Y—(x) if the conditions of Eq. (3) are 
imposed upon the otherwise arbitrary solutions. The relation 
Y(x)Z(x) =I, yields the following identities 

11 (x) 2" (x) — uy" (x) u2(x) +03 (x) ua’ (x) — Us’ (x) u(x) =1, (SA) 
w(x) we’ (x) — wr’ (x) w(x) +wa(x) wa’ (x) — ws’ (x)wa(x)=1, (6A) 

W(x) u2(x) —we(x)ur(x) +ws(x)ua(x) —wa(x)us(x)=0. (7A) 
which are just the relations necessary for establishing the 
validity of the integral Eq. (14) of the text. 


A(x)=-— (2A) 


—we(x) 


w(x) 


Z(x) = (4A) 


6G. D. Birkhoff and R. E. Langer, Proc. Am. Acad., 58, 
No. 2 (1923). 
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The differential cross sections for the elastic scattering of deuterons by helium have been measured 
for deuterons of 0.9 to 3.5 Mev over an angular range from 15° to 160° in the center-of-mass system. 
The probable error in the absolute values of the cross sections is 3 percent or less. For angles greater 
than 60° the cross sections are roughly independent of angle except at 3.5 Mev where they decrease 
with increasing angle up to 90° and increase beyond. 





S a continuation of our program of studying 

the scattering of various combinations of 

light nuclei!—* we have investigated the scattering 

of deuterons in helium for deuterons in the energy 
range of 0.9 to 3.5 Mev. 


EXPERIMENTAL PROCEDURE 


The same scattering chamber, counters, etc., 
were used in this work as the experiments on 
proton-proton! and deuteron-deuteron scattering? 
previously reported, except that the helium gas was 
admitted to the scattering chamber through a 
charcoal trap cooled with liquid nitrogen instead of 


through the palladium tube used for hydrogen and | 


deuterium. The general procedure for taking data 
was the same as that described in reference 1, with 
the addition of background runs taken under 
normal operating conditions but with a small brass 
shutter moved in front of the counter slit system to 
prevent the entrance of scattered charged particles. 
The background counting rate observed in this was 
due mainly to recoil nuclei from the neutrons in the 
counter, and under proper operating conditions was 
only a few percent of the counting rate for scattered 
particles. 

The electrostatic analyzer which controlled the 
energy of the incident deuterons was calibrated by 
means of the Li’(p,m)Be’ reaction, the threshold of 
which was taken to be 1.883 Mev. The effective 
thickness of the Nylon entrance window was meas- 
ured both before and after the data were taken and 
at both times was found to be about 55 kv for 1.9- 
Mev protons. The energies were corrected for the 
energy losses in the windows and in the scattering 
gas between the window and the center of the 
chamber.** 


* Now at Argonne National Laboratory, Chicago, Illinois. 

Tt Now at Washington University, St. Louis, Missouri. 

1 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 
74, 553 (1948). 

2 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 
74, 1594 (1948). 
( “ee Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
1 ; 

** In the papers on deuteron-deuteron scattering and on 
the d-d reactions referred to in references 2 and 4, an error 
was made in evaluating these corrections. The best values 


Data were taken at various scattering angles 
from 10° to 90° in the laboratory system. For 
deuterons of energy 0.90 and 1.42 Mev the scattered 
deuterons would not pass through the counter 
window at angles larger than 30° and 60° respec- 
tively and the recoil helium atoms would not enter 
the counter at any angle. With incident deuterons 
of higher energy the deuterons could be observed 
to higher angles, up to 90° at 3.5 Mev; while at 
small angles the recoil helium atoms could be 
observed also. In most instances, where both sets 
of particles entered the counter, the helium atoms | 
produced pulses which were sufficiently larger than 
those due to the deuterons so that the helium atoms 
could be counted separately by using a high bias 
setting on one of the pulse size discriminators. In a 
few cases the helium atoms had only enough energy 
to barely enter the counter and produce pulses 
smaller or so nearly the same size as the deuteron 
pulses that it was not possible to count the two 
separately. 

The importance of counting the helium nuclei 
was that it provided a means of obtaining the cross 
section for deuteron scattering in the backward 
direction where the deuterons were not energetic 
enough to enter the counter. In this problem one 
does not have symmetry about 90° in the center of 
mass coordinate system, which is present in the 
proton-proton and deuteron-deuteron cases, so it 
was of interest to determine the scattering cross 
section to as large an angle as possible. Since to 
each deuteron which was scattered in the backward 
direction there corresponded a recoil helium in the 
forward direction one could obtain data for the 
backward directions by observing these recoil 
helium atoms in the cases where they had energy 
enough to enter the proportional counter. The cross 
section for scattering at 120° in the center-of-mass 
coordinate system, for example, was obtained from 
counting deuterons at 90° in the laboratory and 
also counting helium atoms at 30° in the laboratory. 


of the deuteron energies used in these two investigations are, 
in Mev, 0.87, 1.43, 1.96, 2.49, 3.02 and 3.52 instead of the 
values 0.96, 1.49, 2.01, 2.51, 3.02 and 3.50 Mev which are 
given in the tables of these papers. 
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SCATTERING OF DEUTERONS BY HELIUM 


For taking data at angles where the cross sections 
were relatively constant and the counting rates 
low, a proportional counter and analyzing slit 
system which were larger than those used for 
previous elastic scattering measurements were used. 
(This counter was the one used in the measurements 
on the distribution of the products of the deuteron- 
deuteron disintegrations.‘) At points where data 
were taken with both counters the results agreed 
within the statistical fluctuations expected from 
the number of counts recorded. 

Throughout the course of the experiment bias 
curves were taken at several different angles for 
each deuteron energy to determine the proper bias 
settings for counting the deuterons and recoil 
helium nuclei separately. During these surveys no 
evidence appeared for the presence of protons or 
neutrons from deuteron disintegration such as have 
been observed in deuteron helium experiments at 
higher energies.’ This is in agreement with calcu- 
lations which indicate that at the energies we used 
these disintegration products did not have enough 
energy to enter the proportional counter. 


CORRECTIONS 


In contrast to the previously reported observa- 
tions on deuteron-deuteron scattering,” the observed 
data in this experiment required few corrections. 
The runs, mentioned above, which were taken with 
the shutter in front of the analyzer slits determined 
the small fraction of the counting rate which was 
caused by recoil atoms from neutrons produced by 
deuteron bombardments -of defining apertures, 
chamber windows, etc.; and other counts not due 
to the scattered particles. The accumulation of 
contaminating gases in the scattering chamber was 
measured by closing the empty chamber and ob- 
serving the increase in counting rate over a period 
of a few hours. It was found that the number of 
deuterons scattered from the gas which accumulated 
during this time increased linearly with time and 
had an angular distribution which agreed with the 
Coulomb scattering law. From this information 
one could make corrections to be observed data to 
eliminate the effect of such contamination. In most 
cases this correction amounted to less than one 
percent of the total counting rate. 

In order to find out how completely the liquid 
nitrogen-cooled charcoal trap used in filling the 
chamber removed the one or two percent of other 
gases present in the tank helium, a sample of gas 
was taken from the chamber immediately after 
filling and analyzed on one of Dr. A. O. C. Nier’s 
mass spectrometers. This test indicated that the 


‘Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 
74, 1599 (1948). 

5 Guggenheimer, Heitler, and Powell, Proc. Roy. Soc. 190, 
196 (1947). 
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helium as it entered the chamber contained about 
0.08 percent air nuclei. A correction to be applied 
to the observed cross sections was calculated from 
this on the assumption of Coulomb scattering by 
the air. It amounted to about 1.4 percent at most, 
and was negligible above 40°. 

The presence of about 0.3 percent HH¢* ions in 
the deuteron beam? called for a correction to the 
beam current measurement, and also a correction 
for the beam protons scattered into the counter at 
each angle. However, since these effects were both 
small and tended to cancel each other, they were 
ignored. 

The corrections due to the finite size of the 
incident beam of deuterons and of the angular 
aperture of the proportional counter (‘‘second order 
geometry” corrections) were computed for us by 
Mr. Donald Dodder, applying the method used 
previously.! In the present case the scattering cross 
section at small angles were sufficiently close to the 
corresponding Coulomb cross sections so that a 
reasonably accurate determination of the correc- 
tions could be made on the assumption of pure 
Coulomb scattering. This assumption yields correc- 
tions which are independent of energy and have 
the following magnitudes: 2.9 percent at 10° 
(laboratory system), 1.3 percent at 15°, 0.7 percent 
at 20°, 0.4 percent at‘25° and 0.3 percent at 30°. 
At larger angles the Coulomb assumption is not 
adequate, but the corrections certainly decrease as 
the cross-section curves become straighter and 
flatter. 


RESULTS 


The cross sections per unit solid angle in the 
center-of-mass coordinate system for the scattering 
of deuterons by helium are given in Table I and 
Fig. 1. The values for scattering in the forward 
direction, ¢em less than 110°, were obtained from 
observing the scattered deuterons, while those for 
backward directions were deduced from counts of 


in CM (DEGREES) 


Fic. 1. Cross sections per unit solid angle in the center-of- 
mass coordinate system for the scattering of deuterons of 
various energies by helium. The dotted curves represent 
the same data on a scale reduced by a factor of twenty. 
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TABLE I. Cross sections in the center-of-mass coordinate system for the elastic scattering of deuterons by helium. 


Deuteron energies are given in the laboratory system, and cross sections are in barns (10~* cm’). 








¢cm/Ea 


0.88 Mev 


1.43 Mev 


1.96 Mev 


2.48 Mev 


3.51 Mev 





15° 11’ 
22° 39’ 
30° 5S’ 
ae? 27° 
44° 45’ 
a° $7’ 
a 2 
72° 50’ 
85° 59’ 
98° 22’ 
110° 
120° 
130° 
140° 
150° 
160° 


50.0 +0.4 

9.66 +0.10 
3.21 +0.04 
1.484+0.02 
0.856+0.016 


18.27 +0.2 
3.96 +0.04 
1.474+0.02 
0.819+0.015 
0.432 +0.008 


0.244+0.005 
0.167 +0.004 
0.137 +0.003 


9.45 +0.10 
1.961+0.02 
0.729+0.015 
0.403 +0.008 
0.234+0.006 


0.150+0.003 
0.122+0.003 
0.114+0.003 
0.109 +0.002 


0.102 +0.003 


0.107 +0.002 
0.112+0.002 


5.32 +0.05 
1.128+0.010 
0.423 +0.007 
0.227 +0.004 
0.167 +0.003 
0.135+0.004 
0.119+0.003 
0.096 +0.002 
0.095 +0.002 
0.092 +0.002 
0.090 +0.002 
0.095 +0.0016 
0.101+0.002 
0.103 +0.002 
0.101 +0.002 
0.107 +0.002 


2.40 +0.02 
0.436 +0.008 
0.193 +0.003 


0.128 +0.005 


0.083 +0.002 
0.0654 +0.0015 


0.0585 +0.0012 


0.0638 +0.0020 
0.093 +0.002 
0.123 +0.002 


0.141 +0.002 
0.151 +0.003 








the recoil helium atoms. At 2.5-Mev measurements 
of the 120° and 130° cross sections by both methods 
agreed within the probable errors, and at the other 
energies the two sets of data overlapped smoothly 
when converted to the center of mass system, 
indicating the absence of significant errors in 
geometry. The factors for conversion from labora- 
tory to center-of-mass coordinates were obtained 
as outlined in reference 3. The probable errors 
given in the table are those expected from the 
number of counts recorded at each point. In addi- 
tion there is a probable error of about 1.7 percent 
common to all points due to uncertainties in the 
factors involved in converting the original data 
into cross sections. The over-all probable error in 
most of the cross sections is about 3 percent. 

The energies at the top of the columns apply to 
the deuterons in the laboratory system at the 
center of the chamber, and are accurate in absolute 
value to about +20 kv. 

Here, as in other charged particle scattering 
experiments, Coulomb scattering is predominant 
at the low angles: for example at 1.42 Mev and 
30° 5’ the observed cross section differs from the 
Coulomb by about 14 percent. At higher energies 
nuclear scattering is relatively more important at 
the small angles, and completely dominates at the 
large. At 2.5 and 3.5 Mev the cross section increases 
with angle above 90°. This effect here, however, 


is quite small compared to the corresponding one in 
proton-deuteron scattering.* The rather sharp bend 
in the 3.5-Mev curve at about 25° and the crossing 
of the curves by each other is suggestive of proton- 
helium scattering and markedly different from the 
deuteron-deuteron results. However, the deuteron- 
helium cross sections are considerably more regular 
in both energy and angular dependence than are 
those for protons on helium where an energy 
resonance is apparent from qualitative examination 
of the curves. 
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The static and the first order non-static nucleon potential on the basis of the Mgller-Rosenfeld- 
Schwinger mixture of a vector meson of mass xo and a pseudoscalar meson of mass 315 m, is assumed. 
One relation among the coupling constants is postulated to remove the inadmissable singularities in the 
tensor force term. The coupling constants are then determined by means of the binding energy of the 
deuteron and the total cross section for slow neutron scattering. The potentials so determined are used 
to calculate the ‘‘effective range’’ ro for the triplet and the singlet states (proton-proton scattering), the 
quadrupole moment Q of the deuteron, and the cross section ¢ and ¢(170°)/o(90°) for proton-neutron 
scattering at 100 Mev. The value xo=1.5 X315 mz, while giving somewhat too low values for the ro’s, 
yields entirely too small a Q and too large a ratio ¢(170°)/o(90°) whereas the value xo=2X315 mz, 
while giving better values for Q and o(170°)/(90°) yields much too small values for the ro’s. It appears 
that this failure to account for both the high energy and the low energy scattering data is characteristic 
of any potential having the exchange properties of the symmetrical meson theory. 





T is well known that the various meson theories 
of nuclear forces in their present forms are met 
with several difficulties. Thus the neutral meson 
theory leads to an ordinary force instead of an ex- 
change force; the charged meson theory, while 
leading to an exchange force, predicts quite different 
interactions for the proton-proton and _ proton- 
neutron systems, and all the neutral, the charged, 
and the symmetrical meson theories lead to diver- 
gence of the type.1/r* in the tensor force part of the 
nucleon potential. Mgller and Rosenfeld! point out 
that this difficulty of the divergence, in the case of 
the symmetrical theory, can be removed by as- 
suming the nucleon to be coupled to a mixture of a 
vector and a pseudoscalar meson field, the coupling 
constants and the meson masses being the same for 
both fields. The resulting nucleon potential in the 
static approximation is then free, not only of the 
divergence, but also of the tensor force. On this 
theory the quadrupole moment of the deuteron will 
be accounted for by treating as a perturbation the 
tensor force which appears in the relativistic ap- 
proximation. It has then been pointed out by 
Schwinger? that if the two mesons in the above 
mixture are assumed to have different masses, the 
vector meson being heavier to give the correct sign 
for the quadrupole moment of the deuteron, the 
resulting potential will retain the tensor force which 
is free of the divergences 1/r? and 1/r?. Calculations 
on this idea have been carried out by Jauch and Hu? 
who found that on taking the lighter (pseudoscalar) 
meson to be 170 m,, the quadrupole moment of the 
deuteron comes out to be consistently too low for 
various values of the mass of the vector meson. 
On the empirical side, there is available at the 
present the following information concerning the 


1C, Mgller and L. Rosenfeld, Kgl. Danske Vid. Selbs. Nat. 
Fys. Medd 17, No. 8 (1940); 23, No. 13 (1945). 

2 J. Schwinger, Phys. Rev. 61, 287 (1942). 

3 J. M. Jauch and N. Hu, Phys. Rev. 65, 289 (1944). 


proton-neutron and the proton-proton systems. 
(1) The binding energy of the deuteron is quite ac- 
curately known to be 2.18 Mev.‘ (2) The total cross 
section of the scattering of slow neutrons by protons 
is known to be 20.3 X10-* cm?.5 (3) The scattering 
of slow neutrons by parahydrogen leads to a value 
for the phase of *S p—n scattering,® from which a 
characteristic quantity defined as the ‘‘effective 
range’ 79 can be determined to be 1.60X10- cm. 
(4) The analysis of Breit et al.? of the proton-proton 
scattering up to a few Mev leads to an “effective 
range” r9>=2.7 X10-"* cm for the singlet states of 
proton-proton interaction. (5) The quadrupole mo- 
ment of the deuteron is found to be 2.73X10-*? 
cm?.§ (6) The scattering of neutrons by protons at 90 
Mev shows a total cross section ¢ = 0.076 X10-* cm? 
and a differential cross section o(#) which is some- 
what asymmetrical with respect to the direction 
3=90°, with o(?<90°) <o(8>90°), and has a ratio 
o(170°) /o(90°)~3.9 

Various attempts have been made to obtain a 
nucleon potential to describe some of the above 
results and various assumed forms for the radial 
dependence of this interaction have been employed, 
namely, the rectangular well, the Gaussian, the 
exponential, and the Yukawa potential. While an 
empirical approach may prove necessary in the 


4M. L. Wiedenbeck and C. J. Marhoefer, Phys. Rev. 67, 54 
(1945). Recently Bell and Elliott report the value o=2.237 
Mev (Phys. Rev. 74, 1552 (1948)). This new value will change 
the numerical results of this work a little, but will not ap- 
preciably affect the main features. 

5 _— Rainwater, and Havens, Phys. Rev. 75, 1295 
1949). 

6 Sutton, Hall, Anderson, Bridge, DeWire, Lavatelli, Long, 
Snyder and Williams, Phys. Rev. 72, 1147 (1947). 

7 Breit, Thaxston, and Eisenbud, Phys. Rev. 55, 1018 
(939); Hoisington, Share and Breit, Phys. Rev. 56, 884 

1 : 
oagellogs. Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 
1940) 


® Hadley, Kelly, Leith, Segré, Wiegand, and York, Phys. 
Rev. 75, 351 (1949). 
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absence of a completely satisfactory theory, it is 
deemed worth while to examine more closely the 
possibilities of the meson theory. The calculations 
of Jauch and Hu’ are in this direction, but it seems 
that they need some modifications in view of our 
present knowledge that the u-meson (210 m,) ap- 
parently does not play a role in nucleon interaction 
whereas the z7-meson (285 m,) probably does. The 
assumption was made by these authors that the 
mesonic charge g of the vector meson is zero. Also 
the solution of the coupled equations for the ground 
state of the deuteron seems to be not sufficiently 
accurate. The present work is an attempt to see 
whether it is possible to account satisfactorily for 
the observed data mentioned above on the basis of 
the symmetrical theory as suggested by Mgller and 
Rosenfeld and by Schwinger as this still seems to be 
the most promising theory at present.* 

We shall write the nucleon potential up to the 
first order non-static term for the vector meson 
(mass xo) and the pseudoscalar meson (mass po) in 
the form! 


Vy = (41° %2/3)[3(g?— (xo/M) fg) x?+2(61-02) 
X (f? — (ko/M) fg) x? — (f? — (ko/M) fg) 
XS12(3/1?+3K/r+x?) Je-"/r, (1) 
Vos. = (e1 : #2/3) [@ 2) 
X (f?+ (uo/M) f'2')u? + (f'?+ (uo/M) f'2’) 
XSi12(3/r?+3y/r+p?) Je /r, 


where JM is the nucleon mass, g and f are the mesonic 
charge and moment, respectively, of the vector 
meson, etc., and 


k= koc/h, ML =poc/h, K>H, 
Sie =3(01-r) (o2-r)/r?— (01-02). 


To remove the 1/r* and the 1/r? divergences, we 
assume the following relation among the four 
coupling constants 


f° +(uo/M) f'g' =f? — (xo/M) fe. 
On denoting by 


(2) 


f=K/p, (3) 


X=pr, 


*In a recent note, W. H. Ramsey, Proc. Phys. Soc. London 
61, 297 (1948), believing the proton-proton scattering data 
(below 10 Mev) to indicate a shorter range for lower energies 
and a longer range for higher energies, comes to the conclusion 
that the Schwinger modification of the Mgller-Rosenfeld 
theory is incompatible with these data. It has been shown, 
however, by Bethe (in recent lectures at Columbia University 
and in a forthcoming paper in the Physical Review) that 
within the accuracy of all the available data the proton-proton 
scattering can be satisfactorily described by the relation (28) 
with the integral there replaced by a constant “effective range,”’ 
and that the scattering data for energies below —~10 Mev can 
determine only two parameters, namely, the “effective range”’ 
and the “effective depth”’ of the potential, but throws no light 
on the detailed shape of the potential. Hence the present 
proton-proton scattering data for energies below ~10 Mev 
alone cannot be sufficient criterion for testing the Meller- 
Rosenfeld-Schwinger theory. 
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F(x) = (3/x?+3/x+1) 
~ (3/x2+3£/x-+ ees, 
b=(M/h*u) (1/8) (f?— (Ko/M) fg) x’, 
'a = (M/h*u)[ — (g?— («o/M) fg)? 
+2(f? — (xo/M) fg) x? ], 
5a = (M/h?u)[3(g?— (4o/M) fg)? 
+2(f? — (xo/M) fg)x? ]=8b—3 1a, 
one finds the potential V= V,+ V».s. for the various 
states as follows: 


3 even — — 5a(e—&/x) — b(e-*/x) 
— bf(x)Si2x(e-*/x), 
3 /Vodd — _ 43 Veven, 


1//even — — 1q(e—&/x) —b(e*/x), 

1/Vodd — — 31 Veven, 
where *Veve. denotes the potential for triplet even 
states, etc. 

In the following we assume that the a-meson 
produced in the laboratory at Berkeley is the 
pseudoscalar meson. For the vector meson we as- 
sume various masses ko > wo. For eacii pair of Ko, Mo, 
there are only two coupling constants f, g to be de- 
termined from two experimental data. For this pur- 
pose we take the binding energy of the deuteron and 
the total cross section of slow neutron scattering. 
The method of calculation is as follows. 


I. Slow neutron scattering: 
The Schrédinger equation for the 1S wave is 
d*u/dx?+(k?+1a(e-§/x) +b(e-*/x))u =0, 


where 


(4) 


(6) 


k?= ME/h*p?, (7) 
E being the energy of the incident neutron in the 
center of mass system. The observed total cross 
section for slow neutrons is 


o = 40,+40,=20.3 X10-*4 cm? 
The contribution of triplet state scattering o; to a is 
known from the scattering of slow neutrons by 
parahydrogen, namely, o,-=2.5X10-*4 cm?. Hence 
o,=74X10-*4 cm? (8) 
As 


642 (4m/ko2) sin®S, ko? = ME/h?, 


one obtains, for uo =315m.,** 


k/sind)=0.051. (9) 


We shall seek a relation F(1a, b) =0 between ‘a and 6 
for which the solution u of Eq. (6) gives the ob- 
served phase 6(9). We assume the trial wave 
function” 


Uu =COSbo sinkx+sind(1 —e-*)(1+Be-*) coskx, (10) 


** This work was begun in May 1948, when the mass of the 
x-meson was reported to be 315m,. Changing this to the present 
value, 285m., would change the following results somewhat, 
but would not affect the conclusions at the end of this paper. 

1 Hulthén, K. fysiogr. Sallsk. Lund. Févh. 14, No. 21 
(1944); 15, No. 22 (1945). 
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where @ is a variational parameter to be determined 
by the variational principle 


sf ul at/ax) +e (ee 


+-b(€-*/x) Jud =0. 


(11) 


To obtain the required relation F(a, b)=0, we 
make use of the following identity from the theory 
of scattering 


sindo= (1/k) f : sinkx[_1a(e-**/x) 


+b(e-*/x) Judx. (12) 


Equation (11) gives 


[1—6'a In((+3)?/(E+2)(€+4)) — 6b In(16/15) 8 
nf +61a[In((é+2)?/(+1)(€+3)) 
+(k cotéo/(€+1)(€+2)) ] 
+6b[1n(9/8)+(k cotéo/6) ]. (11’) 
Now, for energy of the order of 1 ev, one finds from 


(7) that R is of the order 10-4 so that (12) can be 
simplified into 


BL'a/(E+1)(E+2) +5/6 ] 
=1- ‘a[1/ &(E+1)+k cotdo/é] 
—b[$+k cotéy]. (12’) 


Elimination of 8 between (11’) and (12’) gives the 
desired relation F(!a, b)=0 between 4a and b. 


II. Ground state of the deuteron: 

The ground state wave function of the deuteron is 
[u+(1/2V2)Siew ]xi¥ , where x.” is the symmetric 
spin wave function and uw and w are the *S and *D 
wave functions in the LZ, S representation. The 
equations for u and w are 


d*u/dx?+[ —a?+%a(e—/x) +b(e-*/x) Ju 
= — 21b f(x) (e~*/x)w, 
d*w/dx?+[—a?— (6/x?) +5a(e-*/x) +b(e-*/x) 
— 2b f(x) (e~*/x) ]w = — 24d f(x) (e-*/x) u, 


where a? is related to the absolute value of the 
binding energy e=2.18 Mev by 


= Me/h*y? =0.081. 


We seek a relation G(#a, b) =0 between *a and 6d for 
which u and w satisfy the boundary conditions 


u(0) =u( ©) =w(0) =w(o) =0. (14) 

Two methods have been employed. One is to write 
u=U(z)e-**, w= W(s)e-*, (15) 

(16) 
The differential equations for U(z) and W(z) are 


(13) 


where 
z=1-e. 


TABLE I. Results. 








xo=1.5X315me xo=2X315me 
po=315me pwo=31im. 





F(ta, b)=0 
Equation (18) 
b (by (17)) 
b (variational) 


1a=2.357 —1.455b 
3a=22. he 071 


0.428 
1.733 


1q=3.243 —2.00b 
3a=38b—9.73 
0.326 


0.340 
2.563 
3.191 
2.50 
2.45 
0.114 
0.195 0.234 
0.064 0.079 
2.210713 cm 1.2X10733 em 
1.2X1073 cm 1.1X1073 ecm 
1.23 10-27 cm? 1.94 10-27 cm? 


(P—P)2.7X10-13 cm 
(P—N)1.60X10-3 cm 
2.73 X10"? cm? 


To (singlet even states) 

ro (triplet even states) 
uadrupole moment 
of deuteron 

P—N scattering at 
100 Mev 


Phases for singlet 
states 


50 (exact) 

61 (exact) 

52 (exact) 

53 (exact) 

64 (Born) 

6s (Born) 
o=(3/4)o¢ (Born) 0. 070X m? 0.075X10-* cm? 

+(1/4)as (exact) 

@(170°)/o(2/2) ; 4 3.0 
o(36°)/o(x/2) : ; 1.8 








obtained by putting (15) and (16) into (13). We 
then assume 


U(z) = z= A,z", W(s)=¥ Baz". 


n=2 


(17) 


That the series for W(z) must start with 2? instead 
of z? is a consequence of the requirement that u(x) 
and w(x) satisfy the coupled Eqs. (13) at x=0. 
Instead of attempting an exact solution, we shall 
take m terms for each of the functions U and W in 
(17), and require these U and W to satisfy the 
coupled equations at m properly spaced points, say, 
2=0, 21, --*, Zm—1. One then obtains 2m homogene- 
ous equations in the 2m constants Aj, ---,Am, 
B2, --+, Bmsi, whose coefficients are numbers and *a 
and b. The condition that there be non-trivial solu- 
tions for the A’s and B’s is that the determinant of 
their coefficients in these 2m equations be zero. This 
determinantal equation gives the relation G(%a, b) =0 
sought. In the actual calculation, instead of solving 
the determinantal equation for the relation G(#a, 5) 
=(, it is more convenient to try pairs of values of 
3g, b in the determinant and obtain the relation 
G(@a, b) =0 by interpolation. 

The two relations F(a, b)=0, G(*a, b)=0 to- 
gether with the third equation in (4), then de- 
termine 'a, *a, b and hence the f and g. 

The advantage of this method is that one can 
locate the approximate values of *a and 6b by 
starting with only a few points for which the order 
of the determinantal equation is low, and then im- 
prove the approximation by increasing the number 
of points at which the equations are satisfied and at 
the same time increasing the number of terms for 
U(z) and W(z) in (17). In the calculation, the points 
z=0, 0.4, 0.75, 0.95, 0.99326 corresponding to x =0, 
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0.51, 1.39, 3.0, 5.0 have been chosen. The last two 
points are chosen at much larger distances than in 
the work of Jauch and Hu to obtain better w wave 
functions at large distances where the contribution 
to the quadrupole moment is important. The correct 
asymptotic behavior of u and w at large x is 
guaranteed by the forms of u and w in (15). 

The result so obtained is checked by the following 
variational calculation. The relation F(a, b) =0 ob- 
tained from (11’) and (12’) is almost a linear one 
over a large range of b (see Table I). Since the ap- 
proximate values of b, ‘a, and °a are already known 
from the above calculation, it is possible to replace 
F(‘a, b)=0 in this immediate neighborhood by a 
linear relation. This, together with the third relation 
in (4), gives 

3a =C1b—Cz, (18) 


where ¢; and c2 are known numbers (see Table J). 
Equations (13) then become 


d?u/dx? — (a?+¢e(e—§/x))u 
= —b[ 2! f(x)wt+utcre "924 ](e-*/x), 
dw /dx? — (a?+6/x?+c2(e—§/x))w (19) 
= —b[ 2? f(x)u+w 
+c,e—&-D rw — 2 f(x) w ](e-*/x). 


The problem is then to obtain b as the lowest 
eigenvalue for the boundary conditions (14). On 
denoting by 

P(x) =€1 +c1e~*) (e-*/x), 

Q(x) = 2! f(x) (e~*/x), 

R(x) = (1+c1e~“- 9? — 2 f(x)) (e-7/x), 


it is seen that the problem is equivalent to the 
variational problem | 


/ (20) 


5(I1/I2) =0 
with 


n= f [u!?+-w’?+ a?(u?-+w?) 
0 


+ (c2/x)e-**(u?+- w?) + (6/x?)w? ]dx (21) 
and 


In= f [ Pu?+ Qw?+2Ruw dx. (22) 
0 


The eigenvalue d is then the minimum value of 
b=1;/Is. (23) 


We employ in the calculation the trial wave 


functions 
u(x) = (1—e-**)e-, © 
w(x) = ywo(x) =y(1 —e-7*)*e-* (24) 


where y, 6, y are parameters to be determined by 
db/dy=0, 0b/dB=0, 0b/dy=0. (25) 
The equation 0b/dy=0 can be solved very simply 


and leads to the expression 
b(2—2Js) =JitJe—[(J2—Ji)?+4SiJoJ3}, (26) 


where 


n=(f [u!?+- au? | 
+(/x)e¥u* Md) ti ( J ° Pu'dx ), 


1=(f [ w’ 2+ @?w?-+ (C2/x)e-**w? 


) + (6/x*)u* ds ) / ( J : Qu'ds ), 
he (| J ; Ruvds] ) r ( f ” Putde: J : Qu'ds ), 


and 


y=(b/(Je—b)) 


( f ° usu / ( J " Rud). (27) 


While all the integrals can be obtained in analytical 
forms, the minimizing of b with respect to B and y 
is more conveniently carried out by trying various 
values of 8 and y. The values of the eigenvalues b 
calculated by these two methods and the parame- 
ters in the wave functions (24) are given in Table I. 

Having obtained the potential constants 4a, *a, 
and 6, and the wave functions for both the ground 
state of the deuteron and the scattering of slow 
neutron by proton, it is possible to test the potential 
so obtained by applying it to a study of the other 
problems mentioned at the beginning of this work. 
This is done below. 


III. The ‘‘effective range’’ for the triplet and the 
singlet states :!! 


Consider first the singlet S states of the continuum 
and let #; and uz be the solutions of (6) for two 
energies k,? and k,” that go over asymptotically to 
the following functions 


v1=(sin(kix+6;))/sind;, ve=(sin(kex+de) )/sinds 


where 6; and 62 are the phase shifts. It can readily be 
shown from (6) and the differential equations for 71 
and v2 that 


ke coté2—k1 cotéy 
= (itm) f (v2 — U1U2) dx (28) 
0 


11 The relation (28) and an analogous one for the triplet state 
are due to Bethe. For details see a forthcoming paper by H. A. 
Bethe in the Physical Review. 
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and that the integral /(% (viw2—uyu2)dx is rather 
insensitive to the value of the energies for energies 
below a few Mev, and to a good approximation it 
can be regarded as a constant. This is used to define 
an “effective range’”’ ro by 


(1/2)ro= (t/a) fr (v2 —UyU2)dx 
=(1/u) few de, (29) 


where wu and v are the functions for any energy below 
a few Mev. In order that any assumed nucleon 
potential V(r) may reproduce the observed depend- 
ence of the phase 6 on the energy k?, it is necessary 
that the ro calculated from the solution u for the 
V(r) be the same as the empirical value that is ob- 
tained from the empirical data, such as from the 
analysis of Breit et al.” in the case of the proton- 
proton scattering. 
With the solution (10), we obtain 


bro = 18 —8B—B?+(4—38)k cotdo, (30) 


where @ is the parameter in (10). As the symmetrical 
meson theory is based on the hypothesis of charge 
independence of the nucleon interaction, we may 
compare the calculated ro with the value which is 
given by the analysis of Breit et al., namely, 
to =2.7X10-'8 cm. The result of our calculation is 
given in Table I. 

For the triplet states in the case of a purely 
central force potential, the scattering at energies 
below a few Mev can again be described by means 
of a similarly defined ‘‘effective range” 7.11 In our 
present case with tensor forces, the situation is more 
complicated. It has been shown by Schwinger’? that 
to a good approximation, the following relation 
holds 


k coté= —at (a?+hk?)(1/p) 


x f [ Va? — (u?+w?) |dx, (31) 


where u and w are the solutions of (13) but nor- 
‘malized in such a way that u? goes asymptotically to 
Va? =e—2", The empirical value of ro is given by the 
scattering of slow neutrons by parahydrogen and 
has the value 1.6010-!* cm.!! The result of our 
calculation is also given in Table I. 


IV. Quadrupole moment of the deuteron: 


The quadrupole moment of the deuteron is given 
by 


O= (02/1044) f x?(u—(1/2v2)w)wdx, 


2 Lecture notes at Harvard University, 1947. 
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where u and w are the solutions of (13) normalized 
according to 


f (u?+w?)dx =1. 
0 


In our calculation, the variational wave functions 
(24) have been employed. The result is shown in 
Table I. 


V. Proton-neutron scattering at high energies (100 
Mev): 


The theory of scattering including tensor forces 
has been given by Rarita and Schwinger! and by 
Ashkin and Wu." It was found by Ashkin and Wu 
that at 100 Mev the error involved in the usual 
Born approximation is not very large for the triplet 
state, whereas it is quite large in the case of the 
singlet state scattering. This large error has its 
origin in the large interaction (on account of 
factor —3) for the singlet odd states in the sym- 
metrical theory. On account of the large amount of 
numerical work that would be involved in an exact 
calculation of the triplet state scattering, and as the 
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Fic. 1. Differential cross section for proton-neutron scatter- 
ing at 100 Mev. 


o(0) =(3/4)o. (Born) +(1/4)o, (exact). 


A: wo=315 me, wo=1.5X315 me. 

B: wo=315 me, wo=2X315 me. 

X: experimental values in reference 9 for p—mn scattering at 
90 Mev. 


13 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941) 
4 J. Ashkin and T-Y. Wu, Phys. Rev. 73, 973 (1948). 
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Born approximation is not too bad here, we have 
calculated the triplet state scattering according to 
the Born approximation and the singlet state scat- 
tering from the exact phases obtained by numerical 
integration of the wave equation. The actual cross 
section is given by 
o=20:+to,. 

It has been shown by Ashkin and Wu" that the 
triplet scattering cross section is, to the Born 
approximation, 


oe(8) = (1/9) F(8) +2F (x —8) }? 
+(8/9)[C*(8) —2C(8) C(n—8) +407(4 — 9] (32) 


The F(#), F(r—¥#), C(d), C(r—#) are the scattered 
amplitudes, due to the central force and the tensor 
force part, respectively, which in our present nota- 
tions (3), (4) and (5) are 


F() =(1/u) f (x/2gx)) 
X Ji (kx) [3a (e-**/x) + b(e-*/x) Jx*dx, 
‘ (33) 
C(8) = (1/n) f (x /2gx)* 


X J52(kx) b(e-*/x) f(x) x*dx, 
where 
g?=2k sin(8/2), k?=ME/h*p?. (34) 


Integration of (33) leads to the rather simple 
expressions 


uF) =(a/(E+99)+0/(1+0, 35 
uC(8) = (= 1)g*/(#+g)(1 499). 


For the singlet state scattering, one starts the 
numerical integration of the equation 


d*u,/dx?+[k?+ !a(e-®/x) 
+b(e-*/x) —l(l+1)/x? Ju,:=0 


at x=0 and continues to a sufficiently large x where 
V(x)<«l(/+-1)/x? so that the solution there will be 


UiSA Ji 44(kx) +BJ_14(kx) =C sin(kx —lr/2+5,). 
If xo is a node in this region, then it can be seen that 
tand;=(—1)**"(Ji44(Rxv)/J-14(kxo)). . (36) 


For high values of /(/>4) where 6; is small and 
Born’s approximation is valid, the 6,’s are again 
calculated from the Born approximation. 

The result of these calculations are given in 
Table I and Fig. 1. 





DISCUSSION 


From Table I it is seen that (7) with the meson 
masses wo=315 m, and xo=1.5X315 m,., the 
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“effective range’ ro for both the triplet and the 
singlet states are somewhat too small compared 
with the empirical values. The quadrupole moment 
of the deuteron is much too small. The value y=0.07 
leads to a value of ~#% percent for fo* wdx in 
JS (u?+w?)dx, compared with the value ~4 percent 
required to account for the magnetic moment of the 
deuteron. On the other hand, the ratio o(170°)/ 
o(x/2) of backward to transverse scattering at 100 
Mev is too high compared with the observed 
value. *** This would indicate that the potential has 
too large a range to account for the scattering ob- 
served at 90 Mev. 

With the meson masses po=315 m, and xo=2 
315 m., the quadrupole moment becomes better, 
but still 6% w*dx amounts to only about 1 percent 
of fo” (u?+w?)dx. The total cross section and the 
ratio o(170°)/o(a/2) for scattering at 100 Mev are 
in good agreement with the observed data. On the 
other hand, the ‘‘effective range’”’ 79 is now too small 
compared with the empirical values for both the 
triplet and the singlet states. 

Considerations of these and some incomplete 
calculations for the ratio £=1.75, 3.0, together with 
the relations (3), (4) and (5) show that any potential 
on the basis of this form of the symmetrical theory, 
when adjusted to give the observed “effective 
range” 7» for the low energy region (neutron scat- 
tering by parahydrogen and proton-proton scatter- 
ing below a few Mev) will have too long a range to 
be compatible with the high energy scattering data, 
while a potential adjusted to account for the latter 
will have too short a ‘“‘range”’ for the lower energy 
scatterings. It is also seen that the value of the ratio 
a(36°)/o(x/2) is appreciably smaller than the ex- 
perimental value. 

It is true that one may be expecting too much 
from the meson theory in its present form, but the 
above calculations have been made with a number 
of approximations, such as the neglect of radiative 
corrections and the use of non-relativistic wave 
functions. Hence, before abandoning the theory for 
purely phenomenological approaches, it still seems 
worth while to see whether the conclusion above 
may be changed by including these effects. Esti- 
mates by Snyder and Marshak" show indeed that 
the relativistic effect is not entirely negligible even 
at 100 Mev. Such a study is being undertaken. 
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*** We compare the ratio o(170°)/o(x/2) rather than 


a(180°) /o(x/2) as the experimental value o(170°) may be more 
accurate than o(180°). 


16 H. Snyder and R. E. Marshak, Phys. Rev. 72, 1253 (1947). 
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The techniques of study of radioactive isotopes of the rare earth elements described previously 
have been applied to neodymium. Using the 60-inch Crocker Laboratory cyclotron, bombardments 
have been made of praseodymium with 19- and 9-Mev deuterons and 10-Mev protons. The charac- 
teristics of the neodymium isotopes are given below. 


Type of 
radiation Half-life 
3.340.1 days 


145 +3 min. 


Isotope 
Nadi K 
Nd41 K, Bt(2%), v 


Energy of radiation in Mev 
Particles y-Tays 


Produced 
by 


Pr-d-3n 


Pr-d-2n 
Pr-p-n 


K x-rays 
~1.2 (weak) 
0.7 (8*) K x-rays 
1.05 





HE isotope Nd! has been reported: to have a 
2.5-hour half-life, and to emit positrons of 
energy 0.78 Mev. The activity was produced by 
proton bombardment of praseodymium,! by m,2n!-* 
and +,n' reactions on neodymium, and possibly by 
a d,H® reaction on neodymium.!? Chemical separa- 
tions were not made. 

In the present work, chemical separations were 
made by ion exchange columns. The 2.5-hr. activity 
has been characterized in more detail and allocated 
to Nd"!, while a new isotope, Nd!*°, has been ob- 
served by Pr-d-3n reaction. This isotope decays by 
orbital electron capture to form the positron 
emitter Pr'#°, In bombardments, spectroscopically 
pure, column separated praseodymium oxide, 
PrsOi1, was used. The techniques of bombard- 
ments, chemical separations, and measurements of 
radioactivity have been previously described.® 


I. 145-MINUTE Nd! 


Measurements of the radiation characteristics of 
this isotope were made on unseparated praseo- 
dymium which had been bombarded with 10-Mev 
protons. The proof of the chemical identity by the 
standard ion-exchange resin column procedure used 
previously was almost impossible, since the neo- 
dymium fraction leaves the column only after 
about 2.5 days. A 4-cm X0.4-cm column was there- 
fore used, with conditions of flow, eluting agent, 
etc., the same as before. Although the separation of 
neodymium and praseodymium is unsatisfactory 
from the chemical standpoint, these fractions leave 
the small column in about 12 hours, a time short 
enough to allow detection of the 145-minute 


1 Kurbatov, MacDonald, Pool, and Quill, Phys. Rev. 61, 
106 (1942). 

2M. L. Pool and L. L. Quill, Phys. Rev. 53, 437 (1938). 

3 Law, Pool, Kurbatov, and Quill, Phys. Rev. 59, 936 (1941). 

‘We are indebted to Mr. R. C. Lilly of this laboratory for 
preparation of this material. 

5G. Wilkinson and H. G. Hicks, Phys. Rev. 75, 1370 (1949). 


activity. Such an experiment was made for a 
Pr+d bombardment. The ratio of the 145-minute 
activity to the 19.3-hr. Pr’ activity formed by d,p 
reaction was estimated, corrections for decay from 
a reference time being made for both activities. The 
ratio decreased rapidly in samples following the 
“break through” of active material showing that the 
145-minute activity elutes before praseodymium. 
Further, spectroscopic analysis showed that the 
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Fic. 1. Decay of 145-min. Nd positron from Pr+d 


bombardment followed on crude beta-ray spectrometer. A is 
the 145-min. activity and B the 3.3-day background. 
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Fic. 2. Aluminum absorption of radiations of 145-min. Nd! 
from Pr+p bombardment. Electromagnetic radiation back- 
ground (A), positron radiation range 245 mg/cm? (B). 


19.3-hour activity followed the praseodymium, 
while in the first active sample where the 145- 
minute decay was observed, praseodymium was 
below the limits of detection. The chemical identity 
of the 145-minute activity as neodymium is, there- 
fore, fairly certain. 

The gross decay of the activity was followed 
through eight half-lives, the hard y-radiation, 
through six half-lives, and the positron decay (Fig. 
1), followed on a crude beta-ray spectrometer, also 
through six half-lives. The half-life is 145+3 
minutes. 

The radiations consist of positrons, x-rays and 
y-rays. No negative electrons were observed. The 
aluminum absorption curve of the 145-minute 
activity from Pr+ bombardment, corrected for 
decay during the time of measurement, is shown in 
Fig. 2. The range of the electron, 245+5 mg/cm? 
(0.7 Mev), agrees with the value of the positron 
energy measured on the crude beta-ray spectrom- 
eter. The lead absorption (Fig. 3) shows electro- 
magnetic radiations of half-thicknesses 39+2 
mg/cm? (38 kev), ~4.5 g/cm? (0.5 Mev) and 11.5 
g/cm? lead (1.2 Mev). The soft component agrees 
well with the K x-radiation of praseodymium, while 


the low abundant 0.5-Mev 7-ray is almost certainly 
annihilation radiation. 

From the measurements, the following ratios 
were calculated ; counting efficiencies of 0.5 percent 
for the K x-rays and 0.5-Mev y-rays, and 1.2 
percent for the 1.2-Mev y-radiation were assumed, 
together with a fluorescence yield of 0.8 for the K 
x-radiation. 


B+: K x-rays:0.5-Mev v:1.2-Mev vy 
=0.02:1:0.02:0.02. 


It is thus clear that the isotope decays by orbital 
electron capture with approximately 2 percent 
positron branching. The hard y-radiation probably 
arises from an excited or metastable state of the 
daughter nucleus following electron capture. 

From the measured K x-ray intensities, together 
with data on chemical yields and bombardment, 
the cross section for production of the 145-minute 
activity has been calculated. For 10-Mev protons 
a value of 3 10-* barn was obtained. ‘The deuteron 
cross sections are given in Table I below. 


II. 3.3-DAY Nd!'‘° 


In the column separated neodymium fraction 
from Pr+d bombardments a new long-lived ac- 
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Fic. 3. Lead absorption of electromagnetic radiation of 
145-min. Nd! from Pr+p bombardment. Hard y-radiation 
(A), 0.5-Mev y-ray (B) and K x-rays (C). 
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tivity was observed. The half-life, measured through 
seven periods, is 3.3+0.1 days. The aluminum 
absorption (Fig. 4) shows a hard electron, range 
1150+50 mg/cm? (2.4 Mev) with K x-ray and 
y-ray background. The lead absorption (Fig. 5) 
shows K x-radiation, 40 mg/cm? (38 kev) half- 
thickness, together with harder y-radiation. If a 
small percentage of hard y-radiation ~12 g/cm? 
lead (1.2 Mev) is assumed to be present, the bulk 
of the y-radiation has a half-thickness of 4.6+0.1 
g/cm? lead (0.51 Mev). The ratio of electrons to 
the various electromagnetic radiations obtained is: 


Positrons: K x-rays:0.51-Mev y: ~1.2-Mev vy 
= 02 :; 1 | 0.01 - 


Study of the electron radiations on the crude beta- 
ray spectrometer showed that positrons of energy 
2.4 to 2.5 Mev, were present; no negative electrons 
were observed. The positron energy agrees well with 
that reported for the 3.5-minute Pr!°.® 

The observed radiations of the 3.3-day activity 
are consistent with the isotope, Nd'*°, decaying by 





100 


maa ee 





= sree 


1 








% TRANSMISSION 











| | i 
1.0 2.0 3.0 40 5.0 60 


0.1 1 ! 





9 /cm ALUMINUM ABSORBER 


Fic. 4. Aluminum absorption of radiations of column 
separated 3.3-day Nd° from Pr+d bombardment. Electro- 
magnetic radiation background (A) positrons range 1150+50 
mg/cm? (B). 


6 Huber, Lienhard, Scherrer, and Waffler, Helv. Phys. Acta 
18, 22 (1945); DeWire, Pool, and Kurbatov, Phys. Rev. 61, 
or tise Weimer, Pool, and Kurbatov, Phys. Rev. 63, 
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Fic. 5. Lead absorption of radiations of column separated 
3.3-day Nd° from Pr+d bombardment. Estimated hard 
y-ray contribution (A), 0.51-Mev y-ray (B) and K x-rays (C). 


orbital electron capture, in equilibrium with its 
positron emitting Pr'*° daughter. The observed 
0.5-Mev y-radiation is undoubtedly annihilation 
radiation ; the harder y-ray may be associated with 
either Pr'*° or Nd™°, From the ratio of positrons to 
K x-radiation, it appears that the daughter Pr'*° 
activity is not a pure positron emitter, but decays 
also by orbital electron capture, about two-thirds 
of the Pr disintegrations proceeding by this 
process. . 

A rapid chemical separation’ of praseodymium 
and neodymium was attempted in order to show the 
chemical identity of the daughter of the 3.3-day 
activity. The mixed rare earth chlorides were fused 
with potassium hydroxide at 450°C for periods 
from 5 to 15 minutes. After extracting the melt with 
water, the mixed oxides were leached with 1N 
acetic acid. The neodymium oxide which dissolves 
preferentially was recovered as hydroxide for 
counting. The praseodymium remains largely in the 
residue insoluble in acetic acid. Although the 
chemical separation achieved is unsatisfactory, the 
activity of the neodymium fraction has been ob- 
served to grow, showing the formation of a 
daughter activity. The half-life of the daughter 


7™N. E. Ballou, private communication. 
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TABLE I. Cross sections in barns for deuteron 
reactions on praseodymium. 








Deuteron energy 
Half-life 19 Mev 9 Mev 


19.3 hours 0.06 0.1 
145 minutes 0.3 9 
3.3 days 0.08 — 


Reaction Isotope 


d,p Pr! 
d,2n Nd"! 
d,3n Nd!0 











activity appears to be about 1.5 minutes, somewhat 
shorter than the value of 3.5 minutes reported? for 
Pr'49, 

Additional evidence for the allocation of the 
3.3-day activity to Nd'°, and its production by 
Pr-d-3n reaction has been obtained from yields in 
the deuteron bombardment of praseodymium. It 
was assumed that 0.6 of the measured K x-radiation 
of the 3.3-day activity represent one disintegration 
of Nd'°, In Table I are given the cross sections for 
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production of the isotopes Pr#*, Nd'!, and Nd!°, 
The yields of the Pr’? were calculated from mea- 
sured beta-particle activity. The absolute values of 
the yields may be in error in view of the uncertain- 
ties in counting efficiencies, etc., but the relative 
yields of the three reactions at the two bombarding 
energies should -be more reliable. 
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Cb® has a half-life of 23.35 hours. It decays with the emission of negative beta-particles of maximum 
energy 0.67-Mev and 1.03-Mev gamma-rays. No x-rays are emitted. The assignment is made by using 


enriched isotopes of Zr. 


- 


INTRODUCTION 


HE proton bombardment of zirconium was 

reported! to have produced Cb®* which has 
a half-life of 4 days. Later workers? reported its 
production by (d,2m) and (d,a) reactions from zir- 
conium and molybdenum, respectively, and changed 
the value of the half-life to 3 days. Recently* by the 
bombardment of enriched Mo*® with deuterons, 
the half-life has been further changed to 2.8 days 
and the decay characteristics given as negative 


TABLE I. Percent isotopic constitution of bombarded 
target samples of Zr. 








Sample 





Natural Zr 

Zr enriched in 90 
Zr enriched in 91 
Zr enriched in 92 
Zr enriched in 96 








1L. A. DuBridge, private communication quoted by G. T. 
Seaborg and I. Perlman, Rev. Mod. Phys. 20, 585 (1948). 

2L. Jacobson and R. Overstreet, Plutonium Project Report 
€C-2345 (December 1944). 

3G. E. Boyd, private communication (October 1948), 
aus 19 tA G. T. Seaborg and I. Perlman, Rev. Mod. Phys. 20, 


beta-rays of 1.8 Mev by absorption in aluminum 
and gamma-rays of 1 Mev by coincidence absorp- 
tion in lead. 

The data to be presented in this paper are in 
complete disagreement with the above and will be 
briefly described. 


RESULTS 


Isotopes of zirconium separately enriched* in 
Zr®, Zr®, Zr and Zr®* were bombarded with 5-Mev 
protons and 10-Mev deuterons. The isotopic com- 
position of the samples are shown in Table I. 

A rotating target arrangement! was employed by 
which two isotopes could be bombarded simul- 
taneously under the same beam and thus any 
activity produced could be associated with one or 
the other or none of the rotated isotopes. The degree 
of enrichment is such that the difference in activity 
between two samples will be a factor between 14 
and 870, depending upon the selection made, if the 
particular activity be produced from either of the 
rotated isotopes. Deuteron bombardments produce 


* Kindly supplied by the Y-12 Plant, Carbide and Carbon 
Chemicals Corporation, through the Isotope Division, US- 
AEC, Oak Ridge, Tennessee. 

*D. N. Kundu and M. L. Pool, Phys. Rev. 74, 1574 (1948). 
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such a large amount of various activities especially 
the 17-hour Zr*’ that in the following study the 
main emphasis will be laid on proton bombardments. 

From the table, Zr®°, Zr®*, and Zr®* are selected 
for comparative study. In every case a 23.3-hour 
Cb activity is produced. On rotating Zr® with Zr, 
this activity is produced in the ratio 2.6/4.3 which 
indicates that this half-life is not produced from 
either of these isotopes. This 23.3-hour activity 
must be associated with one of the remaining three 
isotopes which is present in small comparable 
amounts in each of Zr®° and Zr® samples. Bombard- 
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ment of the Zr®* with protons, however, brings out 
the 23.3-hour activity in amounts larger than any 
of the previous amounts by a factor of about 190 
when Zr® was taken for comparison and about 320 
when Zr was compared. From the table the 
factors expected under ideal conditions would be 90 
and 180 when Zr® is compared with Zr® and Zr®, 
respectively. The uncertainties introduced in course 
of mounting the material for measurement and from 
other sources may amount to a small factor at most. 
The order of magnitudes, therefore, clearly indi- 
cates that the 23.3-hour activity is produced from 
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Fic. 1. Beta+gamma- and gamma-decay curves of Zr°*O.—, showing the 23.35-hour Cb® activity. 
The inset shows a condensed plot in which the 10.1-day Cb” activity is seen but no 2.8- or 4-day 
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Fic. 2. Absorption curves of Cb%*: (A) absorption in aluminum; (B) absorption in lead. 


Zr*® by (p,m) reaction, since both the isobaric 


chains 95 and 97 have already been well-established 
by the study of fission fragments. 

The beta+gamma- and the gamma-decay curves 
of a sample of Zr®°*O, bombarded with protons are 
shown in Fig. 1. From a total interval of fifteen 
half-lives the value is given as 23.35+0.05 hours. 
No 4-day or 2.8-day half-life is observed. The curve 
passes immediately into the 10.1-day Cb*® period 
which has been produced from the small amount of 
Zr® (4.3 percent) and, perhaps, of Zr® (2.2 per- 
cent), present in the enriched Zr®* (74.6 percent). 

The absorption curves are shown in Fig. 2. The 
energy of the beta-rays is 0.67 Mev. They are found 
to be negatively charged by separation in a mag- 
netic field. The gamma-absorption was measured 
with lead foils after removing the beta-particles 
away with an electromagnet and the energy is 
found to be 1.03 Mev. The activity at zero thick- 
ness of lead shows that no x-rays are present. 


DISCUSSION 


Without entering into the question whether the 
4-day or 2.8-day activity could be produced by 
bombarding with particles of energy higher than 
that used in the present investigation, it may be 
remarked that with the energies used here, the 
10.1-day Cb® has been produced in considerable 
strength from Zr”. In the study of Mo with 
deuterons in this connection, it was found that this 
molybdenum isotope has such a large cross section 


for (d,p) reaction leading to the 2.8-day Mo*% 
activity, that it was difficult to chemically remove 
traces of Mo” from Cb fractions. The 2.8-day 
activity decays into the 5.9-hour Tc®® daughter 
which disintegrates mainly with x-ray emission. 
Also by deuteron bombardment of Mo, the 3.75-day 
Cb® is produced which again decays by emitting 
x-rays. With such sources of x-rays suspected, 
energy measurements by absorption in aluminum 
are liable to error as reported® previously. The 
apparent beta-end point is pushed towards the 
higher energy side, thus giving a higher value for 
the maxima beta-energy. In the decay curves on 
the Mo fraction from Mo+d bombardments where 
the Mo was enriched in Mo® (92.07 percent) and 
contained only 1.65 percent of Mo®%, the 2.8-day 
activity was present in very large amounts. Ab- 
sorption measurements with aluminum foils showed 
that though the actual beta-end point ought to be 
at 1.16 Mev, the tail end of the curve could be 
drawn so as to correspond to 1.8 Mev. When en- 
riched Mo® itself is bombarded, so much of x-ray 
is present both due to the 2.8-day and the 3.75-day 
activities, that energy measurements are spurious 
if not corrected for x-rays. 

Acknowledgment is made of the help received 
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Radioactive Scandium and Vanadium 
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An activity with a half-life of 33.0+0.5 minutes was produced by the reaction Ti‘(p,2) with 
approximately 10 times the intensity which was produced by the reaction Ti“*(p,7) and is assigned 
to V‘7. It was found that V*’ decays by the emission of a y-ray and a positive 8-particle of 1.65 Mev. 
Assignment of the 3.43 +0.03 day half-life to Sc‘? was definitely confirmed by comparing the reactions 
Ti*9(d,a) and Ti®°(d,a). Sc‘? decays to stable Ti’ by the emission of a y-ray and a negative 8-particle 
of 0.61 Mev. The Ti®°(d,a) reaction was found to give the 1.83-day half-life of Sc**. 





I. INTRODUCTION probe. During busbardment the probe was rotated 
so that each sample was subjected to the same 
time of bombardment and as nearly as possible to 
the same beam intensity. Whenever TiO, samples 
were bombarded and no subsequent chemistry 
performed, the activity produced from the oxygen 
served as a control for the resulting comparison 
since the amount of oxygen present was independent 
of the isotopic composition. 


T is the purpose of this paper to report a series of 
experiments which give additional information 
about the radioactive isotopes of scandium and 
vanadium. All radioactivities shown in the following 
figures were produced by cyclotron bombardment. 
Electromagnetically enriched isotopes of Ti**, Ti*’, 
Ti*®, and Ti®® were used to compare the intensity 
of a given activity produced in each enriched 
_ sample as an aid in isotopic assignment.** In order IL THE 33-MINUTE V* ACTIVITY 
to obtain this comparison, two samples of material 
enriched in different isotopes were weighed and A proton bombardment of titanium of standard 
mounted on opposite faces of the cyclotron internal isotopic composition and subsequent chemical 
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Fic. 1. Decay of the -particle activity produced by proton bombardments of enriched TiO: and Ti‘7O2 
respectively. Note the 1:1 ratio of the F!* intensities and the 10:1 ratio of the 33-minute half-life intensities. 
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Fic. 2. Aluminum absorption taken while a Ti+ bombard- 
ment was decaying with a half-life of 33 minutes. 


separation showed the vanadium fraction to decay 
with the previously reported half-lives of 33 minutes 
and 16 days.’? From these earlier experiments it 
was not possible to definitely assign a mass number 
to the 33-minute half-life. This activity was not 
observed when either titanium or scandium was 
bombarded with a-particles. Nor was it observed 
when a large sample of vanadium was exposed to 
an intense flux of fast neutrons. This activity, 
however, was produced by a proton bombardment 
of enriched Ti**O, and TiO, with the same in- 
tensity in both samples. When the bombardment 
was performed using Ti**O, and Ti*’Oz2 it was found 
that the 33-minute period was ten times as intense 
in the Ti‘? sample as it was in the Ti**, as shown in 
Fig. 1. The 1.87-hour half-life of F'* produced by 
the reactions, O!"(p,7)F!8 and O18(p,n) F!8, appeared 
with approximately equal intensity in both com- 
pared samples of each set. The 33-minute activity 
was found to decay by the emission of a positive 
B-particle and anfassociated y-ray. By means of 
aluminum absorption measurements the energy of 
the positive 8-particle was found to be 1.65 Mev as 
shown in Fig. 2. 

Figure 3 shows the region of the isotope chart in 
which the experiments described in this paper were 
performed. All results reported here are indicated 
by heavy line. 

Since the 33-minute activity was not observed 
from an a-particle bombardment of titanium, 
possible assignment to V*8, V4, and V® is elimi- 
nated. The elimination of V** and V* as possible 
assignments is also confirmed by the fact that this 
activity was not observed from an a-particle bom- 
bardment of scandium or a fast neutron bombard- 
ment of vanadium. The elimination of V** was: 
confirmed by the fact that proton bombardments 
of titanium enriched with Ti*® and Ti® respectively 
produced this activity with equal intensity in both 
samples. Since a proton bombardment of Ti*’ pro- 
duced the 33-minute half-life with ten times the 
intensity that a proton bombardment of Ti‘® pro- 


1H. Walke, Phys. Rev. 52, 777 (1937). 
2J. J. O’Connor, M. L. Pool, and J. D. Kurbatov, Phys. 


Rev. 62, 413 (1942). 
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duced it, assignment is made to V*? as shown in 
Fig. 3. 


Ill. THE 3.7-HOUR V® ACTIVITY 


A 3.7-hour half-life! emitting a positive 6-particle 
has been assigned to V®°. The ionization chamber 
used for all measurements presented in this paper 
is filled with freon to a pressure of two atmospheres 
and has an aluminum window of 20 mg/cm?. This 
chamber is efficient for the detection of y-rays and 
any annihilation radiation should therefore be ob- 
served. X-rays produced by elements in the vana- 
dium region have a half-thickness of approximately 
3.65 mg/cm? of aluminum. In order to observe 
these possible x-rays a Geiger tube was used with a 
quartz window of 2.5 mg/cm?. This Geiger tube 
had previously been successfully used for observing 
titanium x-rays from the 600-day activity of vana- 
dium which is known to decay by K-electron 
capture. Measurements to observe the 3.7-hour 
half-life were made on activities resulting from 
deuteron and a-particle bombardments of titanium 
and fast neutron bombardments of vanadium. In 
addition attempts were made to observe this vana- 
dium activity by bombarding Ti**O, and TiO, 
with protons. No activity with a 3.7-hour half-life 
was observed in the vanadium fractions of any of 
the above bombardments and it is concluded that 
the 3.7-hour half-life is not an activity of vanadium. 
In accordance with the above results no activity is 
shown for V*® in Fig. 3. It is suggested that the 
previously observed 3.7-hour half-life may have 
been due to Sc*. 


IV. THE 1.83-DAY Sc‘ ACTIVITY 


Figure 4 shows the decay of the scandium frac- 
tions obtained from deuteron bombardments of 
titanium enriched with Ti‘® and Ti®® respectively. 
The left-hand side of Fig. 4 shows an activity with 
a half-life of 1.83 days which is produced by 
bombarding Ti®® with deuterons. By means of 
spectrographic observations the 1.83-day half-life 
was found to decay by the emission of negative 
B-particles. Aluminum absorption measurements 
showed the energy of this 8-particle to be 0.57 Mev. 



































44 | 45 | 46 | 47 | 48 | 49 | 50 | 51 
[206%] ‘27 033% 419% Be 
Ca me no 
2.440) iz are 1337 nO 7 
Sc _ - par — s7M 
(=X 7.75% |||73. SSI 5.34% 
Ti “ 


























us| -s8) {00s 
Vv 33M C1) 
7 1.387, 
——— 


Fic. 3. Isotope chart of the region in which the experiments 
of this paper were performed. Results discussed in the text 
are indicated by heavy line. 
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Fic. 4. Decay of the 8-activity produced in the scandium fractions of deuteron bombardments of TiO: enriched 
with Ti*°O2 and Ti®°O2 respectively. The comparison is used to confirm the half-lives assigned to Sc*? and Sc‘. 


These observations are in agreement with the 
characteristics of Sc*® previously observed*®‘ and 
the 1.83-day half-life is therefore produced by the 
reaction Ti®°(d,a)Sc*%. 


V. THE 3.43-DAY Sc‘? ACTIVITY 


As shown in Fig. 4, an activity with a half-life of 
3.4 days was observed in the scandium fractions of 
deuteron bombardments of titanium enriched with 
Ti*® and Ti®® respectively. This activity was ob- 
served to be over twenty times as intense when 
enriched Ti*® was bombarded as it was when Ti*® 
was used. Observations over seven half-lives, as 
shown on the right side of Fig. 4, determined the 
half-life to be 3.43+0.03 days. The activity was 
found to decay by the emission of a negative 
B-particle and an associated y-ray. By means of 
aluminum absorption measurements the energy of 
the negative 8-particle was found to be 0.61 Mev 
as shown in Fig. 5. 

This activity has been assigned to Sc*”? by means 
of a-particle and deuteron bombardment of cal- 
cium.* > The above data serves to confirm the earlier 
assignment of this activity by the reaction 
Ti*9(d,a)Sc*?. 


3H. Walke, Phys. Rev. 57, 163 (1940). 

4C. T. Hibdon and M. L. Pool, Phys. Rev. 67, 313 (1945). 

5C. T. Hibdon, M. L. Pool, and J. D. Kurbatov, Phys. 
Rev. 63, 462 (1943). 
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Fic. 5. Aluminum absorption taken while the activity 
shown on the right side of Fig. 4 was decaying with a half-life 
of 3.43 days. 





When isotopic concentrations for the enriched 
samples used in these experiments are known the 
above data can be used to compute the relative 
reaction cross sections for all activities referred to 
in this paper. 
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Three-Photon Annihilation of an Electron-Positron Pair 
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Institute for Nuclear Studies, University of Chicago, Chicago, Illinots 
(Received January 12, 1949) 


Annihilation of an electron-positron pair accompanied by the emission of three photons is discussed 
for the case of small relative velocity of the two particles. The energy spectrum of the photons is 
derived and the cross section for the process is calculated. The ratio of this cross section to that of 
ordinary two-photon annihilation is found to be 1:370. When the result is applied to the 4S ground 
state of the positronium atom, for which two-photon annihilation is forbidden, one finds a lifetime 


1.41077 sec. 





INTRODUCTION 


WO-PHOTON annihilation’? of an electron 
and a positron is forbidden for states of the 
electron-positron pair for which the wave function 
is symmetric in the space and spin coordinates of 
the two particles. However, annihilation resulting 
in the simultaneous creation of three photons can 
occur. 
In particular, if the electron-positron pair forms 
a positronium atom in the ground (S) state, two- 
quantum or three-quantum annihilation is allowed 
according as the state is a singlet or triplet. Because 
of the multiple character of the three-quantum 
process, the triplet state will have a longer lifetime 
than the singlet. 
The lifetime of the singlet state is +? 


ly = 2(hc/e?)*(h?/me*c) =1.25 K10-" sec. | (1) 


This value is obtained from the cross section for 
two-quantum annihilation of an electron and a 
positron in free relative motion, as given by Dirac.’ 
The Coulomb binding in the positroniuin atom has 
a negligible effect upon the decay probability (see 
below). 

In this paper, we present a calculation, by the 
method of time-dependent perturbation theory, of 
the cross section for three-photon annihilation in 
the limit of small velocities, and of the energy 
spectrum of the photons. We also obtain the life- 
time of the positronium atom in the triplet state. 


CALCULATIONS 


The annihilation of an electron-positron pair by 
emission of three photons takes place via two 
intermediate states, J and JJ. The probability per 
unit time for the process is given, in natural units 


* Post-Doctoral Fellow. 

1J. Pirenne, Thesis, University of Paris (1944), Chapter 
III. (See also Archives des Sciences physiques et naturelles 
28, 273 (1946) and 29, 121 (1947).) 

2 J. A. Wheeler, Ann. New York Acad. Sci. 48, 219 (1946). 

3P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 361 (1930). 


(h=c=1), by 
P=2r|Hra|?pr; (2) 
ArpnAn ra 
Hra= 





Py (Ea —Erz) (Ea — Enz) 


where A refers to the initial state consisting of the 
electron-positron pair, F to the final state composed 
of three light quanta, and pr is the density of final 
states per unit energy interval. The matrix elements 
Hra, etc., are associated with the emission of the 
quanta in the various transitions and have the 
general form 


Ay, =e(22/RL*)*(uz, w-aua), 


where e¢ is the electronic charge, k and a are the 
momentum and polarization vectors of the quan- 
tum, a is the Dirac matrix, u4 and uy; are the Dirac 
amplitudes of the electron wave functions in the 
states J and A, and L’ is the normalization volume. 
The total momentum is conserved in each transi- 
tion.* 

The various transitions which can lead from A 
to F by the emission of three quanta are illustrated 
in Fig. 1, in which the symbols +, k refer to the 
presence of a pair and a quantum, respectively. 

The transitions through the intermediate states 
denoted by 0 are those which do not involve the 
formation of a virtual pair. To these transitions 
one can apply arguments similar to those used by 
Pirenne’ in the two-quantum problem and show, 
firstly, that only an initially symmetric state will 
give a non-vanishing contribution to Hrs, and 
secondly, that the Coulomb binding may be neg- 
lected, its effect being to change the matrix elements 
by a fractional amount of the order 1/137. In the 
present problem, we shall assume that the binding 
can also be neglected for the remaining transitions. 
Therefore, in the calculation of the decay proba- 
bility, we use simple plane wave functions. With 
this approximation, the lifetime of the bound state 


4W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1944), second edition, p. 96. 
5 See reference 1, pp. 124, 129. 
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is obtained by introducing a normalization which 
corresponds to the correct particle density at 
coincidence for the positronium atom. 

For non-relativistic velocities, the cross section 
for three-photon annihilation obeys the 1/v law. 
That is, the rate at which annihilation takes place 
is determined by the density of electrons at the 
position of the positron. As a consequence, one 
can obtain the cross section for small velocities from 
the limiting case of zero velocities. The assumption 
of zero velocities leads to considerable mathematical 
simplification, and we shall here carry out the 
calculation for this case only, although the following 
discussion of matrix elements and of methods of 
calculation applies to the general case of arbitrary 
relative velocity of the electron and positron. 

The fransitions through the intermediate states 
denoted by a and ¢ in Fig. 1 involve the formation 
of a virtual pair. In the states c, in which two pairs 
are present simultaneously, one must exclude those 
intermediate states which would violate the Pauli 
exclusion principle. However, if one calculates the 
total contribution of such states, one finds that it 
is zero, so that the requirements of the Pauli 
principle are automatically fulfilled. This may be 
verified by consideration of the energy denomi- 
nators and signs of the matrix elements involved. 

With regard to the signs of the matrix elements, 
it should be mentioned that in transitions involving 
the annihilation of the members of the virtual pair 
by those of the original, a change in sign is neces- 
sary, corresponding to an exchange of two negative- 
energy electrons in the final state. These effects of 
the exclusion principle are brought in automatically 
if the problem is treated in terms of the Jordan- 
Wigner operators,® but the essential facts are 
contained in the above discussion. 

Among the transitions through the states a and c 
are some which are of a character which leads to 
divergence, namely, those in which a virtual pair is 
first created and subsequently annihilates itself. 
The reason for the divergence is that the condition 
of conservation of momentum only requires that 
the sum of the momenta of the members of the 
virtual pair shall be equal to that of the annihilation 
quantum, but places no restriction upon the mo- 
menta individually. Hence, in the sum over inter- 
mediate states one must include an integration over 
the momentum space for one of the members of the 
virtual pair. For each of these groups of transitions, 
this integral is divergent. However, if one considers 
the total contribution of all such transitions, the 
result is a detailed cancellation of these divergent 
terms. 

Taking the above remarks into account, one finds 


®See G. Wentzel, Quantentheorie d. Wellenfelder (Franz 
Deuticke, Vienna, 1943), p. 183, 
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Fic. 1. Diagram illustrating the transitions which result in 
three-photon annihilation of an electron-positron pair. 


that the final expression for Hr, is the same as the 
expression which one obtains if one considers the 
problem of the transition of an electron, by emission 
of three quanta, from a given state of positive 
energy to a given state of negative energy, all 
negative energy states being initially unoccupied, 
namely, 


Hra=e*((2m)*/kikoksL)} 
(ur, @ + A377) (ur, @ + eur) (ur, @*A;U4) 


(E,—ki—E’)(k3— E2—E”) 





XL 2 


k 1,11 


where E, and £, are the initial energies of the 
electron and positron, respectively, k,, Ke, ks are 
the momenta of the quanta and E’ and E” are the 
energies of the electron in the first and second 
intermediate states, respectively. >>, denotes sum- 
mation over all terms obtained from the above by 
permutation of k;, ke, and k3. Taking E,=E,=m, 
the conservation of momentum and energy is ex- 
pressed by 


ki+k.+k3;=0; kitke+ks=2m. (3) 


In order to pass from the case of free particles to 
that: of the positronium atom, the normalization 
factor L~? must be replaced by (x*/x)?, where 1/x 
is equal to two times the Bohr radius. The sum 
over intermediate states, which must include both 
positive and negative energies, and both spin 
directions of the electron, may be carried out by 
the method of Casimir.’ The result of these trans- 
formations is 


Hpra = (2xe?/m?L*) (x3/Rkikoks)*(ti t+ te+ts) ‘u 


where t; is the following function of the polarization 


7 See reference 4, p. 149, 
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vectors: 


t; =a,(a2-a3) —a2(a3-a1) —a3(@1-ae) 
+1 (a2'-as’) — ao’ (as’-@1) — ag’ (a1- a2’) 
ay’ =a, X (ki/|K:|) 


and tz and ts are obtained by cyclic permutation of 
the subscripts. u is a complex unit vector which 
characterizes the initial triplet state of the posi- 
tronium atom.’ Three independent triplet states are 
represented by three mutually orthogonal unit 
vectors Ui, U2, Us. For an initial singlet state Hra 
vanishes. 

Finally, taking the average of |Hra|? over the 
three independent triplet states, and summing the 
result over the directions of polarization of the 
three quanta, one finds 


a (|Hra | 2 wy = (3227e°/3L) (x?/RiRoks3) 


polarizations 


X {[1—cos(keks) ?’+[1—cos(ksk1) P 
+[1—cos(Kiks) P} (4) 


where (keks), etc. are the angles between the 
vectors indicated. 

The density of final states is calculated in the 
usual way, by making use of the momentum 
conservation law. One obtains 


pr= (23)—L®k kok sdkodkidQ (5) 


representing the number of final states per unit 
energy in which &, is in the interval (k1, ki+dk1) 
and its direction within the element of solid angle 
dQ, the magnitude of k2 being at the same time in 
the interval (ke, ke+-dkz). 

Combining the Eqs. (2), (4) and (5) and making 











Fic. 2. Energy spectrum of photons resulting from three- 
photon annihilation of an electron and a positron. The 
abscissa is the photon energy in units mc? and the ordinate 
is proportional to the number of photons per unit energy 
interval. (Dashed curve: statistical estimate. ) 


® See reference 1, p. 108, 


use of (3), one finds, after integration over k; and ky 
1/fr= (16e%«?/9um') f F(ki)dky 
0 


= (16/92) (4? — 9) (e6x?/m?) 





where 
™ (m?(m—k;)? m*(m—ke)? 
Fi) = f | + 
m—ky, k o?k 3° k 3°k 2 
| 2| 
kiko? |m  \(2m—k;)? 
2m(m—k1)?> m—k, 2m—k, 
In a 





” (2m —k)® m ky 





2m(m—ki) m—k, 
a In , 
k?? m 


A factor 4 has also been included in the above 
formula, since the 6 permutations of the three 
quanta all correspond to the same final state. 


Restoring h and c, and using the relation (1), our ° 


result may be conveniently written in the form 


17 /*7 = (4/9m) (x? —9) (€?/he) = (1/8) (e?/he) 
37 =1.4X10-’ sec. 


This may also be expressed in terms of the cross 
section for annihilation of free particles with small 
relative velocity. We have 


o3x/O2% = 3(!7/*7) ~ 1/370 


where ox, and o are respectively the cross sections 
for two- and three-photon annihilation of a free 
electron and positron with arbitrary spins. The 
statistical factor 3 enters because only singlet states 
contribute to a, and only triplets to og. 

The function F(,), which is proportional to the 
total probability that one of the photons has energy 
in the interval (k1, ki+dk:), represents the energy 
spectrum of the quanta. A graph of this function 
is shown in Fig. 2 (solid curve). The dashed curve 
represents the function 


f prdko~k;,*(6m?—6mk, +k’), 


—ky 


i.e., the spectrum which one would obtain from a 
statistical estimate based upon a consideration of 
the available volume in:momentum space. 


DISCUSSION 


In the ground state of the positronium atom, the 
fine-structure separation between the triplet and 
singlet states is approximately 8X10 ev.’ The 
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former, relatively long-lived state lies above the 
short-lived singlet state. However, radiative transi- 
tions from triplet to singlet state are forbidden. 
Provided that transitions resulting from thermal 
collisions between the positronium atom and, say, 
gas molecules have a small probability of occur- 
rence, the long-lived triplet state should manifest 
itself. 

For S states in general, the lifetime with respect 
to annihilation increases as the cube of the principle 
quantum number. For the other excited states 
(P, D, etc.) this lifetime will be long, since the 
absolute value of the wave function goes to zero as 
the electron and positron approach coincidence. 

The existence of excited states of the positronium 
atom can have a decisive effect upon the time 
required for such an atom to undergo annihilation, 
even though annihilation in an excited state is 
itself unlikely. The lifetimes of the excited states 
with respect to spontaneous radiative transitions 
are twice the natural lifetimes of the corresponding 
excited states of the hydrogen atom. They are, 
therefore, of the order 10~7 to 10° sec., except in 
the case of the 2.S state, which is metastable in 
this respect.® Hence, if a free positronium atom has 
been formed in an excited state, the observed life- 
time may be essentially the time required for 
spontaneous de-excitation. 

However, if formed in a gas of normal tempera- 
ture and pressure, the positronium atom will 
undergo thermal collisions at a rate of the order 
10” sec.—!. The time for de-excitation may in this 
case be negligible as compared to the lifetime of 
the lowest states against annihilation. 

Excitation from the ground state, due to thermal 
collisions, is not to be expected, since the energy of 
even the first excited state lies about 5 ev. above 
that of the ground state. 

The study of the three-photon annihilation 
process is of importance quite apart from the rela- 
tion of this process to the lifetime of positronium. 
In particular, a comparison of the theoretical pre- 
dictions with experimental results is of interest 
since it seems to offer a means of checking the 
theoretical foundations of the calculation. 

The simplest way of testing the results seems to 
be by observing the relative frequency of the two- 


* See reference 4, p. 118. 
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and three-photon annihilation radiation from a 
target irradiated by slow positrons. 

Also, three-photon annihilation might be of 
importance in a detailed study of the mechanism of 
cosmic ray showers. The present calculation is not 
applicable in this case, since it has been performed 
for small relative velocities. However, one will 
expect that the multiple process becomes relatively 
more important at high energy. 

The energy spectrum (Fig. 2) shows that photons 
of any energy not exceeding the rest energy of the 
electron have an appreciable probability of occur- 
rence, except photons of very low energy. The 
Coulomb force, whether in the positronium atom 
or in a target bombarded with positrons, will be 
expected to affect the annihilation process appreci- 
ably only when a photon of small momentum is 
involved. The energy spectrum indicates that such 
processes are rare. Therefore, the neglect of the 
Coulomb force should not be a serious limitation 
to the applicability of the results. 

The spectrum is seen to deviate considerably 
from that estimated statistically. It may be men- 
tioned that Tiomno and Wheeler’ have obtained a 
somewhat similar result in the case of electrons 
resulting from the decay of a u-meson, under certain 
assumptions as to the mass of the neutral meson 
and the ineractions of the particles involved. 

The authors are indebted to Professor E. Teller 
and Dr. C. N. Yang for valuable discussions. 

Note added in proof.—The statement that certain 
transitions are forbidden for the positronium atom 
is true only in a limited sense. Conversion between 
triplet and singlet ground states can take place by 
magnetic dipole radiation. However, the lifetime of 
the triplet state with respect to this kind of decay 
is several months, which at normal temperatures 
is an order of magnitude longer than the corre- 
sponding thermally induced transition. Also, 2S-1S 
transitions can take place via P states by the emis- 
sion of two photons. As_in the case of the hydrogen 
atom,** the lifetime is again long (1-0.1 sec.). 

Consequently, these effects are not important. 
However, this may not be true of the effect of 
direct annihilation of the positron with an electron 
of an atom or molecule with which the positronium 
atom collides. 


10]. Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, 144 
(1949). 
** G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 
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Microwave techniques are applied to the study of the diffusion of electrons and positive ions in 
helium. For the electron and ion densities realized experimentally, the diffusion takes place ambi- 
polarly; that is, the flow of charged particles of both signs is equalized by the space charge field which 
they set up. At 1 mm Hg pressure and 0.039-ev average energy, the measured value of the ambipolar 
diffusion coefficient, Da, is 540 cm*/sec. The measured variation of D, with gas density, energy of the 
particles, and diffusion container size and shape agrees closely with theory. 





MBIPOLAR diffusion is the simultaneous 
diffusion of electrons and positive ions in the 
presence of their own space charge fields. Although 
the theory of ambipolar diffusion has been investi- 
gated extensively, experimental measurements in 
the past have been difficult to interpret because of 
the presence of undesired secondary processes. The 
- recent advancement of microwave technique has led 
to an experiment capable of giving quantitative 
results which may be compared with theory. 


THEORY 


The motion of positive ions and electrons in a gas 
under the action of concentration gradients and an 
electric field may be expressed as: 


P< 0.5. = —D.Ne.~p Ba. (1) 
PD, =140,= —D,Vny+p En, (2) 


where I represents particle current density; m is 
particle density; 0 is the average drift velocity; D, 
the diffusion coefficient ; 1, the mobility; and E, the 
electric field. The subscripts refer to the positive 
ions and the electrons. If the only field present is 
that due to the space charge of the particles and if 
the particle densities are sufficiently large, then 
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Fic. 1. Block diagram of the apparatus. The oscilloscope sweep 
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(n,—n_)<Kn_, and the currents T', and T_ will be 
equal. Equations (1) and (2) simplify to 


= —D,Vn, (3) 


where I and » refer to either positive ions or elec- 
trons. The ambipolar diffusion coefficient, Du, is 
defined by: 


Da=(Dsp—-+D_u+)/(u4+u-)- (4) 
The particle continuity equation may be written 
P=(dn/dt)+V-T, (5) 


where P= vn is the rate of production of positive 
ions or electrons, and » is the production rate per 
electron. 
When Eq. (3) is substituted into Eq. (5), we 
obtain 
DWV?n-+ vn = 0n/dt. (6) 


Assuming an exponential decrease of m with a mean 
decay time, 7, one has 


V'n+ ((v/Da)+(1/Dar))n =0. (7) 


The boundary condition which is applied to Eq. 
(7) is that 2 goes to zero at the walls. This condition 
leads to a series of characteristic values and charac- 
teristic functions for Eq. (7). 


V*Atmt+nm/ An? =0, (8) 


where the A,,’s are lengths which describe the size of 
the container with regard to diffusion loss and are 
called the characteristic diffusion lengths. The 
boundary condition is satisfactory as long as the 
mean free paths of the particles are small compared 
to the dimensions of the container. 

The solution of the diffusion Eq. (7) is in general a 
sum of the characteristic functions of Eq. (8). To 
measure the diffusion, however, it is necessary to 
have a single function, corresponding to the lowest 
characteristic value, as the solution of Eq. (7). In 
the experiment, two intervals are used, one during 
which the gas is broken down and a steady state is 
set up (v+0, r= ~), followed by a second in which 
there is no applied field and therefore no production 
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of ions or electrons (v=0, r< ©), and the electron 
density decays. Measurements of as a function of 
time are made during the second period. By making 
the ionization rate per electron, v, constant through- 
out the diffusion container, the lowest mode density 
distribution is generated during the first period, and 
maintained during the second period when » is zero. 
No data are taken until two milliseconds after the 
ionization ceases. This allows the electrons to come 
to thermal equilibrium with the gas and also insures 
that no higher modes are present during the meas- 
urements. Under these conditions, Eqs. (7) and (8) 
lead to 


Da=Ar2/n1, (9) 


where A; represents the lowest characteristic diffu- 
sion length. Thus the ambipolar diffusion coefficient 
may be determined by measuring the rate of decay 
of charge density in a container of known dimensions. 

From kinetic theory,! the definition of the diffu- 
sion coefficient of a particle in terms of its mean free 
path, /, and velocity, », is 


D= (lv/3)w, (10) 


where the average is over the distribution in velocity 
of the particles 

Equations (4), (9), and (10) suggest the proper 
experimental variations to study. The effect of con- 
tainer size and shape, of gas density, and of the 
electron and ion energy upon measured values of Dz 
will be compared with theoretical predictions. 


EXPERIMENTAL METHOD 


The experimental method consists of measuring 
the mean decay time of charge density in a con- 
tainer of known dimensions by observing the change 
of the resonant wave-length of a microwave cavity 
enclosing the container. Provided that o;eo(2mc/Xo) 
and o,o;, the change in resonant wave-length of a 
cavity due to a complex conductivity within the 
cavity is given by? 


AX/A= (ho—A)/A 


--(n f s:E'do) Jf (4xcec f Ev). (11) 
L 


\ represents the resonant wave-length of the cavity 
with electrons inside; Ao is the resonant wave-length 
of the cavity in the absence of electrons; o; and oa, 
are the imaginary and real parts of the conductivity 
due to the electrons; E is the electric field in the 
cavity; ¢ is the velocity of light, and ¢9 is the 
permittivity of free space. The relation between o; 


1J. Jeans, The Dynamical Theory of Gases (The Cambridge 
University Press, New York, 1921), p. 201. 
2J. C. Slater, Rev. Mod. Phys. 18, 481 (1946). 
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Fic. 2. Position in the coaxial line of a particular minimum of 
the standing wave pattern as a function of wave-length. 


and electron density is given by 
oi= —ner/2rmc, (12) 


where 1 is the electron density, and e and m are the 
charge and mass of the electron, respectively. For 
ambipolar diffusion, where the electron and the 
positive ion densities are nearly equal, the contribu- 
tion to o;, and hence to AX, of the positive ions is 
negligible because of their large mass. Substituting 
Eq. (12) into Eq. (11) and integrating, one finds 
that 

Ad = Cr*H. (13) 


C is a geometrical coefficient which takes into ac- 
count the distribution of electron density and 
electric field in the cavity; 7 is the average electron 
density within the quartz bottle. Thus the electron 
density within the cavity is related to the change of 
resonant wave-length of the cavity. 

The experimental arrangement is shown in Fig. 1. 
Helium of a high degree of purity is introduced in 
the quartz bottle in the cavity. The vacuum system 
used in the experiment is thoroughly outgassed be- 
fore each run. The quartz bottle in which the diffu- 
sion measurements are made is baked at 500°C, and 
a charcoal trap in the system is baked at 200°C for 
several days. For each run, a one liter flask of Air 
Reduction Sales Company spectroscopically pure* 
helium is used. When the system is isolated from the 
pumps by a mercury cut-off, a vacuum of between 
10-7 mm and 10-6 mm is maintained for at least five 
hours (the maximum duration of a run). The helium 
in the quartz bottle is ionized by a 250-microsecond 
pulse from the 10-cm wave-length magnetron. / 
stationary charge distribution is reached during the 
pulse, and densities of the order of 10'° to 10" 
electrons or ions/cc are produced. By placing the 
quartz bottle in the near-uniform field region of the 


3 Mass spectrographic analysis indicates none of the follow- 
ing impurities present within the resolution of the instrument 
(1 part in 10‘): Hz, Nz, O2, COz, A, and Ne. However, the 
manufacturer believes that the contamination may be of the 
order of 1 part in 105. 
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;. 3. Electron-positive ion recombination in helium at 0.039 
ev average energy. 


cavity, a density distribution is generated corre- 
sponding closely to the lowest mode of Eq. (8). The 
magnetron is then turned off for 11 milliseconds. 
The free electrons and ions lose energy by collision 
with gas atoms and come to equilibrium with the 
gas in less than 50 microseconds. Thus their energies 
during the measuring interval are thermal. 

A small continuous signal is fed from the signal 
generator to the cavity. The field produced in the 
cavity by this signal does not appreciably alter the 
energy distribution of the electrons and ions. A 
standing wave pattern is set up in the coaxial line 
connecting the generator and the cavity. At the 
fixed frequency of the signal, the cavity impedance 
changes with time because of the decreasing electron 
density within the cavity. Asa result, the minima of 
the standing wave pattern move along the coaxial 
line. At the time at which the resonant frequency of 
the cavity with residual electrons is equal to the 
signal frequency, the minima occur at so-called 
resonant minimum positions in the line. A probe 
inserted in the line at one of these points will receive 
a minimum signal at the time of resonance and a dip 
will occur on the oscilloscope trace. The method of 
determining the location of these resonant minimum 
positions will be discussed shortly. 

By measuring the time at which resonance occurs 
(as indicated by the dip on the oscilloscope trace) 
for a number of different signal generator fre- 
quencies, the change of resonant wave-length of the 
cavity as a function of time is determined. Equation 
(13) then permits the determination of electron 
density as a function of time from which D, may be 
found. 

The positions of the minima of the standing wave 
pattern as a function of the resonant wave-length of 
the cavity and electrons are determined in the 
following manner : For the coupling between coaxial 
line and cavity used in this experiment, the position 
of a particular minimum of the standing wave 
pattern as a function of wave-length is given by the 
solid curves of Fig. 2. (For a discussion of this sub- 
ject see reference 2.) Curve A represents the mini- 
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mum position when the cavity contains an electron 
density, m1, giving a resonant wave-length, Aj. 
Curve B represents the minimum position when a 
smaller density, m2, is present, giving a resonant 
wave-length, Az. The wings of the curve approach 
the dotted lines when X is very different from the 
resonant wave-length. As indicated in the figure, the 
position of the minimum at resonance falls on the 
dashed curve which is called the resonant minimum 
curve. 

One determines the resonant minimum curve by 
placing a shorting post at the center of the cavity, 
causing the resonant wave-length to be very greatly 
changed. As a result, the point at which the mini- 
mum curve crosses the dashed line is moved com- 
pletely off the graph. The wings of the curve now 
coincide with the dotted lines over the wave-length 
range in which we are interested, The position of the 
minimum is measured as a function of wave-length 
using a slotted section and probe. By adding (or 
subtracting) a distance equal to \/4 to the ordinate 
of this curve, the resonant minimum curve for a 
particular minimum is determined. 


CORRECTION FOR RECOMBINATION 


The experimental measurement of the ambipolar 
diffusion coefficient is complicated by the presence 
of electron-positive ion recombination. Loss of 
particles to recombination may be expressed by 


(14) 


where a is the recombination coefficient. Studies of 
this recombination in neon and argon (where 
ambipolar diffusion loss is secondary to recombina- 
tion loss over the range of experimental variables 
used) indicate that @ is independent of pressure and 
energy at low energies. 

At pressures above 20 mm in helium, the diffusion 
loss, which decreases with increasing pressure, be- 


dn.,./dt = dn_/dt = —anyn_= —an’, 
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Fic. 4. Loss of electrons in helium by recombination and 
ambipolar diffusion. 
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Fic. 5. Variation with pressure of the ambipolar diffusion 
coefficient for helium. 


comes less important than the recombination loss, 
and Eq. (14) represents the principal loss of particles. 
The solution of Eq. (14) is 


1/n=1/no+at, 


where mo represents the electron density at time 
t=0. 

The recombination coefficient may be determined 
by measuring the slope of a reciprocal density versus 
time plot. The density is found by measuring Ad/)? 
as a function of time and substituting in Eq. (13). 
Experimental data are shown in Fig. 3. The value of 
a for helium is 1.7 X10-% (cc/ion-sec.). 

At low pressures and low electron densities where 
diffusion loss outweighs recombination, the rate of 
decay of electron density is given approximately by: 


dn/dt = —(n/r) —an?, (16) 


(15) 


where 7 is the mean decay time due to diffusion. The 
solution of this equation is 


n/(1++-arn) =[mo/(1++-arm) | exp(—t/r), 


where mo represents the density at t=0. Equation 
(17) permits the correction of the data to find 7 and 
hence D,. Figure 4 is a typical experimental curve. 
The upper curve shows the original data while the 
lower curve results when the recombination loss is 
subtracted. The time t=0 was taken 3 milliseconds 
after the ionization ceased. 


(17) 


EXPERIMENTAL RESULTS 


Data of the type shown in Fig. 4 are taken as a 
function of pressure, temperature, and the size and 
shape of the container to complete the study of 
ambipolar diffusion. According to Eq. (10), at con- 
stant energy, the diffusion coefficient is proportional 
to the mean free path; that is, Dap should be con- 
stant. Since the ions and electrons are in equilibrium 
with the gas, we control their energy by keeping the 
gas temperature constant. Figure 5 represents meas- 
urements on two different flasks of Air Reduction 
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Fic. 6. Effect of the variation of the diffusion container size 
and shape upon the measured values of Da. 


Sales Company spectroscopically pure helium. Ex- 
perimentally, Dp is found to be independent of 
pressure within an error of less than 5 percent. The 
absolute magnitude of D,p differs for the two 
samples by 3 percent. 

The measured value of D, should not depend on 
the size or the shape of the container in which the 
diffusion is taking place. Measurements of D, were 
made in three containers whose dimensions are 
given in Fig. 6. Since different samples of helium 
give slightly different values of D, (due to the 
presence of very small amounts of impurity), one 
cylinder was used as a reference, and measurements 
were made using one sample of helium for the large 
and the small cylinder and another sample for the 
large cylinder and the sphere. The results are 
plotted in Fig. 6. At constant energy, the value of 
D,p is found to be independent of pA within 3 per- 
cent, and since Dp has been shown to be inde- 
pendent of pressure, we conclude that the measured 
value of D, does not depend on our choice of A. 

Finally, the energy dependence of the ambipolar 
diffusion coefficient has been studied. Under the 
conditions of the experiment, the electrons and ions 
are in equilibrium with the gas and possess a 
Maxwellian energy distribution so that 
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Fic. 8. Mobility of various positive ions in helium. 


where 7 is the gas temperature. Under these condi- 
tions, Eq. (4) becomes 


Da= (2D4u-)/(u-+u+) = 2D4, 


because us is very much smaller than yu_. Positive 
ions in helium interact with the helium atoms ac- 
cording to an inverse fifth power law of force because 
of the induced dipole of the atom. Jeans‘ has shown 
that the diffusion coefficient for particles obeying 
this law of force is given by 


(19) 


Ds. <%,/N,, 


where iw, is the average energy of the ion and 2, is 
the gas density. This means that the collision cross 
section for positive ions in helium varies as the 
reciprocal of the positive ion velocity. Experimental 
measurements of the collision cross section of posi- 
tive ions in noble gases agree with the theoretical 
prediction.® 

At constant pressure, the gas density varies in- 
versely with the gas temperature so that under these 
conditions 

D,«TF*. 


Experimental data are shown in Fig. 7. The energy 
range is small because of experimental limitations; 
however, the extrapolated curve passes through the 
origin in agreement with theoretical predictions. 


DISCUSSION 


The measured value of Dap at 0.039-ev average 
energy is 540 (cm?/sec.)/(mm Hg). There is good 
agreement between experiment and theory with 
regard to the dependence of D, on pressure, energy, 
and the size and shape of the diffusion container. 

In the early part of the experimental work larger 
values of D, were found, but the measured values of 
D, became smaller as vacuum technique improved. 
We attribute this effect to the reduction of the 
amount of impurity with which the gas samples 
were contaminated by the vacuum system. If the 


4J. Jeans, The Dynamical Theory of Gases (The Cambridge ' 
University Press, New York, 1921), p. 247. 
5C. Ramsauer and O. Beeck, Ann. d. Physik 87, 1 (1928). 
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impurities exhibit electron attachment, they cause 
an additional loss of electrons which will lead to a 
spurious, high value of D,. With present vacuum 
and gas preparation techniques, the impurity in the 
gas samples is not believed to be greater than 1 part 
in 105. If this impurity has an attachment proba- 
bility of 10-* attachments/collision, the effect on 
the measured value of D, is only a few percent. 
Thus, the experiment has been done with what may 
be considered as a pure sample of helium. 

The results of this experiment may help to resolve 
the discrepancy between the theoretical value of 
positive ion mobility in helium calculated by 
Massey and Mohr® and the experimentally de- 
termined value of Tyndall and Powell.? Equations 
(18) and (19) permit the conversion of the measured 
value of D, to positive ion mobility. When our value 
of D, is extrapolated to 760-mm pressure, a value of 
us=13.7 (cm/sec.) per (volt/cm) is obtained. This 
value is represented by the triangular symbol in 
Fig. 8. Massey and Mohr calculate the mobility 
quantum mechanically, including the effect of 
charge transfer between the positive ion and atom 
on close approach, to be 12 (cm/sec.) per (volt/cm). 
Tyndall and Powell’s measured value is 21.4 
(cm/sec.) per (volt/cm). The quantum mechanical 
calculation of Massey and Mohr, omitting the effect 
of charge transfer, leads to a value of 25 (cm/sec.) 
per (volt/cm). Later work by Pearce® and Hoselitz® 
measured the mobility of various ions in helium. 
The results of their measurements are shown in 
Fig. 8. The theoretical value of Massey and Mohr, 
for the case in which charge transfer is neglected, 
lies quite close to the extrapolated mobility versus 
mass curve, as it should, since other ions cannot 
exhibit the charge transfer effect in helium. The 
theoretical value, including the charge transfer 
effect, lies close to both the value determined in the 
present experiment on D,, and to the value of 
mobility which Tyndall and Powell measured in an 
earlier experiment published in 1930.!° 

The explanation of the difference between the 
values obtained in the two experiments of Tyndall 
and Powell is not clear. Their first experiment, in 
which the mobility was measured as 13 (cm/sec.) 
per (volt/cm) involved the generation of ions by a 
particles. The second, in which the value 21.4 
(cm/sec.) per (volt/cm) was obtained, generated 
ions by a point or wire-to-plane glow discharge. 
Brown" has shown that it is possible to generate 
appreciable amounts of He** in the inhomogeneous 
fields of this type of discharge. 


€ Massey and Mohr, Proc. Roy. Soc. A144, 188 (1934). 

7 Tyndall and Powell, Proc. Roy. Soc. A134, 125 (1931). 
8 Pearce, Proc. Roy. Soc. A155, 490 (1936). 

9 Hoselitz, Proc. Roy. Soc.,A177, 200 (1941). 

10 Tyndall and Powell, Proc. Roy. Soc. A129, 162 (1930). 
11S. C. Brown, Phys. Rev. 62, 244 (1942). 





OPTICAL CONSTANTS OF GERMANIUM 


If the effect of charge transfer is neglected, the 
theoretical mobility of He+*+ should be nearly equa] 
to that of Het, since in doubling the charge, the 
mean free path between ion and atom is reduced to 
about half the value for the singly charged ion. On 
the other hand, the effect of total charge transfer 
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between Het+ and He should be nearly absent. 
Therefore, it is suggested that Tyndall and Powell 
may actually have measured the mobility of Hett+ 
in their second experiment, inasmuch as their 
criterion was to select the fastest ion as the one 
which was to be measured. 
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Thin films of germanium have been evaporated on glass, 
quartz, and calcium fluoride slides. The thickness of these 
films ranged from 4X10-* to 110-4 cm. Transmission of 
infra-red light through the films exhibited the usual inter- 
ference phenomena, showing alternate maxima and minima 
as the wave-length was varied. From these maxima and 
minima the index of refraction of the films was determined. 
This index was 4.3 for \ greater than 6X 10-4 cm wave-length. 
It increased to 5.2 at 8.0X10-* cm and then fell off rapidly 
to 2.3 at 4.0X10-* cm. To determine the values of the index 
and extinction coefficients in the visible region where the 
absorption is large, a wedge of germanium was made. Trans- 


I. EXPERIMENTAL RESULTS 


TYPICAL result for a germanium film on 

calcium fluoride is shown in Fig. 1. Here the 
transmission through the film is plotted as a func- 
tion of the reciprocal of the wave-length A in cm. 
The data were obtained with an infra-red spec- 
trometer.! It is seen that seven orders of reinforce- 
ment were obtained before the absorption at 
shorter wave-lengths became too large. Another set 
of results on a thinner germanium film on glass is 
shown in Fig. 2. These results were obtained with 
a quartz spectrometer. Here both the transmission 
through the film at normal incidence, and the 
reflection from the film at 45° incidence are plotted 
against the wave-length \ in cm. Three orders of 
reinforcement are obtained and it is seen that the 
transmission maxima and minima _ correspond 
respectively to the reflection minima and maxima 
as they should. The well-known simple relations 
which govern the position of the maxima and 
minima are: The conditicn for transmission maxima 


(1) 


where 1 is the index of refraction, ¢ the thickness, 
m the order, and \ the wave-length; and the con- 
dition for transmission minimum 

2nt =4(2m+1)/n. (2) 


1 We are indebted to P. P. Debye of these laboratories for 
use of the spectrometer to make these measurements. 


2nt=mx, 


mission was then determined as a function of film thickness 
for several wave-lengths. The values of the optical constants 
in this region were then obtained by comparing these results 
with the theoretical transmission equations. The extinction 
coefficient increased from 0.4 at \=1X10~ cm to 2.8 at 
4=4%X 10-5 cm. The density of the films was determined by an 
interferometric method and was found to be the same as 
bulk germanium. The real and imaginary parts of the dielectric 
constant for germanium are calculated and compared with the 
known results for silicon. The absorption bands for both 
elements are shown to be consistent with the electron band 
structure deduced from their semiconducting properties. 


It is therefore obvious that if one knows the thick- 
ness of the film and the order number m, one can 
calculate the index m for every value of \ for which 
either a maxima or minima occurs. Since the order 
number must be an integer, choice of the wrong 
order number makes a large difference in n. It is 
therefore easy to assign the correct order numbers 
if data are available on films of several thicknesses. 

If the films are uniform in thickness and the 
density of the films is known, one can determine 
the thickness by weighing the films. The slides on 
which films of germanium were deposited were 
weighed before and after deposition of the film, 
and the area of the film was determined in each 
case. The uniformity in thickness of a film was 
determined by choosing a particular wave-length 
and measuring the transmission through different 
parts of the film. Since d is fixed, ” should be the 
same for all parts of the film, and therefore, if the 
thickness varies, the order m in Eq. (1) must vary. 
The percentage variation in the thickness of the 
film can be determined from the change in order: 


At/t=Am/m, (3) 


where ¢ is the thickness and m the order for a 
particular spot on the film, and A¢ is the change in 
thickness for a given change Am in order as the 
position on the film is changed. By making such 
measurements on a single film for two different 
wave-lengths, the interpretation could be made 
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Fic. 1. Percent transmission vs. the reciprocal of the wave- 
length for a germanium film, 9.0 10-* cm thick on a fluorite 
slide. 


unambiguous. As might be expected for films 
evaporated from finite sources, considerable vari- 
ation in thickness was found over the area of the 
films, of the order of 20 percent on some of the first 
films. It was found possible, however, by using four 
properly spaced sources, to make films with less 
than 5 percent variation in one direction across the 
film, and less than 10 percent in a direction normal 
to that. Then, with the spectrometer slit parallel to 
the direction of least variation, accurate measure- 
ments could be taken over an area of the film that 
was quite uniform in thickness, and moreover, the 
actual thickness of this area could be determined if 
the weight, density, and percentage variation in 
thickness along the film were known. Thus, the 
index could be determined for this film for various 
wave-lengths, and then using wave-lengths in this 
same region, one could in turn determine the correct 
effective thickness for all the other less uniform 
films. 

The density of a typical film was measured in 
the following manner. A film of germanium was 
evaporated on a glass slide? so arranged that a 
small section in the center of the slide was left bare. 
The area of the glass covered with germanium was 
measured carefully. The slide was weighed both 
before and after evaporation to determine the 
weight of the germanium. An additional film of 
germanium was then evaporated over the whole 
surface of the slide just to make the reflection from 
all parts of the surface uniform. Another blank 
glass slide was then placed on top of the first slide 
while both slides were immersed in water. The 
combination was then examined in sodium light. 
The shift in the fringes could be observed between 
the region where the first germanium film was on 
the glass and where only the second germanium film 


2 The four-source method was used here to give a film of 
uniform thickness. 
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was on the glass, thus enabling one to determine 
the thickness of the first germanium film, and from 
its area and weight, the density. The area covered 
by the first film was 9.7 cm.® The fringe shift was 
4.25 fringes of sodium light (A=5.9X10-5 cm) in 
water (the medium between the two glass slides) 
giving a thickness of 9.4X10-> cm. The weight of 
the film was 4.83X10-* gram. This gives 5.3 for 
the density of the film, agreeing with the bulk 
density of germanium. All films were therefore 
assumed to have the bulk density. 

In order to determine both the index m and the 
extinction coefficient & for these films in the region 
of wave-length 3.5X10-> to 710-5 cm, where the 
absorption is so large that interference maxima and 
minima are not easily seen, a germanium wedge was 
evaporated on a glass slide using a two-source 
arrangement to assure that the thickness was uni- 
form to at least 5 percent across the wedge. The 
variation in thickness with distance along the 
wedge was determined by getting the change in 
order with distance for several wave-lengths in the 
range 8.0X10-> to 2.010 cm. The relation 
between thickness and distance that was found is 
shown in Fig. 3. The transmission vs. thickness was 
then determined for each of four wave-lengths 
3.65 X10-°, 4.3610->, 5.0210-, and 6.810-> 
cm. These results are shown in Fig. 4. The solid 
curves represent the experimental results; at least 
20 points were taken for each curve. The circles are 
from theoretical calculations and will be discussed 
later. The results for the shorter wave-lengths ap- 
proximate the simple case where the transmission is 
just an exponential function of the thickness, and 
the logarithm of the transmission vs. the thickness 
should give a curve which is a straight line with a 
slope which determines the value of the extinction 
coefficient k. Deviations from such a linear relation 
are, however, apparent for the 3 longer wave- 
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Fi. 2. Reflection and transmission vs. wave-length for a ger- 
manium film, 3.9 10-5 cm thick on glass. 


* This method was suggested by W. Shockley of these 
Laboratories. 
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lengths, and for the case of \=6.8X10- cm these 
deviations are very pronounced. As will be seen in 
the next section, the index m and the extinction 
coefficient k can be determined from these curves. 

Before closing this section, a few more of the 
experimental details should be mentioned. The ger- 
manium was evaporated from tantalum boats. Care 
was taken to load the boats uniformly. In each case 
more germanium was put in the boats than was 
used in depositing the film. The germanium was of 
the high purity type used for making point contact 
rectifiers. The slides were heat treated to approxi- 
mately 400°C before depositing the germanium, 
and each germanium film was heat treated to 
approximately the same temperature after deposi- 
tion. Both of these operations were performed in 
vacuum. The pressure during deposition was less 
than 10-> mm of Hg. The weight of the germanium 
films was of the order-of milligrams. The weighing 
was done on a balance good to 0.05 milligram. 
Slides were generally heat treated in vacuum and 
then weighed before deposition to eliminate weight 
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Fic. 3. Thickness contour of germanium wedge on glass. 


loss due to removal of adsorbed films. As another 
check on the variation of index with density of 
film, one slide was made in which the germanium 
was deposited when the slide was at a temperature 
of 150°C. Transmission measurements were then 
made on the film. After this it was put back in 
vacuum and heat treated to 400°C and taken out 
and measured again. The results of this test are 
shown in Fig. 5. They correspond to a shift in 
index of about 3 percent probably due to an increase 
in density on heat treatment. This result indicates 
that there was no large density change due to heat 
treatment. 


II. THEORY 


Starting from Drude’s equation for transmission 
of light in various media, Barnes and Czerny® have 


4H. C. Torrey and C. A. Whitmer, Crystal Rectifiers 
(McGraw-Hlil Book Company, Inc., New York, 1948). 

5 R. B. Barnes and M. Czerny, Phys. Rev. 38, 338 (1931). 
See also T. C. Fry, J. Opt. Soc. Am. 22, 307 (1932); and 
A. W. Crook, J. Opt. Soc. Am. 38, 954 (1948). 
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Fic. 4. Transmission vs. thickness for several wave-lengths 
obtained for germanium wedge. 


worked out the equations for reflection at normal 
incidence from a film of index m, extinction coef- 
ficient k, and thickness ¢ immersed in a medium of 
index m,. Our case is more complicated. We have 
first air, then the film, and then the glass, quartz, 
or fluorite as the case may be, and then air again. 
It was decided that the approximation would be 
sufficiently good if the last interface between the 
slide and the air were neglected. The problem then 
involves air of index m;=1, the film, of index x, 
extinction coefficient k, and thickness ¢; and the 
slide of index m2. Working out the correct boundary 
conditions for this case, one gets the two equations 
for reflection and transmission at normal incidence. 


Er ™ (1 —a)(1+b)e—?+ (1+¢a)(1—b) et? “a 
Er (1+a)(1+5)e-?+(1—a)(1—b) et? 
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Fic. 5. Dependence of transmission on heat treatment of a 
germanium film, 3.7 X 10-5 cm thick on glass. 
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and 
4 ¢ip2 


Er 


Er (1+a)(1+0)e?+(1 —a)(1—b)etiv’ 
where 





a=(n—tk)/m, 
p=(2nt/dr)(n—ik), 


b =n2/(n—tk), 
po= (2at/d)n2; 





El? _rvL(e*— (01/1) €*)? +4 (01/71) sin*(y-+ 3 (pi — 61)) J 


BRIGGS 


t is the thickness, \ the wave-length in a medium of 
index 1, and £;, Er, and Ep are the incident, trans- 
mitted, and reflected amplitudes, respectively. 
Multiplying by the complex conjugate in each case, 
one obtains (R) the fraction of the power reflected, 
and (7) the fraction transmitted as follows. 


(6) 





Er 


No Er|? 


PL (e*— (/r)e*)? +4 (p/r) sin?(y+3(e—4)) ] 


162 12(n?-+ k?) 


(7) 





nN, Er 


where 


r?=[(m+n)?+k lL (m2+n)?+k? ], 
p?=[ (m1 —n)?+k ]L(m2—n)? +h? ], 
ry? =[(m—n)?+k? ][ (m2+n)?+h? ], 
pr? =((mi+n)?+k* ][(m2—n)? +k? ], 
tang=[—k(2n+m1+22) |/[(m1+27)(n2+n) —k? ], 
tan@=[ —k(2n—,—n2) |/[(m1—n) (m2—n) —k? ], 
tang;=[—k(2n—m1+m2) |/[(n—11)(n+n2) —k*], 
tan@,=[ —k(2n+m1—n2) |/[ (n+) (n—n2) —k*], 
x=(2rkt/X) and y=(2ant/d). 


In Eq. (7) the nominal result has been multiplied 
by m2, and divided by m1, to compensate for the 
fact that the ratio of the transmitted power to 
incident power is not equal to the square of the 
absolute magnitude of the ratio of the amplitudes, 
when the amplitudes are measured in media of 
different index of refraction. 

When & is small or zero, Eqs. (6) and (7) become 
much simpler. The phase angles become zero, and 
from Eq. (7) one can verify at a glance that T will 
be a maximum when sin’y is zero and a minimum 
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Fic. 6. Index of refraction and extinction coefficient vs. 
wave-length, for germanium, experimental points with smooth 
curves drawn through them. 
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when sin*’y=1, giving Eqs. (1) and (2), respec- 
tively. Also when & is large so that the e~* and the 
sin?’y terms in the denominator of (7) can be neg- 
lected in comparison with e¢*, one gets the well- 
known transmission formula, 


T=A exp(4xkt/a), (8) 


where 


A =[16m.n2(n?-+-k?) ]/r’. 


For all cases in between these two limits, it is 
necessary to use the complete equation. It is fairly 
obvious that when this is necessary, it is easier to 
keep the wave-length fixed and vary the film 
thickness ¢, and look for one 7 and one & that will 
fit the data, than it is to work with a fixed thickness 
t and vary the wave-length which means finding a 
different value of » and k for each wave-length. 
This is the reason that the wedge described in 
Section I was made. The circles shown in Fig. 4 are 
calculated from Eq. (7) using the values for » and 
k that were found to give the best fit in each case. 
For example, consider the results for \=6.8X10-5 
in Fig. 4. After several trials the values k=1.3 and 
n=5.15 were found to be approximately right. 
Substituting these values into Eq. (7) one gets the 
specific equation for this case, 


T =0.375/[(e#—4e-*)?+1.6 sin?(y+0.135) ], . (9) 


where x= 1.210% and y=4.76X10*. The fit that 
can be obtained is quite sensitive to the values of 
n and k used. A ten percent change in either ” or k 
would make the fit very poor. It should also be 
mentioned that it would be quite impossible to fit 
these data if account had riot been taken of the fact 
that the index of the slide was different from that 
of the air. 


III. SUMMARY AND CONCLUSIONS 


Using the experimental data from all the ger- 
manium films that were measured and Egs. (1) 
and (2), or when necessary Eq. (7), values of 
and k were determined as a function of wave-length 
\. These results are shown in Fig. 6. The open 
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circles are the separate determinations of m and 
likewise the solid points are the values of k. The 
solid lines are simply smooth curves drawn through 
the experimental points. The only other data on 
the optical constants m and k for germanium were 
taken by O’Bryan.® His values of range from 2.85 
at A\=4.046X10- to 3.42 at \=5.78X10-5, and 
the respective values of k are 1.67 and 1.35. The 
values of m are the same order as ours in the range 
we covered, but they do not vary as rapidly with 
wave-length, and his values of k are considerably 
smaller than ours. We do not know how to explain 
these differences. His method involved measure- 
ments of reflection at other than normal incidence, 
whereas our results in this region involve the actual 
transmission through the germanium film at 
normal incidence. 

Having values for m and & at all wave-lengths 
such as shown in Fig. 6, it should be possible to 
calculate from Eq. (7) the actual shapes of the 
transmission vs. wave-length curves for any of the 
germanium films we measured. This was done for 
one film which was found to be quite uniform in 
thickness. In this case, the transmission through the 
germanium film and its glass backing was compared 
with the transmission through a blank glass slide to 
eliminate, as nearly as possible, the effect of the 
glass air interface that has been neglected in Eq. (7). 
The results are shown in Fig. 7. The experimental 
points are shown with a smooth curve through 
them, and for comparison, the points calculated 
from Eq. (7) are shown as circles. The agreement is 
good and it can be said that the values of the optical 
constants ” and k obtained for these films explain 
the intensity relations as well as the position of the 
maxima and minima. 
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Fic. 7. Comparison of calculated (circles) and experimental 
results (smooth curve) for transmission through a germanium 
film, 3.4X10-> cm thick on glass. 


6H. M. O’Bryan, J. Opt. Soc. Am. 26, 122 (1936). 


TABLE I. Reflecting power of germanium. 








R for 
bulk surface 


R for 
R calculated thick film 
0.39 
0.39 
0.42 
0.43 
0.47 
0.48 
0.48 
0.48 
0.46 
0.45 
0.47 
0.52 


Wave-length 


107% 
5X 10-4 
2x 10-4 
1.510 
1.0x 10 
9x 10-5 
8x 10-5 
7X10-5 
6x 10-5 
5X 10-5 
4.5X 1075 
4.0 10-5 
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As another check on the values we have obtained 
for m and k, the reflection coefficient for a thick 
germanium film was calculated for these values. 
These results were compared with experimentally 
determined values of reflection coefficient obtained 
for near normal incidence on a polished sample of 
bulk germanium and a thick germanium film. It is 
difficult to obtain good data on reflection coef- 
ficients. The experimental data were taken by 
comparing the reflection from germanium with that 
from an evaporated aluminum film. No correction 
was made for reflection loss at the aluminum sur- 
face. The data are given in Table I. The agreement 
is not perfect but does indicate that the reflection 
from bulk germanium is approximately the same as 
that from the germanium film, and that these 
results are of the same order as calculated. 

All these results indicate that the values of m and 
k obtained are characteristic of these germanium 
films, and there is no reason to think that they are 
not also characteristic of bulk germanium. 

The results that have been obtained are a typical 
example of how the optical constants m and k vary 
in the region of a well defined absorption band. The 
absorption band in this case is due to the excitation 
of electrons from the filled band in germanium to 
the empty conduction band by absorption of the 
incident radiation. 

From the values of ” and & one can calculate the 
real and imaginary parts of the dielectric constant 
n*>—k? and 2nk, respectively. The real part n?—k? 
is shown in Fig. 8, and the imaginary part 2nk is 
shown in Fig. 9. It is interesting to compare these 
results for germanium with another similar case. 
The optical constants for silicon have been mea- 
sured by several observers,’ and the real and 
imaginary parts of its dielectric constant are also 
shown in Figs. 8 and 9, respectively. It is seen that 
the curves are quite similar in shape. The main 
differences are in magnitude and in the wave-length 
at which the absorption occurs. Silicon and ger- 


7E. O. Hulburt, Astrophys. J. 42, 222 (1915); G. Pfestorf, 
Ann. d. Physik 81, 906 (1926). 
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Fic. 8. The real part of the dielectric constant for silicon and 
germanium vs. wave-length. 


manium both have the diamond lattice structure, 
the atoms in each case being held together by 
covalent bonds (filled band). The absorption occurs 
when a quantum of light has sufficient energy to 
remove an electron from one of these bonds. This 
minimum energy can be estimated from the wave- 
length at which absorption sets in. From Fig. 9 
these wave-lengths are approximately \=1.0 10-4 
cm for silicon, and \=1.6X10-* cm for germanium, 
corresponding to energies of 1.2 and 0.77 equivalent 
electron volts, respectively. These values are to be 
compared with the values determined from the 
intrinsic electrical conductivity of silicon and ger- 
manium (thermal excitation of electrons from the 
covalent bonds to the conduction band), namely 1.1 
and 0.76 electron volts.t The asymptotic value of 
the dielectric constant at long wave-lengths, 12.5 
for silicon and 18.5 for germanium, are important in 
the theory of the impurity conductivity in these 
semiconductors. 

Mention should be made of the fact that the real 
and imaginary parts of the dielectric constant are 
not independent. If either part is known for all 
wave-lengths, the other part is also determined for 
all wave-lengths.’ While the data here are not quite 


8H. W. Bode, Network Analysis and Feedback Amplifier De- 
sign (D. Van Nostrand Company, Inc., 1945), Chapter XIV. 
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Fic. 9. The imaginary part of the dielectric constant for silicon 
and germanium vs. wave-length. 


that inclusive, the relation is such that an approxi- 
mate check can be made for internal consistency of 
the data in Figs. 8 and 9. It was found that the 
data for silicon were quite consistent, but for 
germanium there was evidence of a considerable 
inconsistency. The indications were that, for \ less 
than 10~* cm, either the experimental values of k 
are too small or the rate of change of » with wave- 
length is too large, and that the discrepancy could 
not be resolved without extending the wave-length 
range to smaller wave-lengths and taking more 
data. Since there is little likelihood that we will be 
able to do this in the near future, it was thought 
best to published the data we now have. There is 
little question about the essential correctness of the 
results for \ greater than 1X10~ cm, and it is not 
impossible that a peculiar behavior in the absorp- 
tion in germanium at still shorter wave-lengths 
would explain the present inconsistency. 

The authors wish to thank F. S. Goucher for his 
interest and help in connection with the experi- 
mental work, and R. H. Dietzold of these Labora- 
tories who helped in resolving the mathematical 
difficulties involved in the theory. 
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Continuous X-Ray Spectrum from 8A to 14A* 


S. T. STEPHENSON AND F. D. Mason 
Washington State College, Pullman, Washington 
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The continuous x-ray spectrum has been studied at voltages from 1.1 kv to 2 kv and at wave- 
lengths from 8A to 14A using a vacuum single crystal Geiger counter spectrometer. The measure- 
ments were corrected for window absorption and counter efficiency but were not corrected for ab- 
sorption in the target or for the reflecting power of the crystal. The total intensity in the continuous 
spectrum, as measured and partially corrected, is found to be proportional to the atomic number 
of the target, a result similar to results obtained for shorter wave-lengths, but the total intensity is 
not proportional to the square of the voltage applied to the tube. The shapes of the curves approach 


the shape to be expected from a thin target. 





INTRODUCTION 


MONG the earlier experimental investigations 

of the energy distribution in the continuous 
x-ray spectra of various elements were those made 
by Ulrey,! whose curves have been reprinted many 
times in textbooks on x-rays, and those of Behnken,? 
Dauvillier,? Wagner, Wagner and Kulenkampff,5 
Kulenkampff,® and Kirkpatrick.’ The curves given 
by Ulrey were presented without correction al- 
though the data were sufficiently complete to allow 
Pike® to compute some pertinent corrections at a 
later date. Kirkpatrick’s work covered the region 
from 0.4A to 1A and included corrections for: 
superposition of higher orders, incomplete absorp- 
tion by the ionization chamber, absorption by the 
tube wall and ion chamber window, and variation 
of the reflecting power of the crystal. Kulenkampff 
carried out a thorough study in the range 1A to 
2.8A making correction for absorption in the target 
in addition to the corrections made by Kirkpatrick. 
A survey of all the literature cited indicates that 
the total energy in the continuous spectrum is 
approximately proportional to the atomic number 
of the target and to the square of the voltage 
applied to the x-ray tube. There seems to be little 
general agreement as to the specific nature of the 
shape of the curve or the position of the maximum. 
Kulenkampff found empirically that the expression 


a 


represented his experimental data fairly well, 
where J, is the intensity at any wave-length X, Z is 


* This work was carried out under contract with the U. S. 
Navy, ONR. 

1C, T. Ulrey, Phys. Rev. 11, 401 (1918). 

2H. Behnken, Zeits. f. Physik 3, 48 (1920). 

3A. Dauvillier, Ann. de physique 13, 49 (1920). 

*E. Wagner, Physik. Zeits. 21, 621 (1920). 
a om). Wagner and H. Kulenkampff, Ann. d. Physik 68, 369 

6H. Kulenkampff, Ann. d. Physik. 69, 548 (1922). 

7P. Kirkpatrick, Phys. Rev. 22, 37 (1923). 

8 Eugene W. Pike, J. App. Phys. 12, 206 (1941). 
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atomic number, Ao is the minimum wave-length 
present, and C and B are constants, with B so small 
that the last term is much smaller than the first. 
Differentiating the equation for J, in order to find 
the wave-length of maximum intensity we find 


3Xo 


Amax = (2) 
2(1+BZy./C) 





in agreement again with Kulenkampfi’s data. If 
B is small, Amax=3A0/2 which is the empirical 
formula proposed by Dauvillier. Kirkpatrick, how- 
ever, found Amax=Rk+k’Xo where & and k’ are two 
different constants. 

The most successful of the earlier theoretical 
attempts to arrive at an expression for the intensity 
as a function of the wave-length was made by 
Kramers® using an application of the ideas under- 


lying Bohr’s correspondence principle. Kramers 
obtained 
CZ 
Ih=—(1/d0-1 /) (3) 
2 


for the intensity from a thick target where C could 
be determined from fundamental constants and the 
tube current. This expression leads directly to 
Amax = 30/2. The total intensity should be propor- 
tional to the atomic number of the target and the 
square of the applied voltage, according to Kramers. 
An application of quantum mechanics to the 
problem was made by Sommerfeld.!° The results 
of the quantum-mechanical calculations have been 
made available by Kirkpatrick and Wiedmann" in 
a form more suitable for comparison with experi- 
ment. They show that the total intensity should be 
roughly proportional to the atomic number of the 
target and the square of the applied voltage. 

It should be emphasized that most of the experi- 
mental work has been carried out at voltages of 


9H. A. Kramers, Phil. Mag. 46, 836 (1923). 

10 A, Sommerfeld, Ann. d. Physik 11, 257 (1931). 

iP, Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 
(1945). 
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Fic. 1. Intensity in arbitrary units as a function of wave-length 
in Angstroms (8.5 to 15 kv in air uncorrected). 


20 kv to 70 kv and at wave-lengths extending out 
to 1A as an upper limit. The lowest voltages, 7-12 
kv, and longest wave-lengths were used by Kulen- 
kampff but the upper wave-length limit was only 
2.8A. The present paper is based upon data taken 
with a vacuum x-ray spectrometer at voltages from 
1.1 kv to 2 kv and at wave-lengths extending out 
as far as 14A. The reason for the present study was 
to see whether the intensity in the continuous x-ray 
spectrum depends upon atomic number, voltage, 
and wave-length, in the same fashion as outlined 
earlier in this introduction when the wave-length 
is extended by a factor of five and the voltage is 
reduced by a factor of five. The vacuum x-ray spec- 
trometer described in this paper was designed for 
x-ray spectroscopy of the solid state, and it is 
important to know the nature of the continuous 
radiation at the long wave-lengths used in such a 
study. This is especially true for absorption mea- 
surements where one wishes to choose the target 
which will give the strongest radiation in the 
region being studied. The experiments and theories 
already outlined, if extrapolated to long wave- 
lengths, predict the use of targets with large atomic 
number for obtaining maximum intensity. One 
cannot be sure of this extrapolation, especially 
when one considers the observation of Munier, 
Bearden, and Shaw” that, at the isolated wave- 
length of 10A, the radiation from an Al target 
was 30 percent stronger than the radiation from a 
W target. Further doubt is cast on the extrapolation 
because some of Kulenkampff’s curves for different 
atomic numbers actually cross over one another in 
the region 2.5A to 2.8A, and the question arises as 
to whether this behavior is real or is entirely caused 
by characteristic absorption in the target. 


EXPERIMENTAL 


A vacuum x-ray spectrometer" was constructed 
for the purpose of making either single or double 
crystal measurements in the region out to 15A. The 
double crystal arrangement is of the Ross!* type 

12 Munier, Bearden, and Shaw, Phys. Rev. 58, 537 (1940). 


13S, T. Stephenson and F. D. Mason, Phys. Rev. 72, 744 


(1947). 
144 P, A. Ross, Rev. Sci. Inst. 3, 253 (1932). 


with the x-ray tube target and the axis of crystal B 
stationary. Crystal A, on a table halfway between, 
is moveable on ways perpendicular to a line joining 
the target to the axis of crystal B. A Geiger counter 
rotates around the axis of crystal B. This arrange- 
ment is laid out on a steel base plate 233 inches in 
diameter and 7 inch thick. A large Pyrex bell jar 
with inner diameter 18” fits over the spectrometer 
assembly and rests on the base plate compressing 
a lightly greased Koroseal gasket. 

For the experiments herein described, crystal A 
was replaced by a slit system on the line joining 
the target and the axis of crystal B. Thus the 
vacuum spectrometer becomes a single crystal 
spectrometer of the simple Bragg type working 
under an evacuated bell jar. Two slits of 0.4-mm 
width were used with a distance between slits of 
8 cm. The first slit was 6 cm from the target and the 
second slit was 6 cm from the axis of crystal B. The 
mica crystal was mounted so that the reflecting 
planes were the cleavage planes with a grating 
space of 9.9A. The slit for the Geiger counter was 
6 cm from the crystal and was 1 mm wide. The 
crystal and Geiger counter can be turned inde- 
pendently from outside the spectrometer or they 
can be locked together in such a manner that the 
counter sweeps through twice the angle of the 
crystal. 

The Geiger counter presents peculiar difficulties 
in a vacuum spectrometer because the window must 
be very thin and yet must be capable of withstand- 
ing an excess pressure from outside when there is 
air in the spectrometer and an excess pressure from 
inside when the spectrometer is evacuated. The 
metal counter described below has been found to be 
satisfactory. The window of 0.008-mm Al foil was 
sandwiched between two brass pieces which had 
been drilled with a series of 33-inch holes forming a 
grid 2 mm X10 mm. The window was sealed with 
Picein wax and squeezed tightly in its sandwich by 
six screws. A window so supported has withstood 
over one hundred evacuations of the spectrometer 
without rupture. The Geiger tube was evacuated and 
torched mildly. The counter was designed to permit 
flashing of the central wire although this procedure 
seemed to make but little difference in the final 
performance. The counter was filled with 9 cm (Hg 
pressure) of argon and 1 cm of absolute alcohol 
vapor, and then sealed off. The threshold was 765 
volts and a reasonably good plateau extended to 
900 volts. The counter was operated at 840 volts 
using a commercial Cyclotron Specialties Company 
preamplifier, scaler, and mechanical counter. Auto- 
matic recording could be used when the intensity 
was sufficiently great by feeding the scaler output 
through a frequency meter to a pen and ink re- 
corder. During automatic registration the crystal 
and the Geiger counter were locked together in 





ae a ae ee ee ee a a a oe” lll lll 


a i Sl 








angular ratio of 1 to 2 and were driven slowly by a 
synchronous motor through a worm gear. Actually, 
because of low intensities, all the data collected in 
this study in the range 1.1 kv to 2.0 kv were taken 
by counting at least one thousand counts for each 
point and running each curve several times. 

The water-cooled post which supports the x-ray 
tube target fits into the steel base plate through a 
ground cone and can be removed readily. Target 
blocks of Cu and Al were machined and threaded to 
match threads cut on the top of the target post. The 
target of W was prepared by sinking a W button 
into a copper block which was threaded to fit the 
target post. All target blocks were of identical 
geometry so that there would not be any variations 
in the electric field between different targets and the 
filament to cause variation in the focal spot and 
spurious intensity changes. As an added precaution 
the target faces were viewed edge on so that the 
entire 3-mmX8-mm focal spot, which lay in a 
vertical plane, would always see the crystal through 
the slits. The filament was of W partly enclosed in 
a hemi-cylindrical shield of Ni suspended from a 
ground glass seal at the top of the x-ray tube. The 
x-ray tube envelope was a bell jar within the main 
bell jar and consisted of a four-inch diameter Pyrex 
cylinder resting around the target post on the base 
plate. A hole 6 mm in diameter in the Pyrex cylinder 
opposite the focal spot permitted passage of the 
x-rays into the rest of the spectrometer. This hole 
could be covered with a foil for vacuum testing but, 
for the runs described herein, the hole was left 
uncovered. The x-rays emerged at right angles to 
the direction of the electrons striking the target. 

The main bell jar and the x-ray tube were 
pumped by two separate pumping systems. An oil 
diffusion pump of 250 liters per second capacity 
was fastened directly beneath the bell jar and was 
backed by a Hypervac fore pump. The x-ray tube 
was pumped through a cold trap by another oil 
diffusion pump of similar capacity backed by a 
Duoseal pump # 1405. 

In the course of normal operation the x-ray target 
became fouled with a blackish deposit which ap- 
peared in a matter of minutes after the high voltage 
was turned on. Most of the runs made to determine 
the general shape of the continuous spectrum and 
its dependence upon the voltage across the tube 
were taken with well-coated targets. A target was 
considered to be well-coated after further running 
showed no change in the intensity of the x-rays 
produced. However, it was obviously impossible to 
obtain the dependence of the continuous spectrum 
upon atomic number with coated targets. Many 
schemes were tried in order to eliminate the coating 
for a period long enough to obtain readings on Al, 
Cu, and W targets at a few wave-lengths in this 
region. At first the oil in the diffusion pumps was 
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suspected as the source of the deposit, but the 


did not reduce the coating. A separate mercury 
pumping system for the x-ray tube failed to elim- 
inate the deposit. The scheme described below 
reduced the deposit to such an extent that it was 
barely perceptible at the end of the first hour of 
running, which was sufficient time to make readings 
at several wave-lengths. Hillier’ has suggested that 
deposits of this kind come: (a) from organic material 
diffusing out to the surface of the target being 
bombarded by the electrons; and (b) from vapors 
of the organic material present in the vacuum 
chamber, i.e., greases, pump oils, greasy surfaces 
of metal parts, etc. Accordingly, the target blocks 
were pre-heated for an hour in a quartz furnace 
at about 600°C and at a pressure of less than 0.1 
micron before introduction into the spectrometer. 
This treatment removed organic impurities from 
the target. The target post was turned through 180°, 
thus placing the back side of the target opposite 
the filament, and the tube was run at regular volt- 
age for about 20 minutes. A small deposit im- 
mediately formed on the back of the target but did 
not grow in magnitude. This treatment tem- 
porarily cleaned up the organic vapors from the 
vacuum chamber. The x-ray target was then 
turned back into proper position and remained free 
of coating for about an hour. 

Power was supplied by an army radar power 
supply, Model RA 38, capable of furnishing up to 
500 milliamperes current at voltages ranging from 
300 volts to 15,000 volts. The output of the four 
rectifying tubes was smoothed by condensers and 
by an inductance so that the ripple was about one- 
half percent. All electrical power was supplied 
through a commercial voltage regulator capable of 
holding fluctuations to about one percent. Measure- 
ment of the potential applied to the x-ray tube was 
made to one percent using a meter in series with a 
high resistance. Currents from 5 to 80 milliamperes 
were used depending upon intensity requirements. 
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Fic. 2. Intensity in arbitrary units as a function of wave-length 
in Angstroms (1.11 to 2 kv in vacuum uncorrected). 


"8 J. Hillier, J. App. Phys. 19, 226 (1948). 
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TABLE I. Intensities observed for clean targets 
at 1.6 kv and 40 ma. 








Intensity in counts/sec. at 











Element Atomic number 9.1A 12A 
Al 13 as 1:5 
Cu 29 14.0 
W 74 30.0 8.0 

RESULTS 


The spectrometer assembly was tested by re- 
placing the x-ray tube with a commercial, tungsten 
target tube and by running some curves in air at 
voltages ranging from 8.5 kv to 15 kv. These curves 
are reproduced without correction in Fig. 1 and are 


_ similar to curves shown by Kulenkampff for this 


region. The point of maximum intensity is close to 
1.5X9 and the areas under the curves are propor- 
tional to V*. These curves constitute a test of the 
proper functioning of the spectrometer parts but 
contribute no new information. 

Following this test the vacuum spectrometer was 
used for many runs on the continuous spectra from 
well-coated targets at voltages from 1.11 kv to 
2.0 kv. The K edge of the Al window in the Geiger 
counter appears at 7.94A and at voltages above 
1.55 kv and renders a determination of the shape 
of curves above 1.6 kv practically impossible. For- 
tunately the M series lines for tungsten are not 
excited at voltages below 1.9 kv and the L series 
lines for copper are at too long a wave-length to 
disturb the measurements. A typical set of curves 
is shown in Fig. 2. These curves are uncorrected 
except for counter and x-ray background and cover 
the range 8A to 13A. Occasionally points were 
taken to 14A. All experimental points are not shown 
but those presented are typical. The tube current 
was kept constant in all cases. A similar set of 
curves partially corrected as described below is 
shown in Fig. 3. It was not considered that cor- 
rection factors were known accurately enough to 
correct beyond 13A. Corrections were applied as 
follows: (1) Tae amount of absorption in the Al 
window of the counter and in the dead gas space 
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Fic. 3. Same as Fig. 2 but partially corrected. 
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between the window and the counting region was 
calculated using absorption coefficients taken from 
Appendix IX of Compton and Allison.'* (2) The 
efficiency of the counter was calculated from the 
percent of radiation absorbed by the known 
amounts of argon and alcohol vapor in the counter. 
Since all measurements were made with wave- 
lengths too long to excite the characteristic argon 
radiations, this calculation of the efficiency should 
be accurate. (3) A multiplying factor involving the 
frequency was used since a quantum causes a count 
independent of the energy of that quantum. An 
order correction was not necessary since the runs 
were cut off before any second-order radiation 
entered the counter. The curves were not corrected 
for any variations in the reflection coefficient of 
mica because no data were available on the reflec- 
tion coefficient of mica in this region. The curves 
were not corrected for absorption in the target 
itself. 

In order to obtain accurate data on uncoated 
targets of W, Cu, and Al, the target blocks were 
vacuum fired as described above and the spectrom- 
eter was set at either 9.1A or 12A and readings 
taken at 1.6 kv and 40 ma (except that 12A for Cu 
was not done). The readings were made as soon as 
possible after turning up the high voltage and were 
continued for several minutes to note any trend 
caused by a coating. The intensity for the target 
of W gradually decreased while Al and Cu gradually 
increased. These curves were extrapolated to zero 
time to obtain a value characteristic of the pure 
metal. This extrapolation was quite accurate, since 
the coating caused a very slow change with time. 
The extrapolated values are presented in Table I. 
The coating did not become even faintly visible to 
the eye until after-an hour had elapsed. Enough 
points were obtained with clean targets at wave- 
lengths other than 9.1A and 12A to indicate that 
the general shape of the curves for the pure metals 
was the same as is shown in Figs. 2 and 3 for a 
coated target. 


‘ DISCUSSION 


A comparison of the curves of Fig. 1 with those 
of Fig. 2 reveals a very definite shift in the shapes 
of the curves if due cognizance is taken of the 
position of the point of zero wave-length. Whereas 
the high voltage curves of Fig. 1 and those of other 
investigators'~’ reach a maximum at approximately 
1.5 Ao, the low voltage curves in the region 1.1 kv 
to 2 kv reach a maximum at approximately 1.05 Ao 
to 1.2 Xo (see Table II) and are evidently approach- 
ing the shape often assumed to be representative of 
a thin target in which the intensity rises immedi- 
ately to a maximum at Xp and falls off thereafter as 


16 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, New York, 1935). 








1 | 


a a tA ot te Th Om SM ADO et et Ot COCO 


= OO DO mw 


> = t 





CONTINUOUS X-RAY SPECTRUM 1715 


TABLE II. The ratio of the wave-length of maximum intensity 
to the cut-off wave-length, \max/o. 











Kilovolts Uncorrected Fig. 2 Partially corrected Fig. 3 
1.4 1.05 1.05 
1.25 1.1 il 
1.4 a3 y By 
1.6 1.15 42 








1/\*. This general behavior might be expected if 
one considers the continuous spectrum from a thick 
target to be made up of a summation of the con- 
tributions of a number of thin targets. The con- 
tribution from each succeeding layer will decrease 
because of absorption of the electrons as they go in, 
and of the x-rays as they come out. At the low 
voltages used here the electrons do not penetrate 
far, and at these long wave-lengths the x-rays are 
strongly absorbed; thus the thick target spectrum 
is the sum of relatively few thin target contribu- 
tions, each largely attenuated by electron and 
x-ray absorption. Consequently, at the lower 
voltages the thick target spectrum should approach 
the thin target spectrum?’ and this is observed. 

The formula (2) given by Kulenkampff predicts 
that Amax should shift toward Xo as Xo is increased ; 
but in order to achieve the shift observed here, the 
constant B would have to be made so large that 
Eq. (1) would’ predict large quantities of radiation 
right at A» which is contrary to experimental fact. 
Consequently, Kulenkampff’s formulas do not 
adequately express the continuous spectrum in the 
region 8A to 14A as measured and partially cor- 
rected in the present work. One can determine 
empirically that the curves of Fig. 3 fit an expression 
of the type 


CZ 
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from 8A to 12A but not out to 14A. 

The curves of Fig. 1 and of Figs. 2 and 3 cover 
approximately similar voltage ranges of almost two 
to one. Inspection of the curves reveals the fact 
that the dependence of the total integrated intensity 
upon voltage is decidedly different in the two wave- 
length regions. The region 8.5 kv to 15 kv yields 
curves whose integrated intensities are proportional 
to V*. However, in the region covered by 1.1 kv to 
2.0 kv the integrated intensity is proportional to a 
higher power of V. Part, at least, of the excessive 
drop in tota] intensity with decreasing voltage can 
be attributed to increasing absorption in the target 
itself with increasing wave-length. Fundamentally, 
one is here concerned with the question of what one 
means by total integrated intensity. In previous 
investigations the integration has been carried out 


17 Jesse W. M. DuMond, Phys. Rev. 72, 276 (1947). 


TABLE III. The ratios of intensities at several wave-lengths 
and of the second and third powers of the voltage using 2 kv 
as standard. 








Intensity ratios Voltage ratios 





Kilovolts uA 12A 13.1A v2 vi (V—0.5)2 
2.0 1.0 1.0 1.0 1.0 1.0 1.0 
1.8 1.3 1.3 15 1.23 1.4 a 
1.6 1.8 1.6 1.7 1.57 1.9 1.9 
1.4 2.8 2.8 3.0 2.04 2.9 2.8 
1.25 6.0 4.0 4.0 2.56 4.1 4.0 
1.F 7.0 3.25 5S 6.1 








to two or three times the cut-off wave-length. It is 
not possible to follow this procedure for the wave- 
lengths used in the present experiment. Actually 
one should obtain the equation of the curves and 
integrate from cut-off to very long wave-lengths in 
order to obtain a true integrated intensity, but it 
is not possible to obtain a simple equation that fits 
all the present data. In any event, if one studies the 
intensities obtained at one particular crystal 
setting well beyond the maximum (at 11 or 12 or 
13A, see Table III) as a function of voltage, one 
should obtain a picture independent of all factors 
involving target absorption or crystal reflectivity 
since these factors would be the same at the dif- 
ferent voltages for the one wave-length. Reference 
to Table III for three isochromats shows that the 
intensity at a given crystal setting varies as the 
square of the voltage from 2 kv to 1.6 kv and about 
as the cube to 1.25 kv. It is probable, therefore, 
that the total integrated intensity at the voltages 
used in this work is dependent upon a higher power 
of the voltage than the square. Whether this is a 
true effect or an apparent effect caused by the 
increasing importance of electrons reflected from 
the target face before losing all of their energy 
cannot be decided. Presumably x-rays produced by 
these electrons subsequent to reflection, as they 
impinge on other parts of the apparatus, would not 
enter the slit system nor contribute appreciably to 
measured x-ray intensities. If one assumes that 
there is an effective loss of 0.5 kv energy by the 
electrons, one finds fairly good agreement between 
the intensity at one wave-length and (V—0.5).? 
(See Table III.) Such an assumption would. allow 
one to retain the dependence upon the square of the 
voltage. 

The total intensity of radiation from a target has 
been regarded as proportional to the atomic 
number for high voltages and short wave-lengths. 
The data illustrated by Table I indicate that at 
9.1A and at 12A the measured intensity is propor- 
tional to the atomic number within experimental 
error. The largest source of error comes from dif- 
ficulty in positioning the targets in exactly similar 
fashion. If one assumes that all ordinates are pro- 
portional to atomic number, the total intensity of 
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radiation will likewise be proportional to the atomic 
number. 
CONCLUSION 


The present work indicates that the total 
intensity in the continuous radiation of x-rays at 
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1.1 kv to 2.0 kv, as measured and partially cor- 
rected, is proportional to the atomic number and 
to some power of the voltage higher than the second. 
The shape of the curve resembles that to be ex- 
pected from a thin target. 
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By cloud-chamber observations of the curvature of mesotrons in a magnetic field of 4750 gauss 
and the subsequent range of these same particles in a second cloud chamber containing fifteen lead 
plates each 0.67 cm in thickness, the mass of 43 cosmic-ray particles has been determined. 37 of these 
particles appear to give a set of observations that are consistent with a unique mass of 215+4 times 
the mass of an electron. Of the 6 remaining observations 4 indicate a mass much too large (474, 538, 
588, and 717) to be reasonably considered as statistical fluctuations in the observations of normal 
mesotrons. The remaining 2 observations (114 and 120) also appear to be inconsistent with the 
normal mass of the mesotron and the observed probable errors in individual measurements in this 


experiment. 


NUMBER of experimental studies of the mass 

of cosmic-ray mesotrons have been made. 
Some of the earlier data have been discussed by 
Wheeler and Ladenburg,! and by Hughes.? More 
recent studies have been reported by Fretter,? 
Lattes, Muirhead, Occhialini, and Powell,* LePrince- 
Ringuet and M. Lheritier,s> and by Alichanian, 
Alichanow, and Weissenberg.* Since the work on 
which this report is based was completed, the de- 
tection and identification of mesotrons produced 
artificially by the 184-inch cyclotron has been 
accomplished by Lattes and Gardner.’ The purpose 
of the work reported here was to add to the data on 
the mass of the mesotron and to try to improve the 
accuracy of the measurement. 


THE EXPERIMENTAL APPARATUS 


The experimental arrangement is illustrated in 
Fig. 1. The upper cloud chamber, CH, was placed 
in a magnetic field of 4750 gauss. The chamber was 
12 inches in diameter and 3 inches deep. B repre- 
sents a baffle system which consisted of two per- 


* Assisted by the Joint Program of the ONR and the AEC. 

** Now at Indiana University, Bloomington, Indiana. 
a oli) Wheeler and R. Ladenburg, Phys. Rev. 60, 754 

? Donald J. Hughes, Phys. Rev. 69,371 (1946). 

’ William B. Fretter, Phys. Rev. 70, 625 (1946). 

4Lattes, Muirhead, Occhialini, and Powell, Nature 159, 
694 (1947). 

5 L. LePrince-Ringuet and M. Lheritier, J. de Phys. et Rad. 
7, 65 (1946). 

6 Alichanian, Alichanow, and Weissenberg, J. Phys. 
U.S.S.R. 11, 97 (1947). 

7C. M. G. Lattes and E. Gardner, Science 107, 270 (1948). 


forated brass sheets and a drilled plate 0.25 inch 
thick, which were separated by 0.25-inch spacers. 
Velvet was fastened to the front of the first per- 
forated sheet to’ provide a black background for 
photography. The baffle was intended to smooth 
out irregularities in the expansion caused by uneven 
motion of the rubber diaphragm, R. An asym- 
metrical arrangement of two expansion ports, E, 
resulted in a detectable distortion of the tracks. 
This distortion was reduced but not eliminated by 
installing a symmetrical arrangement of three 
expansion ports (see the discussion of errors). The 
upper cloud chamber was filled with air and a 3:1 
mixture of ethyl alcohol and water to a total 
pressure of 1.13 atmospheres in the expanded posi- 
tion. The chamber was not saturated with liquid 
but the amount of vapor was adjusted to keep the 
expansion ratio in the range of 14 percent to 16 
percent. A clearing field of 100 volts between the 
metal back plate and an aquadag ring on the front 
glass was reduced to zero as soon as possible after 
the passage of the tripping particle through the 
Geiger counters, C. Illumination was provided by 
two GE FT 422 flash lamps each of which was 
excited by the discharge of a condenser of 160-yf 
capacity charged to 2000 volts. The illuminated 
region was 1 inch deep and the full height of the 
cloud chamber. The tracks were photographed on 
Ansco Ultra-Speed 35-mm film in a single frame 
camera using a Summar lens of focal length 5 cm 
at an aperture of f:9. 

To reduce the effects of temperature variations 
a copper heat shield was built around the upper 
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cloud chamber and the conical hole in the core of 
the magnet through which the chamber was photo- 
graphed. Copper tubing soldered to the heat shield 
carried water which was temperature controlled to 
+0.25°C. A sheet of transite between the heat 
shield and the back pole face of the magnet and 
asbestos lining in the conical hole in the front core 
insulated the heat shield and the cloud chamber 
from the magnet. Windows, W, in the heat shield 
permitted illumination of the chamber and helped 
to form the light beam. 

The original intention had been to use helium in 
the upper cloud chamber because of the small scat- 
tering to be expected. To obtain an estimate of the 
error in the curvature measurements because of the 
turbulence in the gas in the chamber, 48 no-field 
tracks in helium were studied. The coordinates of 
the track were measured in a traveling microscope 
and the radius of curvature of the best fitting circle 
was calculated by the method of least squares. The 
average curvature of these 48 tracks was 0.053 
+0.055 meter—!. Since most of these particles 
would have much higher energy than the particles 
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which were of interest in this experiment, it is seen 
that most of this spurious curvature is due to 
turbulence and very little of it is due to scattering. 
The residual, or no current, field was found to be 
less than one gauss, which is too small to explain 
any of the observed effect. For a particle of energy 
such that the radius of curvature of its trajectory 
in a magnetic field of 4750 gauss would be 1.5 
meters—such a mesotron would stop near the 
middle of the lower cloud chamber—the probable 
error in radius of curvature resulting from tur- 
bulence would be 8 percent, while the probable error 
resulting from scattering would be 0.7 percent. 
With air in the upper cloud chamber, 60 no-field 
tracks were measured in the same way. The average 
curvature was 0.03+0.04 meter, giving a 6.25 
percent probable error caused by turbulence for a 
track of 1.5 meters radius in a field of 4750 gauss. 
The scattering probable error in air for the same 
particle would be 2 percent. It is seen that by 
using air in the chamber instead of helium the 
decrease in the error caused by turbulence more 
than offsets the increase in the scattering error. The 
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Fic. 1. Schematic arrange- 
ment of cloud chambers. CH; 
and CH2, upper and lower cloud 
chambers. E exhaust port. R 
rubber diaphragm. B baffle 
plate. W window for illumina- 
tion. C Geiger counter for con- 
trol. The magnet in which cloud 
chamber CH; is placed is not 
shown, nor the heat shields for 
constant temperature control. 
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TABLE I. Mesotron mass measurements. 








ce 
Curvature m 
in unit R Mass in Am 
field X 106 Range electron Probavle 
(cm7 in lead mass error in 
gauss~!) (em) units mass 


1.189 9.72 231 37 
1.804 6.13 189 22 
1.621 7.11 160 22 
2.208 2.93 202 
1.983 4.22 185 
1.563 7.83 161 
1.088 10.19 257 
0.988 4.98 538 
2.358 2.83 198 
1.334 7.13 252 
1.516 7.05 198 
2.015 4.33 180 
0.831 9.14 474 
1.128 10.36 235 
1.176 10.87 189 
1.816 4.41 211 
1.655 5.11 223 
0.816 7.06 588 
1.019 9.23 320 
1.457 6.28 225 
1.189 10.47 194 
1.316 7.38 255 
3.023 3.10 114 
1.631 4.26 269 
1.706 5.02 210 
1.402 7.27 216 
2.091 3.68 189 
1.252 6.97 282 
1.229 9.48 212 
1.651 5.85 194 
1.381 8.60 185 
2.060 2.96 225 
1.322 8.42 207 
1.402 8.44 182 
1.012 2.92 717 
1.485 5.84 240 
1.812 3.74 235 
1.258 4.98 360 
2.369 2.83 186 
~ 1.968 2.99 240 
1.737 7.74 120 


D 
oQ 
i=] 





8818 
9183 


te 
a 
oa 
+ 
on 
a 
+ 
a 
ok 
ao 
“ 
a 
a 
aa 
a 








direction of the average spurious curvature is such 
as to make a positive particle appear heavier and 
a negative particle appear lighter. 

The lower cloud chamber, CH, in Fig. 1, in which 
the range in lead for the particles was measured, 
was a truncated pyramid 20 inches square at the 
middle of the illuminated region and 17 inches deep. 
It contained 15 lead plates 0.270 inch thick and 
about 1 inch apart. The walls were 0.5 inch dural, 
the front window 0.5 inch heat-treated glass, and 
the side windows for illumination, 0.5 inch lucite. 

The walls of the chamber and the lead plates all 
pointed at the camera 50 inches away so that the 
camera saw all of the space between plates. The 
chamber was filled with air at first, and later with 
equal parts of air and argon, and a 3:1 mixture of 
ethyl alcohol and water to total pressure of 1.35 
atmospheres in the expanded position. The vapor 
content was kept just under saturation. The ver- 
tical clearing field between plates was 20 volts and 
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was reduced to zero as soon as possible after the 
passage of the tripping particle through the Geiger 
counters. A region 6 inches deep and the full height 
of the chamber was illuminated by four GE FT 422 
flash lamps, each excited by the discharge of a con- 
denser of 256-uf capacity charged to 2000 volts. 
This chamber contained a baffle system similar to 
that in the upper cloud chamber and a drilled plate, 
P, to prevent the rubber diaphragm stopping the 
exhaust port and interfering with the flow of air 
from the back of the chamber on expansion. 

The lower cloud chamber was photographed by a 
stereoscopic camera using two Apos lenses of focal 
length 105 mm at an aperture of f:8. Eastman 
Super XX air reconnaissance film, split to 1.75 
inches from 7-inch rolls, was used. This camera also 
photographed a meter in series with the magnet to 
give a record of the magnetic field associated with 
each picture. 

The cloud chambers were expanded upon passage 
of a charged particle through the triple coincidence 
Geiger counters, C. These counters defined a solid 
angle which filled the illuminated region of the 
upper cloud chamber and which was considerably 
more shallow than the illuminated region of the 
lower cloud chamber. At first 12 inches, and later 16 
inches of lead were placed above the apparatus to 
select penetrating particle and to increase the 
number of particles stopping in the lower chamber.® 
This additional lead is enough to slow down the 
mesostrons at the peak of the energy spectrum so 
that they will stop near the middle of the lower 
chamber if they have mass 200 times the mass of an 
electron. 


OBSERVATIONS 


The pictures from the upper cloud chamber pro- 
jected full size, and the corresponding pictures from 
the lower chamber placed in a stereoscopic viewer, 
were examined together. Tracks of mesotrons of 
mass 200 m, that would be expected to stop in the 
lower chamber would have radii of curvature of 
0.75 to 2,0 meter in the upper chamber. For each 
track that had a radius in or near this region, the pic- 
tures from the lower chamber were examined care- 
fully for evidence that a particle had stopped. Also, 
whenever the pictures from the lower chamber indi- 
cated that a particle may have stopped in one of the 
lead plates, the picture from the upper chamber was 
examined carefully and measured. The distance of 
the track in the upper chamber from the middle of 
the chamber was measured in the projection for 


8L. S. Germain, Phys. Rev. 75, 1458 (A) (1949), reports 
measurements that indicate that the differential range spec- 
trum of mesotrons increases only to a lead thickness of 9 
inches and then decreases with further lead absorber; this 
indicates that the lead used in this experiment was more than 
desirable and increases the number of stopping particles by 
less than 10 percent. 





MASS OF COSMIC-RAY MESOTRONS 


Fic. 2. Mesotron mass meas- 
urement. Each observation is 
plotted as a function of range, R, 
in centimeters of lead vs. curva- 
ture, C, in a unit magnetic field. 
The length of the lines represent- 
ing individual observations is a 
measure of the probable error 
assigned to the measurement. 
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each of these particles. About 150 sets of pictures 
were examined carefully and measured. In about 3 
of these the particle had scattered out of the illu- 
minated region before it had stopped, or it was not 
sufficiently clear that the particle had really stopped. 
The increase in ionization in the last two or three 
spaces traversed by the particle before it stops was 
helpful in distinguishing between particles that stop 
and those that are scattered out of the illumination. 
In five cases the presence of a lightly ionized track. 
indicating a decay electron, was strong evidence 
that a mesotron had stopped.® In one case, another 
track coming in from the side and of about the 
same age as the counter-controlled track could not 
be separated from the counter-controlled track and 
the data could not be used. This same case was the 
only one in which the data would be discarded 
because the measurement in the upper chamber 
was not acceptable, both ends of the track were 
separated into positive and negative columns by the 
clearing field, leaving a section in the middle which 
was too short to be accurately measured. A track 
ending in the first or second plate cannot be 
definitely identified as due to a penetrating par- 
ticle. It is possible for an electron of 100 Mev to 
emerge from the bottom of the first plate unac- 
companied by secondaries and then to stop in 
the second plate. For this reason, particles which 
stopped in one of the first two plates were not used 
unless, as happened in two cases, evidence for a 
decay electron indicated that the stopping particle 
actually was a mesotron. 

For each particle that was of interest, the coor- 
dinates of the track in the picture from the upper 


9J. G. Retallack, Phys. Rev. 73, 921 (1948). 


2 

C= 
cloud chamber were measured with a traveling 
microscope. These coordinates were plotted with 
considerable magnification in the direction per- 
pendicular to the length of the track, and compared 
with the plots of circles to the same scale on cel- 
luloid to see how well the points fitted a circle. The 
radius of curvature of the best fitting circle was 
calculated for each track by the method of least 
squares. A correction to the curvature and the 
probable error in the measurement was assigned on 
the basis of the study of the 60 no-field tracks. The 
magnification of the camera system was measured 
by photographing a piece of millimeter cross section 
paper through a piece of 0.5-inch plate glass with 
the same geometry as was used in the experiment 
and measuring the film in the traveling microscope. 

For each particle that was of interest one of the 
pair of pictures from the lower cloud chamber was 
examined in the traveling microscope. The pro- 
jected angle on the film between the track and the 
normal to the plate was measured. The range in lead 
was taken to be the lead equivalent of the material 
between the chambers divided by the cosine of the 
angle in the top space of the lower cloud chamber, 
plus the sum over all the plates through which the 
particle passed of the thickness of the plate divided 
by the cosine of the angle in the space above the 
plate, plus half the thickness of the plate in which 
the particle stopped, divided by the cosine of the 
angle in the last space. The lead equivalent of the 
material between the chambers, the chamber walls, 
and the Geiger counter, as calculated from the 
equation for energy loss given by Rossi and 
Greissen!® was 0.44 inch. This estimate of the range 


10B. Rossi and K. Greissen, Rev. Mod. Phys. 13, 240 
(1941). 
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does not take account of the backward or forward 
scattering of the mesotron in the lead plates of the 
lower cloud chamber. All of the particles enter the 
chamber very nearly in the vertical plane. If the 
scattering backwards or forwards, as can be seen 
with the stereoscopic views, is large, the particle 
will soon go out of the illumination. A very large: 
scattering after entering the last plate, so that the 
particle travels a considerable distance before 
stopping, will lead to an appreciable underestimate 
of the true range and to a computed mass value 
that is heavier than its true value. 

The magnetic field was measured with a flip coil 
of 130 turns cm* area and a ballistic galvanometer. 
The circuit was calibrated with a magnetic standard 
from the University of California Radiation Labora- 
tory which was checked against a mutual inductance 
and a carefully calibrated ammeter. A careful 
check on the reading of the magnet current meter 
was maintained throughout the measurement. The 
field was uniform to 12-cm diameter, down 1 per- 
cent at 17-cm diameter, and down 2 percent at 
20-cm diameter. The effective field was taken to be 
that uniform field that would have produced the 
same displacement at the center of the track and 
was calculated by graphical integration as a func- 
tion of the track length and the distance of the 
track from the middle of the upper cloud chamber. 
In the vicinity of the operating point the magnetic 
induction varied linearly with current. The varia- 
tion in the current was about 3 percent. The value 
of the induction associated with each picture was 
estimated from the photographic record of the 
magnet current. 

The mass of each particle was then calculated 
with the aid of the curve relating range to momen- 
tum given by Wheeler and Ladenburg. These mass 
values are given in Table I, with the corresponding 
value of range (R), radius of curvature (p), and 
magnetic field (B). The curvature in unit field 
X10 (C) is calculated from the radius of curvature 
and the magnetic field. 


ERRORS 


The largest errors in this experiment are due to 
the turbulence in the upper cloud chamber, dis- 
tortion of the track by the front glass and camera 
system, and errors in the measurement of the 
track. The probable error in the curvature due to 
these causes is taken to be 0.04 meter—, as derived 
from the measurements on the 60 no-field tracks. 
For the average field used in .this experiment of 
4750 gauss, this error in curvature corresponds to a 
probable error in C, the curvature in unit field x 10° 
of ACr=0.084 cm— gauss~. 

The probable error due to scattering" was cal- 


1H. A. Bethe, Phys. Rev. 70, 821 (1946). 
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culated on the assumption of a mass of 200 m.. 
This error depends on the length of track, the mag- 
netic field, and the velocity of the particles. For 
scattering in nitrogen the probable error in C is 
AC, =0.02C. 

The error in magnification due to the plane in 
which the particle passes through the illuminated 
region introduces an error proportional to the 
curvature. From the depth of the illumination this 
error AC,, is estimated to be 0.01C. 

The probable error in measurement of the mag- 
netic field is estimated as ACg=0.01C. 

The total error in the curvature, C, is compounded 
from these errors as AC=((0.084)?+(0.025)?C?) 3. 
In the observations reported in Table I, C varies 
from 1 to 3 so that AC varies from 0.09 to 0.10. 

The probable error in range is estimated as one- 
fourth the plate thickness divided by the cosine 
of the angle of the track with the vertical as it 
enters the last plate, i.e., AR=0.17 cm/cos@. 

The probable error in the calculated mass arises 
from the errors in range, AR, and in curvature AC. 
In the plot of the observed data in Fig. 2. the curves 
of constant mass have been derived from the curves 
of Wheeler and Ladenburg.! The diagonal lines have 
their centers at the observed values of range and 
curvature. The length of the lines are such that the 
projections on the R and C coordinates are the 
extent of the probable errors +AR and +AC. 


DISCUSSION 


The results of the observations on 43 particles are 
shown in Fig. 2. The value of the mass corre- 
sponding to the curve that best fits this data can be 
determined by the least squares adjustment.” It 
can be seen, however, that the probable errors 
assigned to these observations are nearly constant 
in the range curvature coordinate system, and the 
measure of linear distance orthogonal to the curves 
of constant mass is closely proportional to the log 
of the mass. Taking all of the 43 observations and 
weighting each inversely as the square of (Am/m), 
the value of m corresponding to the mean of logm 
is found to be 217 in units of the electron’s mass. 

The ratio of the probable error based on external 
consistency to the probable error based on internal 
consistency" is 1.81. For 43 observations the prob- 
able deviation from unity of this ratio is 0.11. The 
chance for a deviation from unity 7.5 times the 
probable deviation is extremely small indicating 
that these observations are not consistent with the 
assumption of a unique mass. 

If the four highest and the two lowest mass values 
are omitted, the remaining 37 values form a con- 
sistent set of observations. The ratio of the probable 
error based on external consistency to the probable 


2 Robert B. Brode, Phys. Rev. 75, 904 (1949). 
3R. T. Birge, Phys. Rev, 50, 207 (1932). 
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error based on internal consistency differs from 
unity by 0.10. For 37 particles the calculated devi- 
ation from unity of this ratio is 0.12. The mean 
value of the mass of the mesotron in electron mass 
units deduced from this consistent set of 37 ob- 
servations is 215+4. 

The existence of six observations that are not 
consistent with the other observations may indicate 
that the probable errors assigned to the individual 
observations are too small, or that the mass of the 
mesotron as observed at sea level is not unique. 
The existence of a small percentage of the 2-meso- 
trons!‘ in the normal, or » mesotron spectrum would 
not be resolved in a series of observations with 
probable errors as large as indicated here. 

The existence of mesotrons with lighter and 


a9 nts Occhialini, and Powell, Nature 160, 453, 486 
1 s 


IN THE LOWER ATMOSPHERE 





1721 


heavier masses has been suggested by the observa- 
tions of Hughes,? LePrince-Ringuet,® and Alicha- 
nian, Alichanow, and Weissenberg.* Adequate 
evidence for the existence of these particle will 
require the accumulation of more data. The chance 
of mistaking a normal mesotron for such a particle 
can be appreciably reduced by using thinner ab- 
sorbing plates to reduce the error in range and by 
careful design and control of the cloud chamber to 
reduce turbulence. 
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Experiments performed previously with apparatus carried 
to very high altitudes by free balloons have been conducted 
in the lower portion of the atmosphere. Two different instru- 
ments were operated in a B-29 airplane, and at Mt. Evans, 
Colorado. Absorption curves in lead, up to a thickness of 18 
cm, were obtained at 14,260 feet, 25,000 feet, and 30,000 feet. 
Intensity vs. altitude curves for the lower regions of the 
atmosphere may now be combined with those for very high 
altitudes without an arbitrary normalization. A direct com- 
parison has been made between the present measurements and 
those of others regarding the relative change of intensity 
between sea level and Mt. Evans, and the absorption in lead 


I. INTRODUCTION 


HE results of a series of investigations of the 

cosmic radiation in the upper regions of the 
atmosphere have been described recently.! Owing 
to a combination of the smaller intensity present 
at lower altitudes, and the relative briefness of the 
time interval during which free-balloon flights 
remain in regions of high atmospheric pressure (a 
consequence of the exponential variation of pressure 
as a function of altitude, and accentuated by the 
particular ballooning techniques employed here), 
data obtained at altitudes corresponding to pres- 
sures exceeding approximately 200 mm of Hg were 
not in general regarded as statistically significant. 


.* Assisted by the Joint Program of the ONR and AEC. 
Field trips were sponsored by the National Geographic 
Society. 
1M. A. Pomerantz, Phys. Rev. 75, 69 (1949). 


at Mt. Evans. Factors for the conversion of all of the data to 
absolute intensities have been determined utilizing a y-ray 
howitzer method for measuring the effective length of a G-M 
counter. Satisfactory agreement is noted between values of the 
absolute intensity previously measured by others at sea level 
and at Mt. Evans, and those reported herewith. The absolute 
intensity of cosmic-ray particles near the “‘top of the atmos- 
phere’’ at geomagnetic latitude 52°N is given as 10.1+0.20 
particles/min./cm?/unit solid angle. Consideration is given to 
the considerable error which may be introduced in the com- 
parison of measurements of the ‘‘total’’ intensity at very high 
altitudes obtained with different G-M counters. 


The purpose of the present series of experiments 
was threefold: 


(1) To obtain data at lower altitudes with the same ap- 
paratus utilized in the free-balloon ascents, thereby 
providing complete intensity vs. altitude curves, as 
well as cosmic-ray absorption curves for lead from sea 
level to the ‘“‘top of the atmosphere;” 

(2) To permit comparison of certain of the numerous 
measurements at various low altitudes (4350 meters— 
sea level) previously reported by others with those 
which would be yielded by the aforementioned ap- 
paratus. Comparison at more than one point furnishes 
a less arbitrary normalization than has usually been 
assumed.? 

(3) To provide experimental evidence regarding the 
validity of comparison of data obtained with different 
geometrical arrangements, and specifically, to furnish 
at several altitudes a direct and precise standardiza- 
tion between two particular counter trains of different 
dimensions utilized in the balloon flight program. 


2 This matter has been discussed in reference 1, 
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TaBLE I. Data pertaining to the influence of latitude 
variations upon the present measurements. It should be 
emphasized that the miaximum percentages listed refer to the 
extreme termini and should not be construed as representing 
the expected fluctuations of the composite data listed in 
Table II. 








Maximum departure 


Thickness of from intensity at 





interposed average latitude 
absorber— (— South) 
Altitude—feet cm of Pb (+ North) 
25,000 0.0 +1% 
9.0 +1% 
18.0 +1.2% 
30,000 0.0 —3%+5% 
9.0 —4%+8% 
18.0 —3%+5% 








The above ends were realized by operating the 
two instruments concerned in a B-29 aircraft during 
a series of flights sponsored recently by the U. S. 
Air Force and the National Geographic Society. 
Opportunity for taking the same sets to Mt. Evans, 
Colorado, during the summer of 1948 was also 
afforded by the N.G.S. The first apparatus, de- 
signated as A, has already been described in 
reference 1. The second, B, also embodied a quad- 
ruple coincidence counter train with provision for 
interposing up to 18 cm of absorber. Each tray of 
B consisted of 3 G-M counters, identical with 
those of A, connected in parallel and overlapped to 
present an uninterrupted horizontal plane. Com- 
plete dimensions of both A and B are given later 
(Section ITJ). 

The instruments were shock-mounted in the rear 
pressurized cabin of the B-29. The solid absorber 
overhead amounted to 0.5 g/cm? of Al. Both day 
and night missions were flown at isobaric levels of 
282 and 226 mm of Hg, corresponding to approxi- 
mately 25,000 feet and 30,000 feet, respectively. 

The average geomagnetic latitude weighted with 
respect to the time actually spent in the various 
regions was 43.6° N for flights at both 25,000 feet 
and 30,000 feet. Cyclical and mixed alternation of 
absorber thicknesses was provided for, so that any 
small influence of the latitude effect was smoothed 
out, as was shown by the agreement of different 
runs within their statistical uncertainties. Meas- 
urements obtained simultaneously by Swann, 
Morris, and Seymour*® concerning the knee of the 
latitude effect provide pertinent information re- 
garding the maximum departures of the intensity 
from that at the average latitude. The values listed 
in Table I are only approximate, and represent 
conservative upper limits. 

At the summit of Mt. Evans (geomagnetic lati- 
tude 49° N, altitude 14,260 feet, average atmos- 
pheric pressure 453 mm of Hg) the equipment was 


3 Swann, Morris, and Seymour, Phys. Rev. 75, 1317 (1949). 
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TABLE II. Summary of data obtained at several altitudes 
with two different instruments. 




















Thickness 
Atmos- _ of inter- Total 
pheric posed number of . 

: pressure absorber— quadruple Total Counting 
Altitude —mm g/cm? coin- time— rate—counts 
—feet of Hg of Pb cidences minutes per minute 
Apparatus A 

0.0 14346 15648 0.917 +0.007 
11.8 3759 4865 ' 0.773 +0.012 
23.6 5792 7593 0.763 +0.010 
35.4 4598 6403 0.720 +0.010 
296 756 47.2 4591 6426 0.714+0.010 
59.0 2896 4044 0.716 +0.013 
70.8 3734 5416 0.689 +0.011 
85.0 2074 3087 0.672 +0.014 
10,700 515 0.0 874 365 2.39 +0.08 
70.8 711 514 1.38 +0.05 
0.0 3560 1090 3.27 40.054 
11.8 6470 2763 2.34 +0.029 
23.6 5893 2759 2.1440.027 
14,260 453 35.4 2521 1324 1.90 +0.037 
47.2 4608 2499 1.84 +0.027 
59.0 2463 1413 1.74+0.035 
70.8 3820 2222 1.72 +0.028 
85.0 2690 1645 1.64+0.032 
12.9C 3757 1455 2.58 +0.042 
0.0 1832 182 10.07 +0.23 
11.8 1565 241 6.49 +0.16 
23.6 1342 243 §.52+0.15 
25,000 282 35.4 1501 308 4.87 +0.12 
51.9 427 100 4.27 +0.20 
70.8 1863 465 4.01 +0.09 
85.0 1555 393 3.96 +0.10 
0.0 1010 70 14.43 +0.45 
11.8 1683 168 10.02 +0.24 
23.6 297 40 7.43 40.43 
30,000 226 35.4 1018 153 6.65 +0.20 
70.8 1524 274 5.56+0.14 
85.0 677 131 5.16 +0.20 
Apparatus B 
0.0 10569 6969 1.51+0.015 
20.8 6022 4290 1.40 +0.018 
41.0 4465 1.34+0.017 
61.5 6214 4733 1.32 +0.017 
296 756 81.2 8646 6939 1.24+0.013 
109.4 5964 4994 1.19 +0.015 
137.0 5529 4582 1.21+0.016 
157.0 7566 6592 1.15 +0.013 
205.0 11801 10603 1.110.010 
0.0 7479 1392 5.37 40.062 
20.8 5336 1318 4.05 +0.056 
41.0 5201 1410 3.09 +0.051 
61.5 8089 2550 3.17 40.035 
14,260 453 ‘81.2 6252 2106 2.97 +0.037 
109.4 4255 1532 2.78 +0.043 
137.0 3479 1253 2.78 40.047 
157.0 3911 1468 2.66 +0.042 
205.0 3368 1400 2.41 +0.041 
$2.1C 3961 1071 3.70 +0.059 
26.9 C+32.0 Pb 3689 1106 3.34 +0.055 
: 0.0 2612 142 18.39 +0.36 
61.5 4100 512 8.01 +0.12 
25,000 282 109.4 2460 ‘359 6.85 40.14 
157.0 2442 424 5.76 +0.16 
205.0 2377 459 5.18 +0.11 
0.0 1964 75 26.19 +0.60 
61.5 1198 104 11.52 +0.33 
30,000 226 109.4 2238 230 9.73 +0.20 
157.0 2408 293 8.42 +0.17 
205.0 2411 335 7.20 +0.14 








installed in the building of the Inter-University 
High Altitude Laboratory, under a light wooden 
roof. 

In Swarthmore (geomagnetic latitude 52° N, 
altitude 296 feet, average atmospheric pressure 
756 mm of Hg) the data were obtained in a thin 
wooden shelter on the roof of the laboratory. 
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II. RESULTS 


Table II contains a complete summary of the 
various measurements. The uncertainties indicated 
are statistical standard deviations. In all instances, 
data obtained under similar conditions were con- 
sistent from day to day, or from flight to flight. 
Frequent checks indicated the constancy of the 
sensitivity of the equipment. 


A. Variation of Intensity with Absorber Thickness 


Figure 1 shows the lead absorption curves for 
cosmic-ray particles at the several altitudes, plotted 
on the basis of the data in Table II, and incorpo- 
rating the results from both instruments. Points 
are also included for the determination of the 
relative stopping powers of carbon and _ lead 
(Section C below). 

The data obtained with Apparatus B were 
reduced to the same scale as that of Apparatus A 
on the basis of the single factor 1.90 calculated in 
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Section III, B on the basis of geometrical consider- 
ations. Following the practice adopted in reference 
1, absorber thicknesses when expressed in g/cm? 
represent the average path determined from calcu- 
lations of E. E. Witmer and the author.‘ The 
harmony between the points obtained with the two 
instruments as exemplified by the curves in Fig. 1 
verify the correctness of the factor 1.90 referred to 
above. 

The results of Hall5 have also been reduced to a 
common scale and are plotted in Fig. 1. The 
normalization was made at 1.5 cm of Pb, and a 
slight departure at zero interposed absorber thick- 
ness is probably attributable to the differences in 
the thicknesses of counter walls. From the agree- 
ment with the present measurements it is evident 
that the integral and differential distributions-in- 
range labelled ‘“‘Hall” in reference 1 (Figs. 3 and 4) 
may be compared directly with the corresponding 
curves based upon the results of the free-balloon 
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Fic. 1. Cosmic-ray absorption curves at several altitudes. The values of intensity correspond to counts per minute for Apparatus 
A, and counts per minute/1.90 for Apparatus B. 


5D. B. Hall, Phys. Rev. 66, 321 (1944). 


4E. E. Witmer and M. A. Pomerantz, J. Frank. Inst. 246, 293 (1948). 
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Fic. 2. Intensity vs. altitude curves obtained with different thicknesses of interposed absorber. The V 
large circles represent the balloon-flight data. 


flights. Furthermore, the conclusion regarding the 
increase in the absorption coefficient between 4 and 
6 cm of Pb from 0.003 cm?/g at Mt. Evans to 
0.008—0.006 cm?/g at 200 mm-50 mm has received 
additional validation. 


B. Variation of Intensity with Altitude 


Figure 2 contains intensity vs. altitude curves for 
several different thicknesses of interposed absorber 
obtained from the B-29 flights and the Mt. Evans 
data. Similar curves could, of course, be plotted for 
any thickness up to 18 cm of Pb. In each instance, 
the points obtained in the free-balloon flights 
(Fig. 1, reference 1) are plotted in the figure. Since 
all the data were obtained with the same experi- 
mental arrangements, no normalization is required. 
The data have been plotted without regard to 
latitude changes which have a negligible influence 
upon the present considerations. 

Experiments at very high altitudes are still in 
progress for interposed absorber thicknesses ex- 
ceeding 7.5 cm. The balloon-flight data at the lower 
altitudes agree with the airplane data well within 
the rather large statistical uncertainties of the 
former. 

A direct comparison may be made between the 
present results and those previously obtained by 
other investigators on Mt. Evans. Values of the 
ratio of the intensity of the penetrating component 
near sea level to that on Mt. Evans are summarized 
in Table III. Here again, the agreement is satis- 
factory. 


On the basis of the present results, the analysis 
of the relative intensities of the non-electronic and 
electronic components undertaken in reference 1 
for very high altitudes may be extended through 
the region in which only a rough interpolation was 
indicated previously. The results are presented in 
Fig. 3. 


C. Relative Stopping Powers of Carbon and Lead 


Values at Mt. Evans of the relative stopping 
powers of carbon and lead (Sc/Spp) are obtained 
by locating on the curve of Fig. 1 (14,260’) points 
with ordinates corresponding to the counting rates 
with a fixed amount of carbon (or carbon plus lead). 
The abscissa then indicates the amount of lead 
which produces equal absorption. The data are 
given in Table IV. The value with 12.9 g/cm? is 
comparable with those stated in reference 1 for 
higher altitudes. 

The increase with the interposition of 32.1 g/cm? 
indicates that the lead becomes less effective per 
unit superficial mass compared with carbon as the 
minimum range required for penetration is in- 
creased. Differential comparison reveals that the 
net relative absorption is already approaching that 
expected for mesotrons alone, for cosmic rays having 
a residual range of somewhat less than 1 cm of Pb 
after passing through the absorber, and an initial 
range of 3 cm. 

This is consistent with the observations of Hall*® 
regarding the relative intensities of electrons and 
mesotrons at this location. 
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TABLE III. Ratio N(0, t, h)/N(0, t, 4350) of the intensity 
of the penetrating component in the vertical direction near 
sea level to the intensity at Mt. Evans. 











Average 
atmos- 
pheric ier 
pressure thickness, 
Altitude, —mm oy __N(0,t,h) 
Reference Location h—meters of Hg of Ph N(0,t, 4350 m) 
Rossi, 
Hillberry, 
and Hoag* Chicago 180 743 145 0.444 +0.004 
Greisen> Ithaca 259 740 167 0.437 +0.007 
Author Swarthmore 90 756 157 0.433 +0.009 








@ Rossi, Hillberry, and Hoag, Phys. Rev. 57, 461 (1940). 
+’ K. Greisen, Phys. Rev. 61, 212 (1942). 


D. Effects of Showers and Scattering 


The arguments upon which the negligibility of 
the effects introduced by side showers and scatter- 
ing are based, have been discussed in reference 1, 
Section IV. Additional evidence bearing upon the 
latter is of some interest; to this end, the counting 
rates corresponding to various positions of a given 
absorber within the coincidence counter train were 
observed at each of the altitudes. Comparisons 
were also made between rates with the absorber 
slightly wider than the counter (1 cm) and those 
with greater width (4.5 cm). In all instances the 
observed rate was independent of the geometrical 
arrangement, within the statistical uncertainties of 
the data. 


Ill. REDUCTION OF DATA TO ABSOLUTE 
INTENSITIES 


A. Determination of Effective Dimensions of the 
Counter Train 


In order to compute the absolute intensities from 
the observed counting rates it is necessary to 
ascertain the effective dimensions of the G-M 
counters. It has been demonstrated by Street and 
Woodward,® and, for certain self-quenching coun- 
ters by Greisen and Nereson,’ that the effective 
diameter of a counter coincides very closely with 
the inside diameter of the cathode. However, owing 
to end effects, the active length of a tube without 
guard rings is somewhat less than either the length 
of the cylinder or the length of the fine anode wire. 
The customary procedure for determining the end- 
correction involves inclusion of the counter under 
test as a member of a coincidence train, and 
recording of the coincidence rate as this counter is 
displaced along its own axis perpendicular to the 
plane defined by the central wires of the other 
counters. Although unquestionably reliable, this 


6 J. C. Street and R. H. Woodward, Phys. Rev. 46, 1029 
(1934). 
7K. Greisen and N. Nereson, Phys. Rev. 62, 316 (1942). 
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TABLE IV. Experimental values of Sc/Spp at Mt. Evans. 











Equivalent 

Carbon lead 

thickness thickness— Range—g/cm? 

—g/cm? g/cm? Initial Residual Sc/Spp 
12.9 7.0 12.9C c.w.* 0.54 
| 33.5 324 € c.W. 1.04 
19.2 26.5 31C 12:9C 1.38 

+c.w. 
26.9 33.5 26.9C 32.0 Pb 4.25 


+32.0Pb -+c.w. 








*c.w. =counter walls =1.8 g/cm? Cu+2.6 g/cm? glass (mean thickness 
required for penetration). 


method has the disadvantage of requiring inordi- 
nately long runs in some instances, particularly in 
the case of counters of small diameter such as have 
been utilized in the present experiments. This 
would preclude rapid determinations of the effects 
of operating voltage, filling mixture, or even changes 
from counter to counter. 

An alternative method was therefore attempted, 
and, despite factors which were of course not 
unanticipated, this simple scheme provides satis- 
factory results. The arrangement is shown in Fig. 4. 
A y-ray howitzer irradiates the counter through a 
narrow slit, and the counting rate is observed to 
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Fic 3. Variation with altitude of total vertical intensity 
(E+P+4M), heavy component intensity (P+ MM), and electron 
intensity (E) for the lower portion of the atmosphere. The 
assumptions upon which the determination of these points 
are based have been discussed in reference 1, Section V. The 
above curves replace the broken lines (representing rough 
estimates) in Fig. 5 of that reference. 
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Fic. 4. Arrangement used in the determination of the 
effective length of a G-M counter. The: radium source is 
inserted in the hole at the base of the slit in the pile composed 
of lead blocks. The length of the counter cathode is 20 cm. 


depend upon the distance between the slit and the 
end of the counter. 

Under these conditions, discharges of the G-M 
counter are produced by Compton electrons scat- 
tered out of the cylinder. The angular distribution 
of the Compton electrons is such that, for the 
energies present in the beam, the intensity falls to 
half value within roughly 15°. The preponderance 
in the forward direction renders this method feasi- 
ble, as may be seen from the results plotted in 
Fig. 5. To a sufficient degree of approximation, 
the theoretical curve is easily calculated from an 
integration over the counter for each value of the 
abscissa x, utilizing the aforementioned distribu- 
tion.® 

Measurements were made with various geo- 
metrical arrangements, all of which gave equivalent 
conclusions. The final results do not depend criti- 
cally upon the vertical distance of the counter above 
the lead, or upon the thickness of the shield.® 

The background rate applicable to each value of 
x has been subtracted from the observed rate to 
obtain the relative counting rates of Fig. 5. This 
correction was obtained by plotting counting-rate 
as a function of x with the counter oriented parallel 
to the position indicated in Fig. 4, but off the slit. 

Finally, it is necessary to ascertain the effect of 
any intrinsic inefficiency of the G-M counters 
introduced either by the dead-time or by the 
probability of the passage of a charged particle 
without the occurrence of at least one ionizing 
event. The combined contribution of both is 
negligible in these experiments. 


8 This may be deduced either from theory, or from various 
experimental results, e.g., D. Skobelzyn, Nature X, 411 (1929). 

®Presumably the optimum set of conditions may be 
predicted by maximizing the function which represents the 
ratio of collimated beam intensity (signal = 7s) to background 
intensity (noise = Jy) as follows: 


f(S)=Is/In =(A/S*)/(IoeS), 
where y»=absorption coefficient in Pb for y-ray energies 
present in beam, and S=depth of slit. For f’(S)=0, S=2/y. 
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A standard test of each of the counters used here 
consists of exposure to a graduated set of calibrated 
radium sources of identical form under conditions 
such that the individual counting rates exceed those 
of a single counter at any point in the atmosphere. 
The criterion for acceptance is that the recorded 
rates are proportional to the intensities. Additional 
tests have revealed that the dead-time of these 
counters is less than 10~ sec. 


B. Calculations 


The quantity N(O, h, ¢) represents the number of 
particles passing through a vertical cosmic-ray 
coincidence train in unit time. Here, the zenith 
angle of the principal axis of the train is zero, h is 
the altitude of the station of observation, and ¢ the 
thickness of interposed absorber. If J(@) is the 
number of particles arriving from a given direction 
6, and passing through a unit area of the bottom 
tray within unit solid angle per second, 


dN =1(6)dwdA  cos8, (1) 


where dA is an element of area in the lower counter. 
For a dependence of cosmic-ray intensity upon 
zenith angle given by 


I(@) =I(O) cos?8, (2) 
this immediately leads to an integral of the form: 


I(O, h, t) cos?*?@dA 1dA 2 
NO, b= f f : 7 





where d is the distance between the element of area 
dA, in the upper tray and dA. 

The final result of the integration for a cos?@ 
distribution (p=2), including terms taking into 
account the extension of the solid angle beyond the 
ends of the rectangular area (due to the cylindrical 
shape of the counters‘), is: 





. wy | l P 
N(O, h, )=1(0, hy 03 isiiicots 
4( L L P+? 


+ ¥ all f - 


where / is the active length of the counter, w the 
tray width (counter diameter), L the perpendicular 
distance between the axes of the extreme counters. 

The small correction to the width because of the 
cylindrical form of the counters amounts only to 
0.6 percent of the factor thus calculated. 

Inasmuch as the value of p at higher altitudes is 
somewhat smaller than 2, the normalization of 
measurements at’ very high altitudes with respect 
to other determinations of J(O,h,t) low in the 
atmosphere is not justified, in some instances. 
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As a matter of fact, recent experiments’ have 
indicated that the nature of the distribution at the 
“top of the atmosphere” is isotropic. In this case 
by integration of Eq. (3) with p=0, and the addition 
of the end-correction term we arrive at the final 
relationship : 


Fei, a 
N(O, h, t) =1(O, hy Hu Pee 
g6 





rw LD? 
a pak © 
4L P?+P 


As. an intermediate possibility, we may consider 
p=1 (cosé@ distribution). In this case we obtain in 
a similar manner: 


2w? | 2(L?+/?)3 
N(O, h, t) =1(O, h, | 


E rw i as 
ata Gat © 
(Z?+/?)* 42 +P 


The dimensions of both instruments, together 
with the final values of the ratio g=N(O, h, t)/ 
I(O, h, t) applicable to cos*@, cos#, and isotropic dis- 
tributions are listed in Table V. The resulting values 
of I(O, h, ¢) on the basis of the present experiments, 
as well as several reported by other investigators 
for low altitudes, are given in Table VI. According 
to Sands,!! there does not appear to be a significant 
departure from p=2 for the total intensity at 
30,000 feet. 

The factors (ga) listed in Table V may be divided 
into any of the various counting rates at very high 
altitudes reported in reference 1 to obtain J(O, h, t). 
The stated value of the absolute intensity near the 
“top of the atmosphere” has been based upon all 
available data from the free-balloon flights at 
altitudes exceeding 90,000 feet. This embraces 9 
flights with vertical telescopes, and includes data 
not contained in reference 1. Recent measurements 
in inclined directions have not been incorporated 
in this average. 

Experiments now in progress will provide a 
complete determination of the zenith angle distri- 
bution law throughout the atmosphere for several 
values of t. Tentatively, one may assume that the 
cos@ distribution is roughly applicable in the tropo- 
pause. This is in accord with the results of experi- 
ments performed during the National Geographic 
Society stratosphere flights." 

For various reasons it is not possible to compare 





10M. A. Pomerantz, Phys. Rev. 75, 1335 (1949). 

11M. Sands, Phys. Rev. 73, 1338 (1948). 

12 Swann, Locher, and Danforth, Nat. Geog. Soc. Cont. 
Tech. Papers, Stratosphere Series No. 2 (1936). 
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TABLE V. Geometrical factors for reduction of counting rates 
to absolute intensities. 














. ‘ _N(O, h, t) 

al “as iar || °CTORS 
Instrument cm cm cm p=2 p=l p=0 
A 19.4 0.9 41.5 1.23 1.29 1.45 
B 19.4 2.3 26.6 2.30 200 2.50 
¢B/ PA 1.90 1.94 1.74 








the value of the absolute intensity near the “‘top of 
the atmosphere”’ directly with that recently pub- 
lished by Gangnes, Jenkins, and Van Allen." How- 
ever, their data obtained with coincidence tele- 
scopes in rockets do not appear to be inconsistent 
with the commencement of the constant intensity 
plateau at the altitudes attained in free-balloon 
ascents. Although the absolute intensities reported 
by the former are somewhat lower, the latitude 
effect alone may be sufficient to account for this, 
as has already been demonstrated.“ Furthermore, 
an appreciable number of events which were re- 
jected as involving multiples in the rocket experi- 
ments undoubtedly represent part of the genuine 
primary beam. 

It should be mentioned that (in accordance with 
the warning in reference 1) the change with altitude 
in the value of ¢ affects the comparison (Fig. 6, 
reference 1) between our results, for 6 cm of inter- 
posed Pb, and those obtained by Schein and Allen 
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Fic. 5. Relative counting rate (after subtraction of back- 
ground) as a function of the distance, x, between the slit and 
an arbitrary index on the counter. The theoretical curve 
(solid line) is calculated on the basis of an effective length, /, 
equal to 19.4 cm. 


13Gangnes, Jenkins, and Van Allen, Phys. Rev. 75, 57 
(1949). 

14 Biehl, Montgomery, Neher, Pickering, and Roesch, Rev. 
Mod. Phys. 10, 360 (1948). 
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TABLE VI. Absolute intensities in the vertical direction, 


I(O, h, t}—the number of particles per cm? per unit solid angle 
per minute. 


(00, h, = f * in(O, h, «dd 


where the index m identifies the type of particle.) 











Atmos- 
pheric 
pressure 
Altitude, —mm Absorber 
Reference h—meters of Hg t—g/cm? I(O, h, t) 
Street and 
Woodward* 0 760 0.55% 0.80+0.028 
Street and 
Woodward* 0 760 3.45 0.74+0.026 
Greisen** 259 740 1.7¢ 0.741+0.014 
Greisen** 259 740 9.94 0.623+0.004 
Greisen** 259 740 167.0¢ 0.493 +0.004 
Greisen** 4350 453 1.7¢ 3.17+0.074 
Greisen** 4350 453 9.94 2.00+0.020 
Greisen** 4350 453 167.0¢ 1.13+0.016 
Author 90 756 4.4f 0.745+0.006 
90 756 157.08 0.494+0.006 
4350 453 4.4 2.66+0.044 
4350 453 157.08 1.14+0.018 
25,000 282 4.4f 8,240.19 
25,000 282 157.0¢ 2.47+0.068 
30,000 226 4.4! 11.7+0.37 
30,000 226 157.0¢ 3.61+0.07 
Reference 1 90,000 is <89.0¢ 10.1+0.20*** © 








* See reference 6. 
** See reference b of Table III. ae 
® Quoted minimum thickness between sensitive volumes of extreme 


counters, 0.32 g/cm? glass +0.23 g/cm? Cu. ‘s 
b Quoted minimum thickness between sensitive volumes of extreme 


counters, 2.3 g/cm? glass +1.1 g/cm? Cu. eB : 
¢ Brass, minimum thickness between sensitive volumes of extreme 


counters. 
4 Minimum thickness between sensitive volumes at extreme counters, 


8.2 g/cm? brass +1.4 g/cm? wood. 
© Quoted value, includes counter walls, lead, and wood above and between 


counters. ve 
f Mean thickness between sensitive volumes of extreme counters, 1.8 


g/cm? Cu+2.6 g/cm? glass. . i 
& Mean thickness of interposed absorber, not including counter walls (see 


note f ). : : 
*** This value represents an average of all available data obtained at 


altitudes exceeding 90,000 feet with vertical coincidence-counter trains. 
It is based upon the results of 9 flights having different amounts of inter- 
posed material. The indicated uncertainty is the statistical standard 


deviation. 


with 18 cm of Pb. However, in the extreme case, 
the relative intensity of the latter would only be 
increased by about 15 percent near the “‘top of the 
atmosphere.”” This does not affect the general 
conclusions based on the difference which appreci- 
ably exceeds this amount. 


IV. DISCUSSION 


Although the above results are in good agreement 
with those of other investigators when an appreci- 
able quantity of absorber is interposed in the 
counter train, the situation is quite different when 
only the counter walls determine the minimum 
range which must be penetrated for the registering 
of an event. The large absorption in small thick- 
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nesses of material is already strikingly evident in the 
data obtained by Greisen at the comparatively low 
altitude of 4350 meters (Table VI). Here the meas- 
ured intensity increased by 58 percent when the 
interposed absorber was reduced by 8.2 g/cm?. The 
absorption coefficient for small thicknesses becomes 
even greater at higher altitudes. A rather large 
difference between the relative total intensities 
computed from our data and those reported by 
Sands" on the basis of similar measurements, is 
doubtless attributable to this effect. 

In the past, various methods for computing the 
effective thickness of the counter walls have been 
adopted, and the stated values are frequently not 
strictly comparable. It is desirable that the basis 
for the computation be explicitly stated, and it is 
therefore proposed that, following the custom 
which seems to have become somewhat prevalent, 
the minimum amount of material between the 
sensitive volumes be stated. The argument for 
omitting the upper wall has been based upon the 
hypothesis that as many soft particles are produced 
as are absorbed therein. 

This minimum thickness may be multiplied by a 
constant which takes into account the fact that the 
mean thickness traversed is greater because of the 
cylindrical shape, and because of the distribution 
of cosmic-ray intensity with zenith angle.* On this 
basis, the absorber in Sands!* apparatus amounted 
to 3.8 g/cm? as compared with 4.4 g/cm? similarly 
calculated for our counters, the walls of which con- 
tained some material of lower atomic number. This 
is apparently sufficient to introduce a difference in 
the relative intensities varying from 15 percent on 
Mt. Evans to 32 percent at 30,000 feet. 

This clearly demonstrates the error which may 
be introduced into attempts to compare measure- 
ments by different investigators of the so-called 
“total” intensity at high altitudes. ‘Indeed, the 
disagreement has been quite marked." 
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15M. Sands (private communication). 
16 See, e.g., B. Rossi, Rev. Mod. Phys. 20, 537 (1948). 
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The presence of heavy particles in cosmic rays makes it plausible that cosmic radiation is generated 
by the acceleration of charged particles in extended electromagnetic fields. The energy density of 
cosmic rays (3X10~ Mc*/cm*) would lead to very great total amounts of energy if one assumes 
that cosmic radiation extends throughout intergalactic or throughout interstellar space. This would 
require very efficient methods of cosmic-ray production. It is therefore of interest to investigate the 
possibility that cosmic rays are generated in the vicinity of the sun and are confined to the solar 
system by extended magnetic fields. The strength of these fields is estimated to be 10-5 gauss. Ac- 
cording to this picture, cosmic rays circulate in the neighborhood of the planetary system for thou- 
sands of years, during which time the radiation becomes isotropic. The electron component of the 
radiation is eliminated by collisions with solar light quanta. 





ISCUSSIONS of the origin of cosmic rays 

have led so far to quite inconclusive results. 
The following note presents some considerations 
which may prove helpful in the search for an 
adequate explanation. Theories presented so far 
can be divided into three classes: First, the theories 
which explain cosmic radiation by acceleration of 
particles in extended electromagnetic fields ; second, 
theories which postulate that great energies are 
acquired by a cosmic-ray particle in an elementary 
act; and third, the theories which assume that 
cosmic rays have been generated at the time of the 
origin of the universe. We shall show that of these 
alternatives the first one seems to be most promis- 
ing, and in addition, we shall give arguments in 
favor of a more specific hypothesis: The origin of 
the cosmic rays may lie in the solar system itself. 

It seems at present practically impossible defi- 
nitely to disprove the theory that cosmic rays were 
generated at the time of the origin of the universe. 
Physical conditions at that time have certainly 
been very different from those prevailing at present. 
Such an explanation would probably be accepted 
only if good reasons were given that, under present 
conditions, cosmic rays cannot be produced. 

The possibility that cosmic rays are produced in 
elementary acts has been practically disproved by 
the discovery! that among the cosmic rays there are 
found heavily charged nuclei. One might imagine 
elementary acts in which very energetic protons are 
produced, but it seems highly improbable that all 
the neutrons and protons of, for instance, a neon 


nucleus, should be produced or accelerated in an 


elementary act to an energy of two billion volts per 
nucleon without giving to the nucleus more than 
sufficient internal energy to break it up into its 
constituent particles. 


1 Freier, Lofgren, Ney, Oppenheimer, Bradt, and Peters, 
Phys. Rev. 74, 213 (1948); Freier, Lofgren, Ney, and Oppen- 
heimer, Phys. Rev. 74, 1818 (1948); H. L. Bradt and B. 
Peters, Phys. Rev. 74, 1828 (1948). 





It has been pointed out frequently? that electro- 
magnetic fields on the stars, near stars, or in inter- 
stellar space may have sufficient strength and ex- 
tension to accelerate individual particles to the 
energies observed in cosmic-ray experiments. In 
fact, it might seem that this process could occur so 
frequently and easily in the universe that there 
might arise some embarrassment as to what choice 
to make among these possibilities. There is, how- 
ever, another requirement which a theory of cosmic 
rays must fulfill. It must explain the total energy 
present in cosmic radiation. This requirement 
indeed is quite restrictive. The cosmic rays im- 
pinging upon the earth indicate an energy density 
of approximately 3X10-!° Mc?/cm*, where M is 
the mass of the proton.’ If we assume that cosmic 
rays are evenly distributed throughout all space, 
including intergalactic space, then the total energy 
in cosmic rays would be greater than any other 
energy known to us with the exception of the rest 
energy of matter.‘ Indeed, the energy represented 
by the cosmic rays would be approximately 10~ of 
this rest energy. In order to account for the cosmic 
rays, one would then have to assume the presence 
of electromagnetic fields containing as much or 
more energy than the cosmic rays themselves. This 
is by no means impossible, but it is clear that such 
fields could not be due to any mechanism in which 
other known energies are transformed into electro- 
magnetic fields, since these other energies are 
quantitatively insufficient for the purpose. The 
assumption that galaxies carry great charges, or 

2 See for instance, W. F. Swann, Phys. Rev. 43, 217 (1933); 
H. Alfvén, Zeits. f. Physik, 105, 319 (1937). 

3 Estimated from review article by B. Rossi, Rev. Mod. 
Phys. 20, 537 (1948). 

4+F. Hoyle (M. N. R. A. S. 106, 384 (1946)) proposes that 
cosmic rays are produced by stars in which densities of 10" 
g/cm’ occur. At such a density energies comparable to the 
rest energy may be released. It seems remarkable, however, 
that this process gives rise to no other observable energies 


that are as great or greater than the energies contained in 
cosmic rays. 
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that electrically charged particles are accelerated 
by some fields due to a new type of coupling between 
gravitation and electricity, would hardly give an 
acceptable explanation. Even if one made such an 
assumption, the effective charge of the galaxies 
would have long since been neutralized. 

It has been proposed® that the cosmic rays which 
are observed on the earth are confined by weak 
magnetic fields to the interior of galaxies. If this 
idea is accepted one finds that cosmic rays will be 
absorbed in a time short compared to the age of 
the universe. The main component which we ob- 
serve in cosmic rays consists of protons. If the 
cosmic rays circulate within the galaxy then they 
will, from time to time, collide with other protons. 
These collisions lead to meson production accom- 
panied by considerable decrease of the energy of 
the protons. Since the cross section of a meson 
production is approximately 0.02 barn, and since 
there is approximately one proton per cm*® in the 
galaxy, the cosmic rays will have a mean free path 
for meson-producing collisions of about 5 X10*> cm, 
or 5X10’ light years. This distance is of course 
great compared to the dimensions of the galaxy, 
but the cosmic rays will stay inside the galactic 
system, being guided by magnetic fields. The 
mesons produced by the cosmic rays decay into 
electrons and into neutral particles. There is no 
effective way to return the energy of these particles 
to the protons. Since protons constitute the main 
component of cosmic rays, the energy given to 
mesons must be considered as lost to the cosmic 
radiation. In order to establish an unchanging level, 
the energy of these cosmic rays must be renewed 
every 50 million years. Estimates on stellar radia- 
tion intensity inside the galaxy show‘ that approxi- 
mately 10~* of the energy produced in stars would 
suffice to compensate the energy lost by cosmic rays 
in meson production. It is difficult to find a mecha- 
nism by which so great a fraction of the star light 
is converted into energy of protons carrying more 
than 10° ev. 

One may assume that the galactic magnetic field 
does not constrain the cosmic-ray particles to move 
strictly inside the galaxy, but allows the cosmic-ray 
orbits to extend over a volume which is a few times 
greater than the volume of the galaxy. In this case 
each cosmic-ray particle would lose energy more 
slowly, but a greater number of particles would be 
present at any given time, and the energy that has 
to be fed into cosmic radiation remains the same. 

We have considered so far .only the observed 
cosmic-ray spectrum which extends from 2.5 10° 
ev toward higher energies. Cosmic rays below this 
lower limit may have escaped observation. In this 
case a great additional amount of energy may be 


5H. Alfvén, Zeits. f. Physik 107, 579 (1937). 
6 T, Dunham, Proc. Am. Phil. Soc. 81, 277 (1939). 
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present in the low regions of the cosmic-ray spec- 
trum, and the energy needed for maintaining 
cosmic radiation would be increased. 

The energy of cosmic rays may be derived from 
the kinetic energy of interstellar matter or of the 
stars. Assuming an average density of one hydrogen 
atom per cm*, with an average velocity of 310° 
cm/sec., one finds that approximately 10 percent 
of the kinetic energy is used up by keeping the 
cosmic rays going for 210° years. Added low 
energy cosmic radiation would raise this estimate. 
It would seem difficult to explain such an efficient 
conversion of kinetic energy into high energy 
radiation.’ 

The difficulties mentioned above can be avoided 
if one assumes that cosmic rays originate in the 
neighborhood of the sun® and are kept for a pro- 
tracted period within or near the solar system by 
an appropriate magnetic field. If one may apply 
Liouville’s theorem and the ergodic hypothesis one 
would expect that an isotropic distribution of 
cosmic rays will be established within the region in 
which the radiation circulates. Deviations from an 
isotropic distribution would be expected (a) near 
the fringes of the region to which the cosmic rays 
are confined, or (b) if the cosmic radiation diffuses 
away rapidly from the neighborhood of the sun, or 
(c) if there exists an integral of the orbital motion 
of the cosmic-ray particles. 

Because of (a), we have to assume that the earth 
lies well within the interior of the region accessible 
to cosmic radiation. 

The point raised under (b) will be valid for most 
shapes of the magnetic field. We have to assume an 
appropriate shape of the magnetic field to prevent 
rapid loss of the cosmic radiation from the planetary 
system. A field of an appropriate shape would be, 
for instance, one caused by currents in the ecliptic 
circulating around the sun and extendirg through- 
out the planetary system. Even if such an appro- 
priate magnetic field were established, cosmic rays 
could still diffuse out due to deflections by per- 
turbing fields. This, however, need not give rise to 
any difficulty as long as such perturbing fields are 
confined to the part of the field which is closer to 
the sun. As long as a time-independent exterior 
field of appropriate shape exists, cosmic rays can 

7E. Fermi (Phys. Rev.75, 1169 (1949) ) has recently proposed 


a most ingenious mechanism which may furnish the required 
energy to the cosmic radiation. According to this proposal, 


- cosmic radiation constitutes an essential component in the 


energy distribution within the galaxy, and the mechanism 
regulating the intensity of cosmic rays is based upon the 
balancing of the various forms of energy. Difficulties con- 
nected with the presence in cosmic radiation of nuclei carrying 
more than one charge give rise to some doubt whether or 
not Fermi’s proposal is the correct explanation of cosmic rays. 
We are indebted to Professor Fermi for discussions of his 
paper and of the present note. 

8 The solar origin of cosmic rays has been proposed by 
M. A. Dauvillier, J. de phys. et rad. 5, 640 (1934); and by 
D. H. Menzel and W. W. Salisbury, Nucleonics 2, 67 (1948). 
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be confined for long periods of time. Such an 
effective confinement of the cosmic rays is neces- 
sary, not only to explain the isotropy, but also in 
order to explain the intensity of the radiation. 

An integral of motion, as mentioned in (c), will 
exist if the magnetic field in which the cosmic rays 
circulate has strict axial symmetry. In this case an 
axially symmetrical vector-potential A may be 
introduced, and the vector rX(mv+(e/c)A), has a 
constant component along the axis of symmetry. 
This component, which is known as the Stérmer 
integral, is the appropriate generalization of the 
angular momentum. It seems likely that axial 
symmetry is not fulfilled so rigorously as to insure 
the constancy of this integral for a protracted time. 
Thus we find no conclusive argument against an 
isotropic distribution of cosmic rays. 

The intensity of the magnetic field which keeps 
the cosmic rays within or near to the planetary 
system can be estimated as follows: The most 
energetic singly charged particles observed in the 
cosmic rays have an energy of 10 ev. (The Auger 
showers may be caused by heavier nuclei.) If we 
want to confine these particles to a region of the 
dimensions 3 X 10'7 cm we need a field of 10-® gauss. 
This distance is equal to a third of a light-year. 
Thus fields weaker than 10-* gauss could hardly 
confine all cosmic rays to the neighborhood of the 
sun. On the other hand, a field of more than 10- 
gauss would have been discovered in the investiga- 
tions of geomagnetism. Thus we are forced to 
introduce a field approximately equal to 10-5 gauss. 

If we assume that all cosmic rays produced near 
the sun will eventually impinge upon the earth, 
one finds that less than 10~!” of the solar radiation 
will suffice to maintain the cosmic radiation. It is 
clear that other planets will serve as sinks of the 
cosmic rays. Meson-producing collisions could con- 
sume some of the energy of the cosmic rays. Colli- 
sion of cosmic rays with the sun may be prevented 
or greatly reduced by the solar magnetic field. In 
any case it will be unnecessary to convert a con- 
siderable fraction of the solar energy into cosmic 
rays. Thus it will be less difficult to find an appro- 
priate mechanism for producing cosmic rays. 

The iifetime of a cosmic ray will vary according 
to the extension of its orbit. If the orbit is com- 
parable to the distance from the sun to the earth, 
the cosmic ray is likely to collide with the earth in 
a time somewhat longer than a thousand years. 
In ‘orbits of greater extension, cosmic rays may 
circulate for a longer time. In no case can we expect 
them to live much longer than about 5X10’ years, 
which is the lifetime of fast protons circulating in 
the galaxy. 

According to the calculations of Feenberg and 


Primakoff,® electrons of cosmic-ray energies circu- 


%E. Feenberg and H. Primakoff, Phys. Rev. 73, 449 (1948). 
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lating near the earth’s orbit will lose their energy 
in less than 100 years due to Compton collisions 
with solar light quanta. We should, therefore, not 
expect a strong electron component in cosmic rays. 
Protons and heavier nuclei will be unaffected by 
sunlight. Indeed, the upper limit of the proton 
energies is probably given by the escape from the 
solar system rather than by the results of Compton 
collisions. 
The assumption that cosmic rays are essentially 
confined to our planetary system leads to a few 
conclusions which can be checked by cosmic-ray 
experiments. Among these are: 
(1) No protons greatly in excess of 10" ev and no particles 
greatly in excess of 10" ev are to be expected. Such particles 
cannot be confined to the neighborhood of the planetary 
system. 
(2) It is likely that particles of lower energy than 2.5 X 10° 
ev will be found. To confine cosmic rays to the planetary 
system, but not to allow them to approach the sun closer 
than the earth’s orbit, would indeed require rather artificial 
assumptions about the shape of the magnetic lines of force. 
It should be noted that the sun’s dipole gives rise to a field of 
less than 10~* gauss near the earth. 
(3) The cosmic-ray intensity should not depend on the 
angle included by the cosmic ray and the velocity vector of 
the solar system with respect to the galaxy. Thus there should 
be no Compton-Getting effect.” 
(4) There is no striking reason for different laws of acceler- 
ation of protons and heavier nuclei. These particles may be 
found in cosmic rays with approximately the same abundance 
ratio as they are found elsewhere in the planetary system. 
The spectra of the protons and of the heavy nuclei may be 
similar. 
Summarizing the above discussion, we suggest 
that the energy of cosmic rays is derived from the 
most plentiful energy source in our neighborhood, 
the sun. We introduce a magnetic field of about 
10-* gauss which extends throughout and beyond 
the planetary system. This field serves to convert 
the cosmic rays into isotropic radiation. The long 
circulation periods in this field (10*-10* years) also 
explain why the cosmic-ray intensity does not show 
long-period fluctuations connected, for instance, 
with the sun-spot cycle. Finally, the magnetic field 
helps’ to keep the cosmic-ray intensity at a high 
level. In the following paper, H. Alfvén presents a 
plausible explanation of this magnetic field. He 
also describes a possible mechanism for the acceler- 
ation of charged particles near the sun. 
If our ideas are correct, the expression ‘‘cosmic 
rays” is a misnomer. We wonder to what extent 
this name has hindered discussion of the solar 
origin of this radiation. 
We are indebted to Professor Fermi for discus- 
sions and criticism. The value of a the greater 
because of the necessarily speculative character of 
the views presented here. 
10 A. H. Compton and J. A. Getting, Phys. Rev. 47, 817 
(1935). The effect is small and is hard to establish. Evidence 
in favor of the effect (and therefore in contradiction to our 


views) was given by J. Barnéthy and M. Forré, Nature 193, 
1064 (1937), 
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The idea proposed by Teller and Richtmyer that the cosmic radiation is a local solar phenomenon 


is developed. 


It is shown that motion of interstellar matter is likely to amplify a primary interstellar magnetic 
field up to the value of the order 10-5 gauss postulated by Richtmyer and Teller. 

According to an earlier suggestion, magnetic storm variations of cosmic radiation are due to electric 
fields set up within the solar system by the storm-producing beams. It is shown that the long-time 
effect of the same mechanism may account for the generation of cosmic radiation. It is of special 
interest that there seems to be some hops to derive theoretically the observational energy spectrum. 





I. 


T the recent Nuclear Physics Conference in 
Birmingham, Teller! proposed that cosmic 
radiation should be a local solar phenomenon, the 
cosmic-radiation particles being trapped by mag- 
netic fields and confined to move in a region around 
the sun, which is small compared to stellar distances. 
Strong arguments in favor of this view have been 
given in the preceding paper by Richtmyer and 
Teller.2 This picture requires magnetic fields around 
the sun, for example just outside the planetary 
system, which are much stronger than is usually 
supposed. At first sight there seems to be little 
reason to assume other fields than the solar dipole 
field, which is not at all sufficient to keep cosmic 
radiation trapped and to make it isotropic. We 
know, however, very little about the magnetic 
fields in our neighborhood and a closer examination 
of the problem is necessary. 


II. TRAPPING MAGNETIC FIELDS 


For the following discussion it is important to 
consider a process by which a magnetic field may 
be amplified. Suppose that in an electrically con- 
ducting medium with the mass density = p there is 
an externally given magnetic field Ho. If parts of the 
medium are put into motion with velocity v, the 
magnetic field is distorted, so that an induced field 
H’ is superimposed on the initial field. In the case 
of an infinite electrical conductivity the average 
value of H’ increases until the magnetic energy 
equals the kinetic energy: 


a” 4 
ae (1) 
T 


When this limit is reached an equipartition of 
energy is accomplished and magnetic field energy 
converted back into kinetic energy. The state 


1E. Teller, Report on the Nuclear Physics Conference in 
Birmingham, Sept. 14-18, 1948. 
2 R. D. Richtmyer and E. Teller, Phys. Rev. 75, 1729 (1949). 


characterizing a magneto-hydrodynamic wave is 
reached. 


Ill. 


We shall apply these results to interstellar space 
around the solar system. Hence we put p=10-*4 
g/cm which is the usually accepted value of inter- 
stellar density. This gives 


H!’ =0(4rp)*=3.5-10-" v. (2) 


A magnetic storm is usually supposed to be pro- 
duced by a corpuscular beam sent out radially from 
the sun with a velocity of the order 2-108 cm sec.—!. 
When it passes through the solar magnetic field, the 
beam will distort the magnetic lines of force and 
will cause an induced field which may grow up to 
the order of H’=3.5-10-"-2-108=7-10- gauss. It 
should also be observed that as the beam consists 
of ionized gas which has a high conductivity, the 
magnetic field in the region close to the sun where 
the beam emanates may in part be “‘frozen”’ into 
the matter of the stream. In this way magnetic field 
is ‘‘transported’’ outwards. 

Both these effects produce magnetic fields in the 
outskirts of the solar dipole field which are much 
stronger than the dipole field itself. Considerations 
of the decay of these fields and the total energy 
necessary to produce fields of such an extension 
and strength as to trap cosmic radiation makes it 
rather dubious, however, if this effect is sufficient. 


IV. 


For an assumed galactic magnetic field the value 
10-'° gauss is usually given. The only foundation 
for this value is that it constitutes the minimum 
field required to trap cosmic radiation within -the 
galaxy. No other data confirm a value of this order 
of magnitude. If we start from a low value of the 
galactic magnetic field and investigate how this 
value would be transformed by motion of inter- 
stellar matter, we find that the final result is given 
by.(1), i.e., the motion increases the magnetic field 
until equipartition between kinetic and magnetic 
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energy is established. Because of the very large 
dimensions the decay of the field is slow. Putting 
v=3-10°cm sec. for the average (relative) velocity 
of interstellar matter, we find 


H’ =~10- gauss. (3) 


This field is likely to be irregular, produced as it 
is by motion of the interstellar matter. Ia a field of 
this order singly charged particles of momentum 
p=10' gauss cm (=3-10" ev) have a radius of 
curvature of 10 cm, and for 30-fold charged par- 
ticles of 10'* ev the value is 10!7 cm. Thus cosmic 
radiation would be confined to a region around the 
solar system which is small compared to stellar 
distances. 

The value 10-* gauss seems at first glance to be 
very high. In fact it is even somewhat larger than 
the solar dipole field near the earth’s orbit. There is 
at present, however, no argument against this 
assumption and, as shown by Richtmyer and Teller, 
a field of this order greatly simplifies the under- 
standing of cosmic radiation. A field of 10-® gauss 
would give essentially the same result. 


V. MAGNETIC STORM VARIATIONS 


Before attempting to trace the origin of cosmic 
radiation we shall discuss the mechanism producing 
magnetic storm variations. It is well known that 
these variations cannot be produced by the storm 
variations of the terrestrial magnetic field. Instead 
we must suppose that the electric field associated 
with the storm-producing beam is responsible for 
them.* 

Because of its motion in a magnetic field H a 
storm-producing beam when seen from a fixed coor- 
dinate system must be associated with an electric 


field 
1 
E=-vXH. (4) 
c 


When the earth is situated within the stream this 
electric field causes a discharge which hits the earth 
in the auroral zones, the current system of the dis- 
charge producing the magnetic storm field. The 
voltage difference V, between the borders of the 
stream is V;=£-d, where d is the breadth of the 
beam. With d=5-10" cm and v=2-108 cm/sec. we 
obtain (expressing V; in volts, and H in gauss), 


V,=10"H (volt). (5) 


During magnetic storms variations of as much as 
10 percent in cosmic radiation intensity are some- 
times observed. As the main part of cosmic radia- 
tion has an energy of about 3-10'° ev, V, must be 
of the order 3-10° volt. This requires H=3-10~ 
gauss. This is much more than the solar dipole field, 
which near the earth’s orbit is of the order 2-10-® 


3H. Alfvén, Nature 158, 618 (1946). 


1733 


C 





Fic. 1. 


gauss. As pointed out above, the magnetic field in a 
beam coming from a region near the sun, where the 
field is much higher, could very well have a stronger 
magnetic field which is ‘‘frozen” into the beam. In 
fact, if the beam emanates in a region near the solar 
surface where H=10 gauss and moves radially 
outwards so that its breadth is proportional to the 
solar distance, this field should for geometrical 
reasons decrease only to 1/200 of its original value, 
or to 5-10~? gauss. Thus the value 3-10 gauss is 
not unreasonably high. It should also be compared 
with the value from (2). 

It is important to note that in general the field is 
non-potential. Although the conditions in a meridian 
plane probably are more important we shall confine 
the discussion to the equatorial plane (Fig. 1) where 
the conditions are simpler. The charge accumulated 
on the sides of the stream tends to produce a current 
for example along the line ACB. The inductance 
of this loop is so big, however, that its time- 
constant 7 is very long, possibly of the order of 
years. When the time during which the beam has 
been on is short compared to 7 there is no appre- 
ciable electric field outside the beam, because the 
field from the charges on the sides of the beam is 
neutralized by an induced field. 

When before a storm the earth has the position 
My, in relation to the beam, positive cosmic-ray 
particles arriving from the left will be accelerated 
when traversing the beam. After the storm, posi- 
tives from the right reaching the earth in position 
Mz have in the same way been retarded. This 
explains the observed increase in cosmic radiation 
before a storm and the decrease after it. The dif- 
ference between the two effects may—at least in 
part—be explained by the geometry of the beam 
and the particle paths. 


VI. GENERATION OF COSMIC RADIATION 


The idea that cosmic radiation is produced by 
induced electric fields has been proposed among 
others, by Swann,‘ who assumed that the accelera- 


4W. F. G. Swann, Phys. Rev. 43, 217 (1933); J. Franklin 
Inst. 215, 273 (1933). 
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tion takes place in the electric field generated by 
the growth of a sunspot magnetic field. A serious 
objection against this model is that the conduc- 
tivity of the corona outside a sunspot is so high that 
the generator is short-circuited. In other words, the 
electric field must accelerate all particles in the 
region in question, but the available energy does not 
suffice to give them cosmic-ray energies. It should 
also be observed that this model is not reconcilable 
with a solar origin of the whole cosmic radiation, 
because fields much stronger and more extensive 
than sunspot fields must be assumed in order to 
account for the highest cosmic-ray energies. In the 
case of the double star generator which has also 
been proposed to produce cosmic radiation, the 
acceleration takes place in the space between the 
stars where the density is much smaller than in the 
corona, but even in this case the conductivity may 
be high enough to short-circuit the generator. 

The only way to avoid this diffculty seems to be 
to assume some mechanism which accelerates only 
particles which already have a high energy. We 
shall here consider a process of this kind, which 
takes place in the solar magnetic field. The accelera- 
tion is essentially a consequence of the process 
which we have assumed to be responsible for the 
magnetic storm variations.® 

Suppose that no storm-producing beam has been 
on for a time much longer than the time constant 7 
of the “‘electric circuit.’’ Consider the region where 
the solar dipole field is stronger than the galactic 
fields. In the solar equatorial plane a positive par- 
ticle of cosmic-radiation energy may go clockwise 
either in a circular or a trochoidal path around the 
sun, the particle energy remaining unchanged. 

If suddenly a beam with the voltage difference 
V, between its sides is turned on, the particle loses 
an energy eV, for every time it passes the beam. No 
change in energy takes place outside the beam on 
the way ACB. When the beam has been on for a 
time which is long compared to 7 a potential field is 
restored so that the particle gains the same energy 
eV,=eV> during the path ACB as it looses when 
passing the beam. If then the beam suddenly is 
switched off the particle still gains the energy eV. 
when going the distance ACB but does not lose any 
energy. Hence the net gain per turn is eV,, which 
in the above example equals 3-10° ev. This accelera- 
tion goes on for a time of the order r. 

This phenomenon can also be regarded in another 
way. The beam transports magnetic flux outwards 
at the rate H-v-d. This field must leak back towards 
the sun, causing an increase of the solar field. The 


5E. Fermi, Phys. Rev. 75, 1169 (1949), has proposed that 
cosmic rays are produced in extensive electric fields associated 
with magneto-hydrodynamic waves in interstellar space. It 
seems at present difficult to judge whether this mechanism or 
that one discussed in this paper is to be preferred. 
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betatron action of this accelerates the particles. In 
fact when equilibrium is reached the path ACB is 
cut by the magnetic flux Hvd leaking ‘back, and the 
voltage V, induced by this is 


1 
V,=-vHd 
Cc 


which again makes Va= V». 

The above example with V,=3-10° volt cer- 
tainly represents an extreme case. In fact, storms 
changing cosmic-radiation intensity by as much as 
10 percent are very rare. Usually the storm effect is 
less than 1 percent, so the normal value of V4, is 
probably of the order of 10° volts. The total flux F 
of the solar magnetic field outside the sun is 
F=7R°°H,=3.8-10% gauss cm?, Ro=7-10!° cm 
being the solar radius and H,=25 gauss the polar 
magnetic field. In the case of V=3-10° volts the 
outward transport of flux occurs at the rate Hud =3 
-10-*-2-108-5-10"2=3-10!7 gauss cm? sec.—! which 
shows that it cannot possibly go on as long as 10° 
sec. unless a rapid leaking back occurs. A value of 
V.=108 volt and a time constant of the order of a 
year (3-107 sec.) would probably be more like a 
normal state. 

The maximum energy which a particle can gain 
is given by the maximum value of Hr in the solar 
field. For an orbit close to solar equator we have 
H=10 gauss and r=7-10!° cm which gives p=Hr 
=7-10" gauss cm and V=300p=2-10" ev. A 
heavy nucleus with the charge 30 e could reach 
6-10" ev which is of the order of the most energetic 
particles assumed to cause the extensive showers. 


VII. 


The kinetic energy W, transported outwards per 
second by a storm-producing beam is 


Wi = 3pv'S (6) 


where S is the cross section of the beam. Supposing 
it to be circular, we have S = d?/4. The value of the 
beam density p is uncertain, but p=10-” (near the 
earth’s orbit) is probably a very conservative 
estimate. With v=2-108 and d=5-10" this gives 
W,=0.8- 108 erg sec.—!. Comparing this value with 
Richtmyer-Teller’s figures, it is easily seen that the 
energy which must be converted into cosmic radi- 
ation is only a very small fraction of the beam 
energy. 


VIII. 


For the acceleration of cosmic-radiation particles 
two different possibilities should be considered. The 
first one is that cosmic-radiation particles coming 
from the outer regions and accidentally passing 
near the sun are accelerated by the varying field. 
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The change in energy during one passage is of the 
order of Va. 

Consider particles of momentum p=Hr. The 
space -U to which they are confined is of the order 


U=(10r)?=10%p*H-, (7) 


The number of times N they will reach a solar 
distance of R during the time T before they are 
absorbed is 


N=nxRTU—=2-10-cR°T Hp. (8) 


With T=3-10" sec., H=10- gauss, p=10" gauss 
cm, we find V=3-10-?R?. Even if the acceleration 
is active at a solar distance of R= 10" cm, a particle 
will not have a chance of being accelerated more 
than 30 times, each time by the order of 108 ev. 
This is obviously insufficient, so this mechanism 
does not work, at least not for the high energy 
range of cosmic radiation. 


IX. THE ENERGY SPECTRUM 


The other possibility is that the main acceleration 
occurs for particles in trapped orbits. Consider a 
particle at the solar distance R. In the dipole field 
it may go in a circular path around the sun if its 
energy is V’=H-R=aR™, where a=4.2-10* gauss 
cm’ is the solar dipole moment. The time for a 
revolution is 7’=2xR/c. The circular orbit is 
unstable but if the energy is say V=0.1V’ it will 
go in a stable trochoidal path at the same average 
solar distance. The time JT for one revolution 
around the sun is at the same time increased to the 
order of T=107"’. If the acceleration per turn 
AV:=Va—Vs remains approximately constant 
during a time 7, the change in energy during this 
time is 

AV=(r/T)AVi=crAV./20eR ' (9) 
so that its relative change in energy becomes 


AV cr 
—=—-AV,-R. (10) 


Putting 7=10° sec., AV,=3-10° gauss cm (=108 
volt) we find AV/V=0.3-10-"R so that as soon as 


R is larger than a few solar radii, the relative 
increase in momentum is very rapid. 

As the absorption during the short time 7=10° 
sec. which we have considered is small, particles 
will change their energy up and down with the 
same probability. The result is that in the neigh- 
borhood of the sun, the particle spectrum will be 
constant, i.e. the number of particles with energies 
between V and V+AYV will be independent of V up 
to the vicinity of the maximum energy which the 
solar field can keep. 

The solar dipole field is certainly disturbed very 
much for example by the storm-producing stream. 
Hence particles will frequently change from one 
periodic orbit to another. They will also pass over 
from periodic orbits in the dipole field into orbits 
to the surrounding space, in which case they are 
emitted from the sun. If we change the solar 
distance R and at the same time change the par- 
ticle energy V proportionally to R~, the particle 
orbits have the same geometrical form. This simi- 
larity indicates that the rate of emission f should 
be a simple power function of the solar distance or 
of the energy. Hence let us suppose that the emitted 
spectrum is f(V)=foV™ where fo and m are con- 
stants. It is possible to determine m only after a 
detailed analysis of the scattering process. 

The emitted cosmic rays fill a volume propor- 
tional to V*. If the intensity of cosmic radiation is 
given by the equilibrium between emission and 
absorption, the energy spectrum would be 


N=N.V"™%. 


On the other hand, if the main loss is not due to 
absorption, but to diffusion outwards towards 
infinity, the loss is proportional to the surface of the 
volume filled by cosmic radiation, i.e. to V? and we 
would have 

N=N,V". 


In order to obtain agreement with the observational 


curve 
N=NiV~*, 


we should have ,<0 in the first case, or 1;~ —1 
in the second case. 
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The covariant quantum electrodynamics of Tomonaga, Schwinger, and Feynman is used as the 
basis for a general treatment of scattering problems involving electrons, positrons, and photons. 
Scattering processes, including the creation and annihilation of particles, are completely described 
by the S matrix of Heisenberg. It is shown that the elements of this matrix can be calculated, by a 
consistent use of perturbation theory, to any desired order in the fine-structure constant. Detailed 
rules are given for carrying out such calculations, and it is shown that divergences arising from 
higher order radiative corrections can be removed from the S matrix by a consistent use of the ideas 


of mass and charge renormalization. 


Not considered in this paper are the problems of extending the treatment to include bound-state 
phenomena, and of proving the convergence of the theory as the order of perturbation itself tends to 


infinity. 





I. INTRODUCTION 


N a previous paper! (to be referred to in what 
follows as |) the radiation theory of Tomonaga? 
and Schwinger? was applied in detail to the problem 
of the radiative corrections to the motion of a single 
electron in a given external field. It was shown that 
the rules of calculation for corrections of this kind 
were identical with those which had been derived 
by Feynman? from his own radiation theory. For 
the one-electron problem the radiative corrections 
were fully described by an operator Hr (Eq. (20) 
of I) which appeared as the ‘“‘effective potential’ 
acting upon the electron, after the interactions of 
the electron with its own self-field had been elimi- 
nated by a contact transformation. The difference 
between the Schwinger and Feynman theories lay 
only in the choice of a particular representation in 
which the matrix elements of Hr were calculated 
(Section V of I). 

The present paper deals with the relation between 
the Schwinger and Feynman theories when the 
restriction to one-electron problems is removed. In 
these more general circumstances the two theories 
appear as complementary rather than identical. The 
Feynman method is essentially a set of rules for the 
calculation of the elements of the Heisenberg 
S matrix corresponding to any physical process, 
and can be applied with directness to all kinds of 
scattering problems.’ The Schwinger method evalu- 

1F. J. Dyson, Phys. Rev. 75, 486 (1949). 

2 Sin-Itiro Tomonaga, Prog. Theor. Phys. 1, 27 (1946); 
Koba, Tati, and Tomonaga, Prog. Theor. Phys. 2, 101 
(1947) and 2, 198 (1947); S. Kanesawa and S. Tomonaga, 
Prog. Theor. Phys. 3, 1 (1948) and 3, 101 (1948); Sin-Itiro 
Tomonaga, Phys. Rev. 74, 224 (1948); Ito, Koba, and To- 
monaga, Prog. Theor. Phys. 3, 276 (1948); Z. Koba and 
S. Tomonaga, Prog. Theor. Phys. 3, 290 (1948). 

3 Julian Schwinger, Phys. Rev. 73, 416 (1948); 74, 1439 
(1948); 75, 651 (1949). 

4 Richard P. Feynman, Phys. Rev. 74, 1430 (1948). 

5 The idea of using standard electrodynamics as a starting 
point for an explicit calculation of the S matrix has been 


previously developed by E. C. G. Stueckelberg, Helv. Phys. 
Acta, 14, 51 (1941); 17, 3 (1944); 18, 195 (1945); 19, 242 


ates radiative corrections by exhibiting them as 
extra terms appearing in the Schrédinger equation 
of a system of particles and is suited especially to 
bound-state problems. In spite of the difference of 
principle, the two methods in practice involve the 
calculation of closely related expressions; moreover, 
the theory underlying them is in all cases the same. 
The systematic technique of Feynman, the exposi- 
tion of which occupied the second half of I and 
occupies the major part of the present paper, is 
therefore now available for the evaluation not only 
of the S matrix but also of most of the operators 
occurring in the Schwinger theory. 

The prominent part which the S matrix plays 
in this paper is due to its practical usefulness as the 
connecting link between the Feynman technique of 
calculation and the Hamiltonian formulation of 
quantum electrodynamics. This practical usefulness 
remains, whether or not one follows Heisenberg in 
believing that the S matrix may eventually replace 
the Hamiltonian altogether. It is stillan unanswered 
question, whether the finiteness of the S matrix 
automatically implies the finiteness of all observable 
quantities, such as bound-state energy levels, 
optical transition probabilities, etc., occurring in 
electrodynamics. An affirmative answer to -the 
question is in no way essential to the arguments of 
this paper. Even if a finite S matrix does not of 
itself imply finiteness of other observable quan- 
tities, it is probable that all such quantities will be 
finite; to verify this, it will be necessary to repeat 
the analysis of the present paper, keeping all the 
time closer to the original Schwinger theory than 
(1946); Nature, 153, 143 (1944); Phys. Soc. Cambridge Con- 
ference Report, 199 (1947); E. C. G. Stueckelberg and D. 
Rivier, Phys. Rev. 74, 218 (1948). Stueckelberg anticipated 
several features of the Feynman theory, in particular the use 
of the function Dr (in Stueckelberg’s notation D®) to represent 
retarded (i.e., causally transmitted) electromagnetic inter- 
actions. For a review of the earlier part of this work, see 
Gregor Wentzel, Rev. Mod. Phys. 19, 1 (1947). The use of 


mass renormalization in scattering problems is due to H. W. 
Lewis, Phys. Rev. 73, 173 (1948). 
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has here been possible. There is no reason for 
attributing a more fundamental significance to the 
S matrix than to other observable quantities, nor 
was it Heisenberg’s intention to do so. In the last 
section of this paper, tentative suggestions are 
made for a synthesis of the Hamiltonian and 
Heisenberg philosophies. 


Il. THE FEYNMAN THEORY AS AN S MATRIX 
THEORY 

The S matrix was originally defined by Heisen- 
berg in terms of the stationary solutions of a scat- 
tering problem. A typical stationary solution is 
represented by a time-independent wave function 
wv’ which has a part representing ingoing waves 
which are asymptotically of the form W,;’, and a 
part representing outgoing waves which are asymp- 
totically of the form W,’. The S matrix is the trans- 
formation operator S with the property that 

= SV,’ (1) 
for every stationary state W’. 

In Section III of I an operator U( ©) was defined 
and stated to be identical with the S matrix. Since 
U() was defined in terms of time-dependent wave 
functions, a little care is needed in making the iden- 
tification. In fact, the equation 


W,= U(0)W; (2) 


held, where V; and W2 were the asymptotic forms 
of the ingoing and outgoing parts of a wave function 
W in the W-representation of I (the “interaction 
representation” of Schwinger*). Now the time- 
independent wave function W’ corresponds to a 
time-dependent wave function 


exp[(—1/h) Et |v’ 


in the Schrédinger representation, where £ is the 
total energy of the state; and this corresponds to a 
wave function in the interaction representation 


W =exp[(+7/h)t(Ho—E) JW’, (3) 


where Ho is the total free particle Hamiltonian. 
However, the asymptotic parts of the wave function 
Ww’, both ingoing and outgoing, represent freely 
traveling particles of total energy E, and are there- 
fore eigenfunctions of Ho with eigenvalue E. This 
implies, in virtue of (3), that the asymptotic parts 
W, and W; of W are actually time-independent and 
equal, respectively, to VW,’ and W.,’. Thus (1) and 
(2) are identical, and U(@) is indeed the S matrix. 
Incidentally, U() is also the “invariant collision 
operator” defined by Schwinger. 

There is a series expansion of U(#) analogous 
to (32) of I, asi 


U()= =(— “)"- — ff ane fa 


XP(Ai (x1), eae Ay (xn)). (4) 
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Here the P notation is as defined in Section V of I, 
and 


Hy (x) = H" (x) +H*(x) (S) 


is the sum of the interaction energies of the electron 
field with the photon field and with the external 
potentials. The Feynman radiation theory provides 
a set of rules for the calculation of matrix elements 
of (4), between states composed of any number of 
ingoing and outgoing free particles. Also, quantities 
contained in (4) are the only ones with which the 
Feynman rules can deal directly. The Feynman 
theory is thus correctly characterized as an S matrix 
theory. 

One particular way to analyze U() is to.use (5) 
to expand (4) in a series of terms of ascending order 
in H*. Substitution from (5) into (4) gives 





m+n 
U(o)aEE =) —f dy: 
m=0 n=0 \ hc m'n! 
xf dXminP (H*(x1), x eg H*(Xm), 


XH (xm41), °° *; HI! (Xm+n))- (6) 


In this double series, the term of zero order in H* 
is S(), given by (32) of I. The term of first order is 


Hyatt f ” Hlx)de, (7) 


where Hr is given by (31) of I. Clearly, S( ©) is the 
S matrix representing scattering of electrons and 
photons by each other in the absence of an external 
potential; U,; is the S matrix representing the 
additional scattering produced by an external 
potential, when the external potential is treated in 
the first Born approximation; higher terms of the 
series (6) would correspond to treating the external 
potential in the second or higher Born approxima- 
tion. The operator Hr played a prominent part in I, 
where it was in 10 way connected with a Born ap- 
proximation ; however, it was there introduced in a 
somewhat unnatural manner, and its physical 
meaning is made clearer by its appearance in (7). 
In fact, Hr may be defined by the statement that 


(—1/h) (5t) (dw) H r(x) 


is the contribution to the S matrix that would be 
produced by an external potential of strength H*, 
acting for a small duration 6¢ and over a small 
volume éw in the neighborhood of the space-time 
point x. 

The remainder of this section will be occupied 
with a statement of the Feynman rules for evalu- 
ating U(«). Proofs will not be given, because the 
rules are only trivial generalizations of the rules 
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which were given in I| for the evaluation of matrix 
elements of Hr corresponding to one-electron 
transitions. 

In evaluating U(«) we shall not make any dis- 
tinction between the external and radiative parts 
of the electromagnetic field; this is physically 
reasonable since it is to some extent a matter of 
convention how much of the field in a given situa- 
tion is to be regarded as “‘external.’’ The interaction 
energy occurring in (4) is then 


Hy (x) = —1€A y(x)b(x) r(x) — dme*p(x)y(x), (8) 


where A, is the total electromagnetic field, and the 
term in 6m is included in order to allow for the fact 
that the interaction representation is defined in 
terms of the total mass of an electron including its 
‘electromagnetic mass’’ 6m (see Section IV of I). 
The first step in the evaluation of U() is to sub- 
stitute from (8) into (4), writing out in full the 
suffixes of the operators ¥., ¥s which are concealed 
in the matrix product notation of (8). After such a 
substitution, (4) becomes 


U(~)=¥ Im (9) 


n=0 


where J, is an m-fold integral with an integrand 
which is a polynomial in f., ¥g and A, operators. 

The most general matrix element of J, is obtained 
by allowing some of the fa, ¥g and A, operators to 
annihilate particles in the initial state, some to 
create particles in the final state, while others are 
associated in pairs to perform a successive creation 
and annihilation of intermediate particles. The 
operators which are not associated in pairs, and 
which are available for the real creation and anni- 
hilation of particles, are called ‘‘free’’; a particular 
type of matrix element of J, is specified by enu- 
merating which of the operators in the integrand 
are to be free and which are to be associated in pairs. 
As described more fully in Section VII of I, each 
type of matrix element of J, is uniquely represented 
by a ‘“‘graph”’ G consisting of m points (bearing the 
labels x1, ---, x.) and various lines terminating at 
these points. 

The relation between a type of matrix element 
of J, and its graph G is as follows. For every asso- 
ciated pair of operators (W(x), ¥(y)), there is a 
directed line (electron line) joining x to y in G. For 
every associated pair of operators (A(x), A(y)), 
there is an undirected line (photon line) joining x 
and y in G. For every free operator $(x), there is a 
directed line in G leading from x to the edge of the 
diagram. For every free operator ¥(x), there is a 
directed line in G leading to x from the edge of the 
diagram. For every free operator A(x), there is an 
undirected line in G leading from x to the edge of 
the diagram. Finally, for a particular type of 
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matrix element of J, it is specified that at each 
point x; either the part of Hi(x;) containing A,(x;) 
or the part containing 6m is operating; corre- 
spondingly, at each vertex x; of G there are either 
two electron lines (one ingoing and one outgoing) 
and one photon line, or else two electron lines only. 
Lines joining one point to itself are always for- 
bidden. 

In every graph G, the electron lines form a finite 
number m of open polygonal arcs with ends at the 
edge of the diagram, and perhaps in addition a 
number / of closed polygonal loops. The corre- 
sponding type of matrix element of J, has m free 
operators y and m free operators y; the two end 
segments of any one open arc correspond to two free 
operators, one y and one y, which will be called a 
“free pair.’’ The matrix elements of J, are now to 
be calculated by means of an operator J(G), which 
is denned for each graph G of vertices, and which 
is obtained from J, by making the following five 
alterations. 

First, at each point x;, Hi(x;) is to be replaced by 
either the first or the second term on the right of 
(8), as indicated by the presence or absence of a 
photon line at the vertex x; of G. Second, for every 
electron line joining a vertex x to a vertex y in G, 
two operators ~a(x) and Wa(y) in Jn, regardless of 
their positions, are to be replaced by the function 


2S Fpa(X—Y), (10) 


as defined by (44) and (45) of I. Third, for every 
photon line joining two vertices x and y of G, two 
operators A,(x) and A,(y) in Jn, regardless of their 
positions, are to be replaced by the function 


shcbyD r(x—y), (11) 


defined by (42) of I. Fourth, all free operators in J, 
are to be left unaltered, but the ordering by the 
P notation is to be dropped, and the order of the 
free y and y operators is to be arranged so that the 
two members of each free pair stand consecutively 
and in the order W; the order of the free pairs 
among themselves, and of all free A, operators, is 
left arbitrary. Fifth, the whole expression J, is to 
be multiplied by 

(8p ™, (12) 


The Feynman rules for the evaluation of U(«) 
are essentially contained in the above definition of 
the operators J(G). To each value of ” correspond 
only a finite number of graphs G,-and all possible 
matrix elements of U(«) are obtained by substi- 
tuting into (9) for each J, the sum of all the cor- 
responding J(G). It is necessary only to specify how 
the matrix element of a given J(G) corresponding to 
a given scattering process may be written down. 

The matrix element of J(G) for a given process 
may be obtained, broadly speaking, by replacing 
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each free operator in J(G) by the wave function of 
the particle which it is supposed to create or anni- 
hilate. More specifically, each free Y operator may 
either create an electron in the final state or anni- 
hilate a positron in the initial state, and the reverse 
processes are performed by a free y operator. 
Therefore, for a transition from a state involving 
A electrons and B positrons to a state involving 
C electrons and D positrons, only operators J(G) 
containing (A+D)=(B+C) free pairs contribute 
matrix elements. For each such J(G), the (A+D) 
free y operators are to be replaced in all possible 
combinations by the A initial electron wave func- 
tions and the D final positron wave functions, and 
the (B+C) free ¥ operators are to be similarly re- 
placed by the initial positron and final electron 
wave functions, and the results of all such replace- 
ments added together, taking account of the anti- 
symmetry of the total wave functions of the system 
in the individual particle wave functions. In the 
case of the free A, operators, the situation is 
rather different, since each such operator may either 
create a photon in the final state, or annihilate a 
photon in the initial state, or represent merely the 
external potential. Therefore, for a transition from 
a state with A photons to a state with B photons, 
any J(G) with not less than (A+B) free A, 
operators may give a matrix element. If the number 
of free A, operators in J(G) is (A+B+C), these 
operators are to be replaced in all possible com- 
binations by the (A+B) suitably normalized poten- 
tials corresponding to the initial and final photon 
states, and by the external potential taken C times, 
and the results of all such replacements added 
together, taking account now of the symmetry of 
the total wave functions in the individual photon 
states. 

In practice cases are seldom likely to arise of 
scattering problems in which more than two similar 
particles are involved. The replacement of the free 
operators in J(G) by wave functions can usually be 
carried out by inspection, and the enumeration of 
matrix-elements of U() is practically complete as 
soon as the operators J(G) have been written down. 

The above rules for the calculation of U(@) 
describe the state of affairs before any attempt has 
been made to identify and remove the various 
divergent parts of the expressions. In particular, 
contributions are included from all graphs G, even 
those which yield nothing but self-energy effects. 
For this reason, the rules here formulated are 
superficially different from those given for the one- 
electron problem in Section IX of I, which de- 
scribed the state of affairs after many divergencies 
had been removed. Needless to say, the rules are 
not complete until instructions have been supplied 
for the removal of all infinite quantities from the 
theory; in Sections V-VII of this paper it will be 
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shown how the formal structure of the S matrix 
makes such a complete removal of infinities appear 
attainable. 

Another essential limitation is introduced into 
the S matrix theory by the use of the expansion (4). 
All quantities discussed in this paper are expansions 
of this kind, in which it is assumed that not only 
the radiation interaction but also the external 
potential is small enough to be treated as a per- 
turbation. It is well known that an expansion in 
powers of the external potential does not give a 
satisfactory approximation, either in problems 
involving bound states or in scattering problems at 
low energies. In particular, whenever a scattering 
problem allows the possibility of one of the incident 
particles being captured into a bound state, the 
capture process will not be represented in U(«), 
since the initial and final states for processes de- 
scribed by U() are always free-particle states. It 
is the expansion in powers of the external potential 
which breaks down when such a capture process is 
possible. Therefore it must be emphasized that the 
perturbation theory of this paper is applicable only 
to a restricted class of problems, and that in other 
situations the Schwinger theory will have to be used 
in its original form. 


Ill. THE S MATRIX IN MOMENTUM SPACE 


Both for practical applications to specific prob- 
lems, and for general theoretical discussion, it is 
convenient to express the S matrix U() in terms 
of momentum variables. For this purpose, it is 
enough to consider an expression which will be 
denoted by M, and which is a typical example of 
the units out of which all matrix elements of U(«) 
are built up. A particular integer m and a particular 
graph G of m vertices being supposed fixed, the 
operator J(G) is constructed as in the previous 
section, and M is defined as the number obtained by 
substituting for each of the free operators in J(G) 
one particular free-particle wave function. More 
specifically, for each free operator ¥(x) in J(G) there 
is substituted 

W(k)et* ure, (13) 
where k, is some constant 4 vector representing the 
momentum and energy of an electron, or minus the 
momentum and energy of a positron, and where 
¥(k) is a constant spinor. For each free operator 


¥(x) there is substituted 
¥(k’)e~ tu’ *, (14) 


where (k’) is again a constant spinor. For each free 
operator A,(x) there is substituted 
A, (Rk! eu", (15) 


where A,(k’’) is a constant 4 vector which may 
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represent the polarization vector of a quantum 
whose momentum-energy 4-vector is either plus or 
minus k,’’; alternatively, A,(k’’) may represent the 
Fourier component of the external potential with a 
particular wave number and frequency specified by 
the 4 vector k’’. There is no loss of generality in 
splitting up the external potential into Fourier 
components of the form (15). When the substitu- 
tions (13), (14), (15) are made in J(G), the expres- 
sion M which is obtained is still an m-fold integral 
over the whole of space-time, and in addition 
depends parametrically upon E constant 4 vectors 
in momentum-space, where E£ is the number of free 
operators in J(G). 

The graph G will contain £ external lines, i.e., 
lines with one end at a vertex and the other end at 
the edge of the diagram. To each of these external 
lines corresponds one constant 4 vector, which may 
be denoted by &,', 7=1, ---, Z, and one constant 
spinor or polarization vector appearing in M, either 
¥(k*) or H(k*) or A, (R’). 

Suppose that G contains F internal lines, i.e., 
lines with both ends at vertices. To each of these 
lines corresponds a Dy or an Sr function in M, as 
specified by (11) or (10). These functions have been 
expressed by Feynman as 4-dimensional Fourier 
integrals of very simple form, namely 


1 
iin if -iu7nd, (p?)dp, (16) 
4r’ 
1 ° . 
Sp(x) =— ft iPere— 10] 
47° 
X54 (p+Ker)dp, (17) 


where xo is the electron reciprocal Compton wave- 
length, 


P?=Pubu=Pr+ pet ps’ — po’, (18) 


and the 6, function is defined by 
1 i1:f7 
i,(a) =45(a)+——=— f e~%#dz, = (19) 
21a 2rd 


Substituting from (16) and (17) into M will 
introduce an F-fold integral over momentum space. 
Corresponding to each internal line of G, there will 


DYSON 


appear in M a 4 vector variable of integration, 
which may be denoted by p,',7=1, ---, F. However, 
after this substitution is made, the space-time 
variables x1, ---, X, occur in M only in the ex- 
ponential factors, and the integration over these 
variables can be performed. The result of the 
integration over x; is to give 


(21) *6(q3), (20) 


where the 6 represents a simple 4-dimensional 
Dirac 6-function, and q; is a 4 vector formed by 
taking an algebraic sum of the k* and p‘ 4 vectors 
corresponding to those lines of G which meet at x;. 
The factor (20) in the integrand of M expresses the 
conservation of energy and momentum in the 
interaction occurring at the point x;. 

The transformation of Minto terms of momentum 
variables is now complete. To summarize the 
results, M now appears as an F-fold integral over 
the variable 4 vectors p,' in momentum space. In 
the integrand there appear, besides numerical 
factors; 

(i) a constant spinor or polarization-vector, y(k') 
or ¥(k*) or A,(k*), corresponding to each external 
line of G; 

(ii) a factor 

| Do(b') = 84((p*)?) (21) 
corresponding to each internal photon line of G; 
(iii) a factor 


Sr(p*) =L+ tipi vu— Ko ]54((p*)? + xo?) 


corresponding to each internal electron line of G; 
(iv) a factor 


(22) 


5(q;) (23) 


corresponding to each vertex of G; 

(v) a y, Operator, surviving from Eq. (8), cor- 
responding to each vertex of G at which there is a 
photon line. 

The important feature of the above analysis is 
that all the constituents of M are now localized and 
associated with individual lines and vertices in the 
graph G.' It therefore becomes possible in an 
unambiguous manner to speak of ‘‘adding”’ or 
“subtracting” certain groups of factors in M, when 
G is modified by the addition or subtraction of cer- 
tain lines and vertices. As an example of this 
method of analysis, we shall briefly discuss the 
treatment in the S matrix formalism of the ‘‘Lamb 
shift’’ and associated phenomena. 

Suppose that a graph G, of any degree of com- 
plication, has a vertex x; at which two electron 
lines and a photon line meet. These three lines may 
be either internal or external, and the momentum 
4 vectors associated with them in M may be either 
p‘ or k*; these 4 vectors are denoted by #, #, #? as 
indicated in Fig. 1. The factors in the integrand of 
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M arising from the vertex x; are 
—tey,(2r)46(t!-—2 —#), (24) 


the two spinor indices of the y, being available for 
matrix multiplication on both sides with the 
factors in M arising from the two electron lines at x. 

Now suppose that G’ is a graph identical with G, 
except that in the neighborhood of x; it is modified 
by the addition of two new vertices and three new 
lines, as indicated in Fig. 2. With the three new 
lines, which are all internal, are associated three 
4 vector variables p!, p?, p%, which occur as vari- 
ables of integration in the expression M’ formed 
from G’ as M is from G. It can be proved, in view of 
Eqs. (21), (22), (23), that M’ may be obtained from 
M simply by replacing the factor (24) in M by the 
expression 


te 
-—0n)f f fapapay 
he 


(0 — p+ p)3(p*—p'—#)4(p'— p'—F) 
yn( +45? p— Ko) Yul +tPe Ve — Ko) Yr 
54.((p?)? + Ko?) 64.((p!)? + Ko?) 64.((p%)?). (25) 


(The factorial coefficients appearing in (4) are just 
compensated by the fact that the two new vertices 
of G’ may be labelled x;, x; in (n+1)("+2) ways, 
where 1 is the number of vertices in G.) In (25), two 
of the 4-dimensional 6-functions can be eliminated 
at once by integration over p' and p”, and the third 
then reduces to the 6-function occurring in (24). 
Therefore M’ can be obtained from M by replacing 
the operator y, in (24) by an operator 


Ly = Ly, (2, t*) 


= 2a f aplrn(+ilbe ttre oa Ko) Yu 


X (+4(potte?) Ye — ko) Yr] 
X 64.((p+e!)?+ ko?) 
X64.((D+#)?+ xo?) 54(p?). (26) 


Here a is the fine-structure constant, (e?/4mfc) in 
Heaviside units. The operator L, can without great 
difficulty be calculated explicitly as a function of 
the 4 vectors ¢! and #, by methods developed by 
Feynman. 

In the special case when Fig. 1 represents the 
graph G in its entirety, M is a matrix element for the 
scattering of a single electron by an external poten- 
tial. Figure 2 then represents G’ in its entirety, and 
M’ is a second-order radiative correction to the 
scattering of the electron. In this case then the 
operator L, gives rise to what may be called ‘‘Lamb 
shift and associated phenomena.” However, the 


above analysis applies equally to an expression M 
which may occur anywhere among the matrix ele- 
ments of U(«), and may represent any physical 
process whatever involving electrons, positrons and 
photons. There will always appear in U(), 
together with M, terms M’ representing second- 
order radiative corrections to the same process; 
one term M’ arises from each vertex of G at which 
a photon line ends; and M’ is always to be obtained 
from M by substituting for an operator y, the same 
operator L,. Furthermore, some higher radiative 
corrections to M will be obtained by substituting 
L, for y, independently at two or more of the 
vertices of G. 

By a ‘‘vertex part” of any graph will be meant 
a connected part of the graph, consisting of vertices 
and internal lines only, which touches precisely two 
electron lines and one photon line belonging to the 
remainder of the graph. The central triangle of Fig. 
2 is an example of such a part. In other words, a 
vertex part of a graph is a part which can be sub- 
stituted for the single vertex of Fig. 1 and give a 
physically meaningful result. Now the argument, 
by which the replacement of Fig. 1 by Fig. 2 was 
shown to be equivalent to the replacement of y, 
by L,, can be used also when a more complicated 
vertex part is substituted for the vertex in Fig. 1. 
If Gis any graph with a vertex x; as shown in Fig. 1, 
and G’ is obtained from G by substituting for x, 
any vertex part V, and if M and M’ are elements | 
of U(«) formed analogously from G and G’, then 
M' can be obtained from M by replacing an operator 
vy, by an operator 


A,=A,(V, #!, #), (27) 


dependent only on V and the 4 vectors #!, # and 
independent of G. 

To summarize the results of this section, it has 
been shown that the S matrix formalism allows a 
wide variety of higher order radiative processes to 
be calculated in the form of operators in momentum 
space. Such operators appear as radiative correc- 
tions to the fundamental interaction between the 
photon and electron-positron fields, and need only 
to be calculated once to be applicable to the 
various special problems of electrodynamics. 
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IV. FURTHER REDUCTION OF THE S MATRIX 


It was shown in Section VII of I that, for the 
one-electron processes there considered, only con- 
nected graphs needed to be taken into account. In 
constructing the S matrix in general, this is no 
longer the case; disconnected graphs give matrix 
elements of U() representing two or more col- 
lision processes occurring simultaneously among 
separate groups of particles, and such processes 
have physical reality. It is only permissable to 
omit a disconnected graph when one of its con- 
nected components is entirely lacking in external 
lines; such a component without external lines will 
give rise only to a constant multiplicative phase 
factor in every matrix element of U() and is 
therefore devoid of physical significance. 

On the other hand, the treatment in Section VII 
of I of graphs with “self-energy parts’ applies 
almost without change to the general S matrix 
formalism. A “‘self-energy part” of a graph is a 
connected part, consisting of vertices and internal 
lines only, which can be inserted into the middle of 
a single line of a graph G so as to give a meaningful 
graph G’. In Fig. 3 is shown an example of such an 
insertion made in one of the lines of Fig. 1. Let M 
and M’ be expressions derived in the manner of the 
previous section from the graphs G and G’ of which 
parts are shown in Figs. 1 and 3. Suppose for 
definiteness that the line labelled # is an internal 
line of G; then according to (22) it will contribute 
a factor Sr(é!) in M. By an argument similar to that 
leading to (26), it can be shown that M’ may now 
be obtained from M by replacing Sr(#) by 


Sr(#)N(E)Sr(#) 
=Sr(t)20f dpln(tin(o, +e) a ko) Ya] 
XK 64((P+H)?+ 0?) 54(p")Sr(F). (28) 


In the same way, if G’ were obtained from G by 
inserting in the #! line any self-energy part W, then 
M’ would be obtained from M by replacing Sr(#) by 


Sr(A)2Z(W, t!) Sr(#), (29) 


where = is an operator dependent only on, W and # 
and not on G. Moreover, if the #! line were an 
external line of G, then M’ would be obtained from 
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M by replacing a factor p(¢)by 
V(E)D(W, #)Sr(#). (30) 


As a special case, W may consist of a single point; 
then at this point it is the term in 6m of the inter- 
action (8) which is operating, and 2 reduces to a 
constant, 


>(W, f) = —2ni(Smc/h) = —2widko. (31) 


The operator N(#!) in (28) describes in a general 
way the second-order contribution to the electron 
self-energy and to the phenomenon called “vacuum 
polarization of the second kind”’ in Section VIII of 
I. The self-energy contribution is supposed to be 
cancelled by (31); the constant 6x9 being a power 
series in a, the linear term only is required to 
cancel the self-energy part of (28), and the higher 
terms are available for the cancellation of self- 
energy effects from operators 2(W,?!) of higher 
order. The S matrix formalism makes clear the 
important fact that, since the operators 2(W, ¢) 
are universal operators independent of the graph G, 
the electron self-energy effects will be formally 
cancelled by a constant 6x9 independent of the 
physical situation in which the effects occur. 

When a self-energy part W’ is inserted into a 
photon line of a graph G, for example the line 
labelled ¢* in Fig. 1, then the modification produced 
in M may be again described by a function II(W’, ¢°) 
independent of G. Specifically, if the ¢* line in G 
is internal, M’ is obtained from M by replacing a 
factor Dr(t*®) by 


Dr(t®)T1(W’, t8) Dr (et). (32) 


If the ¢* line is external, the replacement is of a 
factor A,(t*) by 


A, (t*)(W’, t8)Dr(#). (33) 


In addition to terms of the form (33), there will 
appear terms such as 


A,(t)t,°t,10(W’, t8)Dr(t) ; (34) 


these however are zero in consequence of the gauge 
condition satisfied by A,. Similar terms in #,%t,? will 
also appear with the expression (32); in this case 
the extra terms can be shown to vanish in con- 
sequence of the equation of conservation of charge 
satisfied by the electron-positron field. The functions 
II1(W’, t?) describe the phenomenon of photon self- 
energy and the “vacuum polarization of the first 
kind” of Section VIII of I. Following Schwinger, 
one does not explicitly subtract away the divergent 
photon self-energy effects from the II(W’, ¢*), but 
one asserts that these effects are zero as a conse- 
quence of the gauge invariance of electrodynamics. 

In Section VII of I, it was shown how self-energy 
parts could be systematically eliminated from all 
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graphs, and their effects described by suitably 
modifying the functions Dr and Sr. The analysis 
was carried out in configuration space, and was 
confined to the one-electron problem. We are now 
in a position to extend this method to the whole 
S matrix formalism, working in momentum space, 
and furthermore to eliminate not only self-energy 
parts but also the ‘‘vertex parts’’ defined in the last 
section. 

Every graph G has a uniquely defined ‘‘skeleton”’ 
Go, which is the graph obtained by omitting all 
self-energy parts and vertex parts from G. A graph 
which is its own skeleton is called “‘irreducible;”’ 
all of its vertices will be of the kind depicted in 
Fig. 1. From every irreducible Go, the G of which 
it is the skeleton can be built by inserting pieces in 
all possible ways at all vertices and lines of Go; these 
G form a well-defined class [. The term ‘proper 
vertex part’? must here be introduced, denoting a 


vertex part which is not divisible into two pieces _ 


joined only by a single line ; thus a vertex part which 
is not proper is essentially redundant, being a 
proper vertex part plus one or more self-energy 
parts. The graphs of [ are then accurately enu- 
merated by inserting at some or all of the vertices 
of Go a proper vertex part, and in some or all of the 
lines a self-energy part, these insertions being made 
independently in all possible combinations. 

Suppose that M is a constituent of a matrix 
element of U(«), obtained from Go as described 
in Section III. Then every graph G in I will yield 
additional contributions to the same matrix element 
of U(«); the sum of all such contributions, in- 
cluding M, is denoted by Ms. As a result of the 
analysis leading to (27), (29), and (32), and in 
view of the statistical independence of the insertions 
made at the different vertices and lines of Go, the 
sum Msg will be obtained from M by the following 
substitutions. For every internal electron line of Go, 
a factor Sr(p*) of M is repiaced by 


Sr’ (p*) =Sr(p') + Sr(p')2(p)Sr(p'), — (35) 
where 2(p‘) is the sum of the 2(W, p‘) over all 


electron self-energy parts W. For every internal 
photon line, a factor Dr(p*) is replaced by 


Dr'(p') =Dr(b')+Dr(b')M(6)Dr(p'), (36) 


where II(p‘) is the sum of the II(W’, p*) over all 
photon self-energy parts W’. For every external 
line, a factor ¥(k*) or Y(R*) or A,(k*) is replaced by 
V (k') = Sr(k)Z(k VR) +R), 
V(b!) =O R)E(b)Sp(k) +R), 
A,'(k') =A,(k‘)I(R*)Dr(k') +A,(R'), 
respectively. For every vertex of Go, where the 


incident lines carry momentum variables as shown 
in Fig. 1, an operator y, is replaced by 


r,(é#, t?) = Yut A,(é, #), 


(37) 


(38) 
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where A,(?', ) is the sum of the A,(V, #, #) over 
all proper vertex parts V. The matrix elements of 
U() will be correctly calculated, if one includes 
contributions only from irreducible graphs, after 
making in each contribution the replacements (35), 
(36), (37), (38). 

To calculate the operators A,, 2 and II, it is 
necessary to write down explicitly the integrals in 
momentum space, examples being (26) and (28), 
corresponding to every self-energy part W or 
proper vertex part V. When considering effects of 
higher order than the second, the parts W and V 
will themselves often be reducible, containing in 
their interior self-energy and vertex parts. It will 
again be convenient to omit such reducible V and 
W, and to include their effects by making the sub- 
stitutions (35)—(38) in the integrals corresponding 
to irreducible V and W. In this way one obtains in 
general not explicit formulas, but integral equa- 
tions, for A,, 2 and II. For example, 


A, =al,(A, 2, 11) (39) 


where J, is an integral in which A,, 2 and II occur 
explicitly. Fortunately, the appearance of a on the 
right side of (39) makes it easy to solve such equa- 
tions by a process of successive substitution, the 
forms of A,, 2, and II being obtained correct to 
order a” when values correct to order a"~! are sub- 
stituted into the integrals. 

The functions Dr’ and Spr’ of (35) and (36) are 
the Fourier transforms of the corresponding func- 
tions in I. The interpretation of these functions in 
Section VIII of I can be extended in an obvious 
way to include the operator I',. Since Py, is the 
charge-current 4 vector of an electron without 
radiative corrections, ¥I',y may be interpreted as 
an “effective current” carried by an electron, in- 
cluding the effects of exchange interactions between 
the electron and the electron-positron field around it. 

An additional reduction in the number of graphs 
effectively contributing to U(«) is obtained from 
a theorem of Furry. The theorem was shown by 
Feynman to be an elegant consequence of his 
theory. In any graph G, a ‘‘closed loop”’ is a closed 
electron polygon, at the vertices of which a number 
p of photon lines originate ; the loop is called odd or 
even according to the parity of p. If G contains a 
closed loop, then there will be another graph G also 
contributing to U( ), obtained from G by reversing 
the sense of the electron lines in the loop. Now if M 
and M are contributions from G and G, M is 
derived from M by interchanging the roles of elec- 
tron and positron states in each of the interactions 
at the vertices of the loop; such an interchange is 
called ‘“‘charge conjugation.” It was shown by 
Schwinger that his theory is invariant under charge 


6 Wendell H. Furry, Phys. Rev. 51, 125 (1937). 
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conjugation, provided that the sign of e is at the 
same time reversed (this is the well-known charge 
symmetry of the Dirac hole theory). It is clear 
from (8) that the constant e appears once in M for 
each of the p loop vertices at which there is a 
photon line; at the remaining vertices only the 
constant 6m is involved, and 6m is an even function 
of e. Therefore the principle of charge-symmetry 
implies 


M =(—1)?M. (40) 


Taking ~ odd in (40) gives Furry’s theorem; all 
contributions to U(«) from graphs with one or 
more odd closed loops vanish identically. 

By an “odd part”’ of a graph is meant any part, 
consisting only of vertices and internal lines, which 
touches no electron lines, and only an odd number 
of photon lines, belonging to the rest of the graph. 
The simplest type of odd part which can occur is a 
single odd closed loop. Conversely, it is easy to see 
that every odd part must include within itself at 
least one odd closed loop. Therefore, Furry’s 
theorem allows all graphs with odd parts to be 
omitted from consideration in calculating U(@). 


V. INVESTIGATION OF DIVERGENCES IN THE 
S MATRIX 


The 6, function defined by (19) has the property 
that, if b is real and f(a) is any function analytic 
in the neighborhood of b, then 


J fe)2.(0—)aa= (1/2ni) f f(a) (1/(a—6))da, (41) 


where the first integral is along a stretch of the real 
axis including 6, and the second integral is along 
the same stretch of the real axis but with a small 
detour into the complex plane passing underneath 
b. In the matrix elements of U() there appear 
integrals of the form 


f dpF(p)5,(b2-+pe-+p2—pe+e), (42) 


integrated over all real values of p1, po, p3, po. By 
(41), one may write (42) in the form 


1 F 
P (2) 


P ; 
Qri (pr+p2+p3— po'+c’*) 


in which it is understood that the integration is 
along the real axis for the variables 1, po, ps, and for 
Po is along the real axis with two small detours, one 
passing above the point + (p:°+ p2?+ p3?+c?)}, and 
one passing below the point — (p+ p:?+ p3? +c’). 
To equate (42) with (43) is certainly correct, when 
F(p) is analytic at the critical values of po. In 
practice one has to deal with integrals (42) in 
which F(p) itself involves 6, functions (see for 


(43) 
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example (26) and (28)) ; in these cases it is legitimate 
to replace each 6, function by a reciprocal, making 
a separate detour in the #o integration for each pole 
in the integrand, provided that no two poles coin- 
cide. Thus every constituent part M of U() can 
be written as an integral of a rational algebraic 
function of momentum variables, by using instead 


of (21) and (22) 








Dr(p') = , (44) 
0 anil) 
(tPyu*Yu— Ko) 
Sr(p*) = : 45 
? 2mi((p*)? + Ko?) ian 


This representation of Dr and S;y as rational func- 
tions in momentum-space has been developed and 
extensively used by Feynman (unpublished). 

There may appear in JM infinities of three distinct 
kinds. These are (i) singularities caused by the 
coincidence of two or more poles of the integrand, 
(ii) divergences at small momenta caused by a 
factor (44) in the integrand, (iii) divergences at 
large momenta due to insufficiently rapid decrease 
of the whole integrand at infinity. 

In this paper no attempt will be made to explore 
the singularities of type (i). Such singularities occur, 
for example, when a many-particle scattering 
process may for special values of the particle 
momenta be divided into independent processes 
involving separate groups of particles. It is probable 
that all singularities of type (i) have a similarly 
clear physical meaning ; these singularities have long 
been known in the form of vanishing energy de- 
nominators in ordinary perturbation theory, and 
have never caused any serious trouble. 

A divergence of type (ii) is the so-called ‘‘infra- 
red catastrophe,” and is well known to be caused 
by the failure of an expansion in powers of a to 
describe correctly the radiation of low momentum 
quanta. It would presumably be possible to elimi- 
nate this divergence from the theory by a suitable 
adaptation of the standard Bloch-Nordsieck’ treat- 
ment; we shall not do this here. From a practical 
point of view, one may avoid the difficulty by 
arbitrarily writing instead of (44) 





Dr(p) = ' 
271i ((p*)?+?) 


where \ is some non-zero momentum, smaller than 
any of the quantum momenta which are significant 
in the particular process under discussion.® 


7F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 

8 The device of introducing \ in order to avoid infra-red 
divergences must be used with circumspection. Schwinger 
(unpublished) has shown that a long standing discrepancy 
between two alternative calculations of the Lamb shift was 
due to careless use of in one of them. 


(46) 
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It is the divergences of type (iii) which have 
always been the main obstacle to the construction 
of a consistent quantum electrodynamics, and 
which it is the purpose of the present theory to 
eliminate. In the following pages, attention will be 
confined to type (iii) divergences; when the word 
“convergent” is used, the proviso ‘‘except for pos- 
sible singularities of types (i) and (ii)” should 
always be understood. 

A divergent M is called ‘‘primitive’’ if, whenever 
one of the momentum 4 vectors in its integrand is 
held fixed, the integration over the remaining 
variables is convergent. Correspondingly, a primi- 
tive divergent graph is a connected graph G giving 
rise to divergent M, but such that, if any internal 
line is removed and replaced by two external lines, 
the modified G gives convergent M. To analyze the 
divergences of the theory, it is sufficient to enu- 
merate the primitive divergent M and G and to 
examine their properties. 

Let G be a primitive divergent graph, with 
vertices, E external and F internal lines. A cor- 
responding M will be an integral over F variable p‘ 
of a product of F factors (44) and (45) and n 
factors (23). Since G is connected, the 6-functions 
(23) in the integrand enable (n—1) of the variables 
p* to be expressed in terms of the remaining 
(F—n+1) p* and the constants k‘, leaving one 
6-function involving the k* only and expressing 
conservation of momentum and energy for the 
whole system. An example of such integration over 
the 6-functions was the derivation of (26) from 
(25). After this, the integrations in M may be 
arranged as follows; the fourth components of the 
(F—n+1) independent p‘ are written 


(47) 


and the integration over a is performed first; sub- 
sequently, integration is carried out over the 
3(F—n-+1) independent ;', po‘, p3*, and over the 
(F—n) ratios of the 7‘. M then has the form 


pat = tpo' = 1am’, 


M= f dprdpsidps'dmo' f Ra?¥-"da, (48) 


where R is a rational function of a, the denominator 
of which is a product of F factors 


(p1')?+ (p2')? + (ps')?+u?—(amo't+c')?. (49) 

Here the constants mo‘, c‘ are defined by the con- 
dition that 

psi =tpo’ =tW(am+c’), j=1,2,---,F. (50) 


Thus the c* corresponding to the (F—n+1) inde- 
pendent ‘ are zero by (47), and the remainder are 
linear combinations of the k‘; also (n—1) of the mo 
are linear combinations of the independent zo‘ 
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defined in (47). In view of (43), we take the inte- 
gration variables in (48) to be real variables, with 
the exception of a which is to be integrated along 
a contour C deviating from the real axis at each of 
the 2F poles of R. As a general rule, C will detour 
above the real axis for a>0, and below it for a<0; 
the reverse will only occur at certain of the poles 
corresponding to denominators (49) for which 
(D1*)? + (b2*)? + (pa*)? + w? < (c’)*. (51) 
Such poles will be called ‘“‘displaced.’’ The inte- 
gration over @ alone will always be absolutely con- 
vergent. Therefore the contour C may be rotated 
in a counter-clockwise direction until it lies along 
the imaginary axis, and the value of M will be 
unchanged except for residues at the displaced poles. 

Regarded as a function of the parameters k* 
describing the incoming and outgoing particles, 
will have a complicated behavior; the behavior 
will change abruptly whenever one of the c‘ has 
a critical value for which (51) begins to be soluble 
for p1', p2', p3*, and a new displaced pole comes into 
existence. This behavior is explained by observing 
that displaced poles appear whenever there is suf- 
ficient energy available for one of the virtual par- 
ticles involved in M to be actually emitted as a 
real particle. It is to be expected that the behavior 
of M should change when the process described by 
M begins to be in competition with other real 
processes. It is a feature of standard perturbation 
theory, that when a process A involves an inter- 
mediate state J which is variable over a continuous 
range, and in this range occurs a state JI which is 
the final state of a competing process, then the 
matrix element for A involves an integral over I 
which has a singularity at the position JJ. In 
standard perturbation theory, this improper inte- 
gral is always to be evaluated as a Cauchy prin- 
cipal value, and does not introduce any real diver- 
gence into the matrix element. In the theory of the 
present paper, the displaced poles give rise to 
similar improper integrals; these come under the 
heading of singularities of type (i) and will not be 
discussed further. 

If p,s', po', ps* satisfying (51) are held fixed, then 
the value of »,' at the corresponding displaced pole 
is fixed by (50). The contribution to M from the 
displaced pole is just the expression obtained by 
holding the 4-vector p‘ fixed in the original integral 
M, apart from bounded factors; since M is primitive 
divergent, this expression is convergent. The total 
contribution to M from the 7’th displaced pole is 
the integral of this expression over the finite sphere 
(51) and is therefore finite. Strictly speaking, this 
argument requires not only the convergence of the 
expression, but uniform convergence in a finite 
region ; however, it will be seen that the convergent 
integrals in this theory are convergent for large 
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momenta by virtue of a sufficient preponderance of 
large denominators, and convergence produced in 
this way will always be uniform in a finite region. 

M is thus, apart from finite parts, equal to the 
integral M’ obtained by replacing a by za in (48) and 
(49). Alternatively, M’ is obtained from the original 
integral M by substituting for each po! 


tpa+(1—a)c/, (52) 


and then treating the 4(F—n-+1) independent ),’, 
u=1, 2, 3, 4, as ordinary real variables. In M’ the 
denominators of the integrand take the form 


(p1*)?+ (p2')?+ (p3")? +? + (pa'— (14+2)c')?, (53) 


and are uniformly large for large values of p,'. 
The convergence of M’ can now be estimated simply 
by counting powers of #,‘ in numerator and de- 
nominator of the integrand. Since M’ is known to 
converge whenever one of the * is held fixed and 
integration is carried out over the others, the con- 
vergence of the whole expression is assured pro- 
vided that 


K=2F-F,.—4[{ F—n+1]>1. (54) 


Here 2F is the degree of the denominator, and F, 
that of the numerator, which is by (44) and (45) 
equal to the number of internal electron lines in G. 
Let E, and E, be the numbers of external electron 
and photon lines in G, and let , be the number of 
vertices without photon lines incident. It follows 
from the structure of G that 


2F=3n—n,—E,.—Ep>, 


F.=n—}3E,, 
and so the convergence condition (52) is 
K=3E,+E,+n,—421. (55) 


This gives the vital information that the only 
possible primitive divergent graphs are those with 
E.=2, E,=0,1, and with E.=0, E,=1, 2, 3, 4. 
Further, the cases E,=0, E,=1, 3, do not arise, 
since these give graphs with odd parts which were 
shown to be harmless in Section IV. It should be 
observed that the course of the argument has been 
“if E, and E, do not have certain small values, then 
the integral M is convergent at infinity;’’ there is 
no objection to changing the order of integrations 
in M as was done in (48), since the argument 
requires that this be done only in cases when J is, 
in fact, absolutely convergent. 

The possible primitive divergent graphs that 
have been found are all of a kind familiar to 
physicists. The case E,=2, E,=0 describes self- 
energy effects of a single electron; E.=0, E,=2 
self-energy effects of a single photon; E,=2, E,=1 
the scattering of a single electron in an electromag- 
netic field; and E,=0, E,=4 the “scattering of 
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light by light’ or the mutual scattering of two 
photons. Further, (55) shows that the divergence 
will never be more than logarithmic in the third 
and fourth cases, more than linear in the first, or 
more than quadratic in the second. Thus it appears 
that, however far quantum electrodynamics is 
developed in the discussion of many-particle inter- 
actions and higher order phenomena, no essentially 
new kinds of divergence will be encountered. This 
gives strong support to the view that “subtraction 
physics,’’ of the kind used by Schwinger and Feyn- 
man, will be enough to make quantum electro- 
dynamics into a consistent theory. 


VI. SEPARATION OF DIVERGENCES IN THE 
S MATRIX 


First it will be shown that the ‘‘scattering of light 
by light’’ does not in fact introduce any divergence 
into the theory. The possible primitive divergent 
M in the case E,=0, E,=4 will be of the form 


B(Ri +k? + Ro +k*)Ay(R)Ay(R?) A(R) A o(R*) Laure, (56) 


where J)», is an integral of the type 
Jf Rowo(bt, be, BR, DMD (37) 


at most logarithmically divergent, and R is a certain 
rational function of the constant k‘ and the variable 
p‘. In any physical situation where, for example, the 
A(k) are the potentials corresponding to particular 
incident and outgoing photons, there will appear 
in U(«) a matrix element which is the sum of (56) 
and the 23 similar expressions obtained by per- 
muting the suffixes of Jj,,, in all possible ways. It 
may therefore be supposed that at the start Ry, 
has been symmetrized by summation over all per- 
mutations of suffixes; (56) is then a sum of con- 
tributions from 24 or fewer (according to the 
degree of symmetry existing) graphs G. 

If, under the sign of integration in (57), the value 
R(0) of R for k!=k?=k?=k*=0 is subtracted from 
R, the integrand acquires one extra power of | p,*|—! 
for large | ,'‘|, and the integral becomes absolutely 
convergent at infinity. Therefore 


po = Dyyvp(0) + Fiems (58) 


where J(0) is a possibly divergent integral inde- 
pendent of the k‘, and J is a convergent integral 
vanishing when all k’’s are zero. To interpret this 
result physically, it is convenient to write (56) 
again in terms of space-time variables; this gives 


M~ f Trane) An(x)A (2) A,(x)A,,(x)dx+N, (59) 


where JN is a convergent expression involving de- 
rivatives of the A(x) with respect to space and 
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time. Now the first term in (59) is physically 
inadmissable; it is not gauge-invariant, and implies 
for example a scattering of light by an electric field 
depending on the absolute magnitude of the scalar 
potential, which has no physical meaning. Therefore 
I(0) must vanish identically, and the whole ex- 
pression (56) is convergent. | 

The fact that the scattering of light by light is 
finite in the lowest order in which it occurs has long 
been known.’ It has also been verified by Feynman 
by direct calculation, using his own theory as 
described in this paper. The graphs which give rise 
to the lowest order scattering are shown in Fig. 4. 
It is found that the divergent parts of the corre- 
sponding M exactly cancel when the three con- 
tributions are added, or, what comes to the same 
thing, when the function R),,, is symmetrized. It is 
probable that the absence of divergence in the 
scattering of light by light is in all cases due to a 
similar cancellation, and it should not be difficult 
to prove this by calculation and thus avoid making 
an appeal to gauge-invariance. 

The three remaining types of primitive divergent 
M are, in fact, divergent. However, these are just 
the expressions which have been studied in Sections 
III and IV and shown to be completely described 
by the operators A,, 2, and II. More specifically, 
when E,=2, E,=0, M will be of the form 


¥(R1)=(W, k)p(k'), (60) 


where W is some electron self-energy part of a 
graph. When E,=0, E,=2, M will be 


A,(k') (W’, k')A,(R'), (61) 


with W’ some photon self-energy part. When E,=2, 
E,=1, M will be 


¥(R)A,(V, R!, k?)y(k?)A,(k!—k’), (62) 


with V some vertex part. Therefore, if some means 
can be found for isolating and removing the diver- 
gent parts from A,, 2, and II, the “irreducible” 
graphs defined in Section IV will not introduce any 
fresh divergences into the theory, and the rules of 
Section IV will lead to a divergence-free S matrix. 

In considering A,, 2, and II in Section IV it was 
found convenient to divide vertex and self-energy 
parts themselves into the categories reducible and 
irreducible. An irreducible self-energy part W is 
required not only to have no vertex and self-energy 
parts inside itself; it is also required to be “proper,” 
that is to say, it is not to be divisible into two 


9H. Euler and B. Kockel, Naturwiss. 23, 246 (1935); 
H. Euler, Ann. d. Phys. 26, 398 (1936). In these early calcula- 
tions of the scattering of light by light, the theory used is the 
Heisenberg electrodynamics, in which certain singularities are 
eliminated at the start by a procedure involving non-diagonal 
elements of the Dirac density matrix. In Feynman’s calcula- 
tion, on the other hand, a finite result is obtained without 
subtractions of any kind. 


pieces joined by a single line. In Section IV it was 
shown that to avoid redundancy the operator A, 
should be defined as a sum over proper vertex 
parts V only. By the same argument, in order to 
make (35), (36), (37) correct, it is essential to 
define = and II as sums over both proper and 
improper self-energy parts. However, it is possible 
to define Sr’ and D,’ in terms of proper self-energy 
parts only, at the cost of replacing the explicit 
definitions (35), (36) by implicit definitions. Let 
2=*(p*) be defined as the sum of the 2(W, p*) over 
proper electron self-energy parts W, and let II*(p*) 
be defined similarly. Every W is either proper, or 
else it is a proper W joined by a single electron line 
to another self-energy part which may be proper or 
improper. Therefore, using (35), Sr’ may be ex- 

pressed in the two equivalent forms : 


Se'(p') = Se(p*) + Se(p)E*(p')Se'(p') 
= Sp(p') + Sp'(p)2*(p)Sr(p'). (63) 


Similarly, 


Dr'(p') =De(p') + De(p') I*(p')Dr'(p') 
=Dr(p')+Dr'(p)*(6)De(p'). (64) 


It is sometimes convenient to work with the = and 
II in the starred form, and sometimes in the un- 
starred form. 

Consider the contribution 2(W, #’) to the operator 
>*, arising from an electron self-energy part W. It 
is supposed that W is irreducible, and the effects of 
possible insertions of self-energy and vertex parts 
inside W are for the time being neglected. Also it 
is supposed that W is not a single point, of which 
the contribution is given by (31). Then W has an 
even number 2/ of vertices, at each of which a 
photon line is incident; and =(W, #') will be of the 
form 


e! f R(t, papi, -(65) 


where R is a certain rational function of the # and 
p‘, and the integral is at most linearly divergent. 
The integrand in (65) is now written in the form 


R(t, p') = ROO, p*) 


OR 
+42(—0, 9) +R.(#, bp’), (66) 
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and for large values of the | p,'| the remainder term 
R. will tend to zero more rapidly by two powers 
of |p,‘| than R. Therefore, in complete analogy 
with (58), 


>(W, #) =e [A+Bstl+3,(W,t)], (67) 


where A and B, are constant divergent operators, 
and >.(W,#') is defined by a covariant and ab- 
solutely convergent integral. =.(W, é') must, on 
grounds of covariance, be of the form 


Ri((#)?) + Ro((F)) ta Yu (68) 


with R; and Re: particular functions of (¢')?; for the 
same reason, B, must be of the form By, with B 
a certain divergent integral. Now if ¢#! happens to be 
the momentum-energy 4 vector of a free electron, 


(¢)? = — Ko’, ty, = 1Ko. (69) 
It is convenient to write 
>.(W, t!) =A’+B’ (ty. —tko) 
+ (tu! y, —1ko) S( W,t), (70) 


where S(W, #') is zero for ¢' satisfying (69), and to 
include the first two terms in the constants A and 
B of (67); since all terms in (70) are finite, the 
separation of S(W, ¢') is without ambiguity. Thus 
an equation of the form (67) is obtained, with 


Del W, f) = (thy —tk0) S(W, #). (71) 


Summing (67) over all irreducible W and including 
(31), gives for the operator >*, 


D*(!) =A — 2186 K9+ Bt yy, —tko) 
+ (ty ¥u—tko)Se(t!). (72) 


Hence by (63) and (45) 
Sr’ (#4) — (A — 2n15ko)Sr(t') Spr’ (#) 


1 1 
+—BSp' (t!)+Spr(#) +—S.(#) Sr’ (#4). (73) 
2r 2r 


Ini (72) and (73), A and B are infinite constants, 
and S, a divergence-free operator which is zero 
when (69) holds; A, B, and S, are power series in e 
starting with a term in e®. In (72) and (73), how- 
ever, effects of higher order corrections to the 
=(W, #') themselves are not yet included. 

A similar separation of divergent parts may be 
made for the II(W’, ¢'!), when W’ is an irreducible 
photon self-energy part. The integral (65) may now 
be quadratically divergent, and so it is necessary to 
use instead of (66) 


RY, p') = RO, p)+4i(—0, ») 


eR 





+44'4'( (0, )) +RAAt, p'), 


dt,1dt,! 


DYSON 


and derive instead of (67) 
T1(W’, #) =e?" [A+ But! + Cytut,'+ 0-(W’, A) J. (74) 


The A, B,, Cy are absolute constant numbers (not 
Dirac operators) and therefore covariance requires 
that B,=0, Cy,=Céd,.. TI.(W’, #4) is defined by an 
absolutely convergent integral, and will be an 
invariant function of (¢')? of a form 


I1.(W’, t') = (#)°?D(W’, t), (75) 
where D(W’, t') is zero for ¢! satisfying 
(#)?=0 (76) 


instead of (69). Summing (74) over all irreducible 
W’’s will give 


TI* (#1) = A’+C(#)?+ (#)?D-.(#), 
and hence by (64) and (44) 


(77) 


1 
Dr’ (#) =A’Dr(#) Dr’ (#) + er 
T1 


1 
+ Dlf PO ED: (78) 
TT 


In (77) and (78), D, is zero for ¢! satisfying (76), and 
is divergence free. 

The constant A’ in (77) is the quadratically 
divergent photon self-energy. It will give rise to 
matrix elements in U() of the form 


M=A’ f Ay(x)A,()de, (79) 


which are non-gauge invariant and inadmissable. 
Such matrix elements must be eliminated from the 
theory, as the first term of (59) was eliminated, by 
the statement that A’ is zero. The verification of 
this statement, by direct calculation of the lowest 
order contribution to A’, has been given by 
Schwinger.* ° 

The separation of the divergent part of A, again 
follows the lines laid down for 2*. Since the integral 
analogous to (65) is now only logarithmically 
divergent, no derivative term is required in (66), 
and the analog of (67) is 


AAV, t, 2) =e[L,+A,-(V, te, 2)], (80) 


where L, is a constant divergent operator, and A,- 
is convergent and zero for #!'=#2=0. In (80), ZL, can 
only be of the form Ly,. Also, if #=# and # satisfies 
(69), Aye will reduce to a finite multiple of y, which 
can be included in the term Ly,. Therefore it may 
be supposed that A, in (80) is zero not for ##==0 
but for #=? satisfying (69). The meaning of this 


1° Gregor Wentzel, Phys. Rev. 74, 1070 (1948), presents the 
case against Schwinger’s treatment of the photon self-energy. 
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physically is that A,- now gives zero contribution 
to the energy of a single electron in a constant elec- 
tromagnetic potential, so that the whole measured 
static charge on an electron is included in the term 
Ly,. Summing (80) over all irreducible vertex 
parts V, and using (38), 


A, (#, t*) =Ly,+A,-(#, #), (81) 
r,(é, ?)=(1 +L) yet Aze(?, t?). (82) 


In (81) and (82), effects of higher order corrections 
to the A,(V,#,#) are again not yet included. 
Formally, (82) differs from (73) and (78) in not 
containing the unknown operator I’, on both sides 
of the equation. 


VII. REMOVAL OF DIVERGENCES FROM THE 
S MATRIX 


The task remaining is to complete the formulas 
(73), (78), and (82), which show how the infinite 
parts can be separated from the operators T',, Sr’, 
and Dr’, and to include the corrections introduced 
into these operators by the radiative reactions 
which they themselves describe. In other words, we 
have to include radiative corrections to radiative 
corrections, and renormalizations of renormaliza- 
tions, and so on ad infinitum. This task is not so 
formidable as it appears. 

First, we observe that A,, 2*, and II* are defined 
by integral equations of the form (39), which will 
be referred to in the following pages as “‘the integral 
equations.”’ More specifically, consider the con- 
tribution A,(V, é!, 2) to A, represented by (80), 
arising from a vertex part V with (2/+-1) vertices, 
photon lines, and 2/ electron lines. This contribu- 
tion is defined by an integral analogous to (65), 
with an integrand which is a product of (2/+1) 
operators y,, / functions Dy, and 2/ operators Sr. 
The exact A,(V, #, #) is to be obtained by replacing 
these factors, respectively, by T,, Dr’, Sr’, as 
described in Section IV. Now suppose that Sp’ in 
the integrand is represented, to order e?" say, by 
the sum of Sr and of a finite number of finite 
products of Sr with absolutely convergent operators 
S(W, t!) such as appear in (71); similarly, let Dp’ 
be represented by Dr plus a finite sum of finite 
products of Dr with functions D(W’, #) appearing 
in (75); and let I, be represented by the sum of y, 
and of a finite set of A,-(V, #, #) from (80). Then 
the integral A,(V, ¢!, ) will be determined to order 
e421; and since the operators S(W, #), D(W’, #), 
Aue(V,#,#) always have a sufficiency of de- 
nominators for convergence, the theory of Section V 
can be applied to prove that this A,(V, #, #) will 
not be more than logarithmically divergent. There- 
fore the new A,(V, #, #) can be again separated 
into the form (80). The sum of these A,(V, #', é) 
will then be a A,(#, @) of the form (81), with con- 
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stant L and convergent operator A,. determined to 
order e?"*?, Thus (82) provides a new expression for 
I’,, determined to order e?"*?, 

The above procedure describes the general 
method for separating out the finite part from the 
contribution to I’, arising from a reducible vertex 
part Ver. First, Ve is broken down into an irre- 
ducible vertex part V plus various inserted parts W, 
W’, V; the contribution to I’, from Ve is an integral 
M(Vr) which is not only divergent as a whole, but 
also diverges when integrated over the variables 
belonging to one of the insertions W, W’, V, the 
remaining variables being held fixed. The diver- 
gences are to be removed from M(Vz) in succession, 
beginning with those arising from the inserted 
parts, and ending with those arising from V itself. 
This successive removal of divergences is a well- 
defined procedure, because any two of the insertions 
made in V are either completely non-overlapping or 
else arranged so that one is completely contained 
in the other. 

In calculating the contribution to =* or II* 
from reducible self-energy parts, additional com- 
plications arise. There is in fact only one irreducible 
photon self-energy part, the one denoted by W’ in 
Fig. 5; and there is, besides the self-energy part 
consisting of a single point, just one irreducible 
electron self-energy part, denoted by W in Fig. 5. 
All other self-energy parts may be obtained by 
making various insertions in W or W’. However, 
reducible self-energy parts are to be enumerated by 
inserting vertex parts at only one, and not both, 
of the vertices of W or W’; otherwise the same 
self-energy part would appear more than once in 
the enumeration. And the contribution M(Wr) to 
>* arising from a reducible part We will be, in 
general, an integral which involves simultaneously 
divergences corresponding to each of the ways in 
which Wer might have been built up by insertions 
of vertex parts at either or both vertices of W. This 
complication arises because, in the special case 
when two vertex parts are both contained in a 
self-energy part and each contains one end-vertex 
of the self-energy part (and in no other case), it is 
possible for the two vertex parts to overlap without 
either being completely contained in the other. 

The finite part of M(Wr) is to be separated out 
as follows. In a unique way, Wr is obtained from 
W by inserting a vertex part V, at a, and self-energy 
parts W. and W,’ in the two lines of W. From 
M(W,) there are subtracted all divergences arising 
from Va, Wa, Wa’; let the remainder after this sub- 
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traction be M’(Wr). Next, Wr is considered as 
built up from W by inserting some vertex part V;, 
at 6, and self-energy parts W, and W,’ in the two 
lines of W. The integral M’(Wp) will still contain 
divergences arising from V, (but none from W; and 
W,’), and these divergences are to be subtracted, 
leaving a remainder M’(Wr). The finite part of 
M"’(Wp) can finally be separated by applying to the 
whole integral the method of Section VI, which 
gives for M’’(We) an expression of the form (67), 
with 2, given by (71). Therefore the finite part of 
M(Wr) is a well-determined quantity, and is an 
operator of the form (71). 

The behavior of the higher order contributions to 
=* and II* having now been qualitatively explained, 
we may describe the precise rules for the calculation 
of =* and II* by the same kind of inductive scheme 
as was given for A, in the second paragraph of this 
Section. Apart from the constant term (—2z75xo), 
=* is just the contribution 2(W, #) from the W of 
Fig. 5; and 2(W, #') is represented by an integral 
of the form (65) with /=1. The integrand in (65) 
was a product of two operators 7,, one operator Dr, 
and one operator Sr. The exact 2(W, #') is to be 
obtained by replacing Dr by Dr’, Sr by Sr’, and 
one only of the factors y, by Ty, say the y, cor- 
responding to the vertex a of W. Suppose that Sp’ 
in the integrand is represented, to order e", by the 
sum of Spr and of a finite number of finite products 
of Sr with operators S(W,#) such as appear in 
(71); and suppose that Dr’ and I, are similarly 
represented. Then 2(W, #') will be determined to 
order e?"**. The new 2(W,?#!) will be a sum of 
integrals like the M’(Wr) of the previous para- 
graph, still containing divergences arising from 
vertex parts at the vertex b of W, in addition to 
divergences arising from the graph Wr as a whole. 
When all these divergences are dropped, we have a 
>.(W, #) which is finite; substituting this 2.(W, #) 
for =* in (63) gives an Sp’ which is also finite and 
determined to the order e?"**, 

The above procedures start from given Sp’, Dr’ 
and I, represented to order e?” by, respectively, Sr 
plus Sy multiplied by a finite sum of products of 
S(W, t'), Dr plus Dr multiplied by a finite sum of 
products of D(W’,t'), and y, plus a finite sum of 
A,-(V, #, #). From these there are obtained new 
expressions for Sr’, Dr’, T',. In the new expressions 
there appear new convergent operators S(W, #), 
D(W',#), Aue( V, #, #2), determined to order e?"**; 
in the divergent terms which are separated out and 
dropped from the new expressions, there appear 
divergent coefficients A, B, C, L, such as occur in 
(73), (78), (82), also now determined to order e?**?. 
After the dropping of the divergent terms, the 
new I’, by (82) is a sum of y, and a finite set of 
Aue( V, #, #2); the new Sp’ by (73) is Sr plus Sr 
multiplied by a finite sum of products of S(W, #); 
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and the new Dy,’ by (78) is Dr plus Dr multiplied 
by a finite sum of products of D(W’, #). That is to 
say, the new I’, Sr’, Dr’ can be substituted back 
into the integrals of the form (65), and so a third 
set of operators T’,, Sr’, Dr’ is obtained, determined 
to order e?"+4, and again with finite and divergent 
parts separated. In this way, always dropping the 
divergent terms before substituting back into the 
integral equations, the finite parts of T,, Sr’, Dr’, 
may be calculated by a process of successive ap- 
proximation, starting with the zero-order values y,, 
Sr, Dr. After 1 substitutions, the finite parts of 
I’, Spr’, Dr’ will be determined to order e?*. 

It is necessary finally to justify the dropping of 
the divergent terms. This will be done by showing 
that the ‘true’ I',, Sr’, Dr’, which are obtained if 
the divergent terms are not dropped, are only 
numerical multiples of those obtained by dropping 
divergences, and that the numerical multiples can 
themselves be eliminated from the theory by a 
consistent use of the ideas of mass and charge 
renormalization. Let I'y:(e), Sri’(e), Dri’(e) be the 
operators obtained by the process of. substitution 
dropping divergent terms; these operators are 
power series in e with finite operator coefficients (to 
avoid raising the question of the convergence of 
these power-series, all quantities are supposed 
defined only up to some finite order e?”). Then we 
shall show that the true operators T',, Sr’, Dr’ are 
of the form 


T,=Z1-T y1(e1), (83) 
Sr’ =Z2Sr1'(e1), (84) 
Dr’ =Z3D p1'(e1), (85) 


where Z;, Z2, Z3 are constants to be determined, and 
€, is given by 
ej =Z,1Z.Z3*e. (86) 


This e; will turn out to be the ‘‘true’’ electronic 
charge. It has to be proved that the result of sub- 
stituting (83), (84), (85) into the integral equations 
defining T,, Sr’, Dr’, is to reproduce these ‘ex- 
pressions ‘exactly, when Z1, Z2, Z3, and 6dxo are 
suitably chosen. 

Concerning the I',:(e), Sri’(e), Dri’ (e), it is known 
that, when these operators are substituted into 
the integral equations, they reproduce themselves 
with the addition of certain divergent terms. The 
additional divergent terms consist partly of the 
terms involving A, B, C, L, which are displayed in 
(73), (78), (82), and partly of terms arising (in the 
case of Sr’ and Dr’ only) from the peculiar behavior 
of the vertices , b’ in Fig. 5. The terms arising from 
b and b’ have been discussed earlier; they may be 
called for brevity 6-divergences. Originally, of 
course, there is no asymmetry between the diver- 
gences arising in =* from vertex parts inserted at 
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the two ends a and b of W; we have manufactured 
an asymmetry by including the divergences arising 
at a in the coefficient Z;—! of (83), while at 5 the 
operator , has not been replaced by I’, and so the 
b divergences have not been so absorbed. It is thus 
to be expected that the effect of the b divergences, 
like that of the a divergences, will be merely, to 
multiply all contributions to =* by the constant 
Z:. Similarly, we expect that divergences at 0’ 
will multiply II* by the constant Z,—!. It can be 
shown, by a detailed argument too long to be 
given here, that these expectations are justified. 
(The interested reader is recommended to see for 
himself, by considering contributions to =* arising 
from various self-energy parts, how it is that the 
finite terms of a given order are always reappearing 
in higher order multiplied by the same divergent 
coefficients.) Therefore, the complete expressions 
obtained by substituting T,:(e), Sri’(e), Dri‘(e), 
into the integral equations defining A,, 2*, II*, are 


Aui(e) = Aye(e) +L(e)vu; (87) 
Sr21*(e) => —2nridKkoSr F 


1 1 
+2*(A(Sr+—BO+—S.0)), (88) 


DrTh*(e) = Zr =cl +=D.0), (89) 


Here A(e), B(e), C(e), L(e) are well-defined power 
series in e, with coefficients which diverge never 
more strongly than as a power of a logarithm. The 
finite operators A,-(e), S.(e), D.(e), will, when all 
divergent terms are dropped, lead back to the 
Ty1(e), Sri’(e), Dri’(e), from which the substitution 
started ; thus, according to (38), (63), (64), 


Ty1(e) =u + Ay,e(e) ’ (87’) 
1 
Sri’ (e) = Spt7Sele)Srr’ (e), (88’) 
1 
Dri‘ (e) =Dr+—D.(e)Dri'(e). (89’) 
21 


Equations (87)—(89), (87’)—(89’), describe precisely 
the way in which the I,:(e), Sri’(e), Dri’(e), when 
substituted into the integral equations, reproduce 
themselves with the addition of divergent terms. 
And from these results it is easy to deduce the 
self-reproducing property of the operators (83)—(85), 
when substituted into the same equations. 
Consider for example the effect of substituting 
from (83)—(85) into the term 2(W, ?#'), given by 
(65) with /=1. The integrand of (65) is a product 
of one factor T,, one y,, one Spr’, and one Dr’. 
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Therefore the substitution gives 
Z1Z2Z320(W), (90) 


where 2o(W) is the expression (65) obtained by 
substituting I'y:(e1), Sri’(e1), Dry’(e1), without the 
Z factors. Now the Z factors in (90) combine with 
the e? of (65) to give 


2:23" e1’, 


and the remaining factor of 2o(W) is explicitly a 
function of e; and not of e. Therefore (90) is 


Z:2Z22,(W, é1), 


where 2;(W, e) is the expression obtained by sub- 
stituting the operators T'y:(e), Sri’(e), Dri’(e) into 
=(W, t'!). Thus the 2*(#), obtained by substituting 
from (83)—(85) into (65), is identical with the result 
of substituting the operators I',:(e), Sri’(e), Dri‘(e), 
and afterwards changing e to e; and multiplying 
the whole expression (except for the constant term 
in 5x0) by Z:Z2~". More exactly, using (88), one can 
say that the =* obtained by substituting from 
(83)—(85) is given by 


Spd* = —2atbKoSr 
1 1 
+Z— (4 (e:)Sr-+—B(e,) +—S.(ei)). (91) 
2r 2r 


Further, the Sr’ obtained by substituting from 
(83)—(85) into the integral equations is given by (91) 
and 


Sr’ = Sr+Sprr*Sp’. (92) 


It is now easy to verify, using (88’), that Sp’ given 
by (91) and (92) will be identical with (84), pro- 
vided that 


1 
Z2=1+—B(e), (93) 
2 


1 
bko= a (é1) °- (94) 


ae 


In a similar way, the Dp’ obtained by substi- 
tuting from (83)—(85) into the integral equations 
can be related with the II;*(e) of (89). This Dr’ 
will be identical with (85) provided that 


1 
Z3=1+—C(e;). (95) 
271 


Finally, the I, obtained by substituting from 
(83)—(85) can be shown to be 


r, _ YutZ1"Ayi(er), 
with A,i(e) given by (87). Using (87’), this I, will 
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be identical with (83) provided that 
Z,=1-L/(e). (96) 


Therefore, if Z:1, Z2, Z3, 5x9 are defined by (96), 
(93), (95), (94), it is established that (83)—(85) give 
the correct forms of the operators T,, Sr’, Dr’, 
including all the effects of the radiative corrections 
which these operators introduce into themselves and 
into each other. The exact Eqs. (83)-(85) give a 
much simpler separation of the infinite from the 
finite parts of these operators than the approximate 
equations (73), (78), (82). 

Consider now the result of using the exact 
operators (83)—(85) in calculating a constituent M 
of U(«), where M is constructed from a certain 
irreducible graph Go according to the rules of 
Section IV. Go will have, say, F, internal and E, 
external electron lines, F, internal and E, external 
photon lines, and 


n=F,+34E,=2F,+E> (97) 


vertices. In M there will be 3E, factors y’(k*), 4E, 
factors y'(k*) and E, factors A,'(k*) given by (37). 
In y’(k‘), k* is the momentum-energy 4 vector of 
an electron, which satisfies (69), and the S,(k*) in 
(73) are zero at every stage of the inductive de- 
finition of Sr:’(e). Therefore (84), (35), (37) give in 
turn 


Spr’ (k*) =Z2Sr(k'), 
z(k*) = 2n(Z2— 1) (Ry ‘y¥,—1ko), ~ (98) 
¥'(R*) =k ) + 24(Z2—1)Sr(k*) (Ru vu —tko) p(k’). 


The expression (98) is indeterminate, since 
(Ru*Yu—tko) Operating on y(k*) gives zero, while 
operating on Sr(k*) it gives the constant (1/27). 
Thus, according to the order in which the factors 
are evaluated, (98) will give for y’(k*) either the 
value ¥(k*) or the value Z2¥(k*). Similarly, p’(R*) is 
indeterminate between ¥(k*) and Z.)(k*), and, ex- 
cluding for the moment A,(k*) which are Fourier 
components of the external potential, A,’(k‘) is 
indeterminate between A,(k*) and Z3A,(k‘). In any 
case, considerations of covariance show that the 
v’'(k*), W’(k*), A,’(R*) are numerical multiples of the 
V(R*), (k*), A, (R*) ; thus the indeterminacy lies only 
in a constant factor multiplying the whole expres- 
sion M. 

There cannot be any indeterminacy in the 
magnitude of the matrix elements of U( ©), so long 


as this operator is restricted to be unitary. The 


indeterminacy in fact lies only in the normalization 
of the electron and photon wave functions y(k‘), 
¥(k*), A,(k*), which may or may not be regarded as 
altered by the continual interactions of these par- 
ticles with the vacuum-fields around them. It can be 
shown that, if the wave functions are everywhere 
normalized in the usual way, the apparent inde- 


DYSON 


terminacy is removed, and one must take 


v(k') =Z4y('), 
Uk) =Z.W(k»), (99) 
Ay'(k') =Z8A,(R). 


It will be seen that (99) gives just the geometric 
mean of the two alternative values of y’(k*) ob- 
tained from (98). 

When A,(*) isa Fourier component of the ex- 
ternal potential, then in general (k*)?0, and A,’ (R*) 
is not indeterminate but is given by (37) and (85) 
in the form 


A,’ (k*) = 2iZ3D rs’ (e1)(R*)?A,(R'). 


However, the unit in which external potentials are 
measured is defined by the dynamical effects which 
the potentials produce on known charges; and these 
dynamical effects are just the matrix elements of 
U() in which (100) appears. Therefore the factor 
Z;3 in (100) has no physical significance, and will be 
changed when A, is measured in practical units. The 
correct constant which appears when practical 
units are used is Z;'; this is because the photon 
potentials A, in (99) were normalized in terms of 
practical units; and (100) should reduce to (99) 
when (k*)?—0, if the external A, and the photon A, 
are measured in the same units. Therefore the 
correct formula for A,’, covering the cases both of 
photon and of external potentials, is 
t)\2 
(R*) #9} 01) 


A,’ (k*) = 271Z3'D py’ (e1) (R*)? A, (R*), 
A,'(k‘)=Z3A,(k*), (k*)?=0. 

In M there will appear F, factors Sr’, F, factors 
D,’, and n factors I,, in addition to the factors of 
the type (99), (101). Hence by (97) the Z factors 
will occur in M only as the constant multiplier 


Z1-°Z2"Z3". 


(100) 


By (86), this multiplier is exactly sufficient to 
convert the factor e”, remaining in M from the 
original interaction (8), into a factor e,;". Thereby, 
both e and Z factors disappear from M, leaving-only 
their combination e, in the operators Ty,:(e:), 
Sr1'(e1), Dri’(e1), and in the factor e,”. If now e; is 
identified with the finite observed electronic charge, 
there no longer appear any divergent expressions 
in M. And since M is a completely general con- 
stituent of U(), the elimination of divergences 
from the S matrix is accomplished. 

It hardly needs to be pointed out that the argu- 
ments of this section have involved extensive 
manipulations of infinite quantities. These manipu- 
lations have only a formal validity, and must be 
justified a posteriori by the fact that they ultimately 
lead to a clear separation of finite from infinite 
expressions. Such an a posteriori justification of 
dubious manipulations is an inevitable feature of 
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any theory which aims to extract meaningful 
results from not completely consistent premises. 
We conclude with two disconnected remarks. 
First, it is probable that Z,;=Z, identically, though 
this has been proved so far only up to the order e?. 
If this conjecture is correct, then all charge-renor- 
malization effects arise according to (86) from the 
coefficient Z; alone, and the arguments of this 
paper can be somewhat simplified. Second, Eqs. 
(88’), (89’), which define the fundamental operators 
Sri’, Dry’, may be solved for these operators. Thus 


st 
sni@= 1-—s.)| Ss. | ee) 


(89””) 





- 1 —l 
Dri (e) = 1-—p.0| Dr. 
201 


In electrodynamics, the S, and D, are small radi- 
ative corrections, and it will always be legitimate 
and convenient to expand (88’’) and (89’’) by the 
binomial theorem. If, however, the methods of the 
present paper are to be applied to meson fields, 
with coupling constants which are not small, then 
it will be desirable not to expand these expressions ; 
in this way one may hope to escape partially from 
the limitations which the use of weak-coupling 
approximations imposes on the theory. 


VIII. SUMMARY OF RESULTS 


The results of the preceding sections divide 
themselves into two groups. On the one hand, there 
is a set of rules by which the element of the S matrix 
corresponding to any given scattering process may 
be calculated, without mentioning the divergent 
expressions occurring in the theory. On the other 
hand, there is the specification of the divergent 
expressions, and the interpretation of these ex- 
pressions as mass and charge renormalization 
factors. 

The first group of results may be summarized as 
follows. Given a particular scattering problem, with 
specified initial and final states, the corresponding 
matrix element of U() is a sum of contributions 
from various graphs G as described in Section II. 
A particular contribution M from a particular G is 
to be written down as an integral over momentum 
variables according to the rules of Section III; the 
integrand is a product of factors y(k*), Y(k*), A,(R*), 
Sr(p*), Dr(p*), 5(G;), Yu, the factors corresponding 
in a prescribed way to the lines and vertices of G. 
According to Section IV, contributions M are only 
to be admitted from irreducible G; the effects of 
reducible graphs are included by replacing in M 
the factors ¥, ¥, Ay, Sr, Dr, yu, by the corre- 
sponding expressions (37), (35), (36), (38). These 
replacements are then shown in Section VII to be 
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equivalent to the following: each factor Sp in M is 
replaced by S,r:’(e), each factor Dr by Dr;’(e), each 
factor 7, by T',:(e), each factor A, when it represents 
an external potential is replaced by 


Ayi(k*) = 2tD ri '(e)(R*)?A, (FR), (102) 


factors y, Y, A, representing particle wave-functions 
are left unchanged, and finally e wherever it occurs 
in M is replaced by e. The definition of M is com- 
pleted by the specification of Sri’(e), Dri’(e), 
T,1(e) ; it is in the calculation of these operators that 
the main difficulty of the theory lies. The method of 
obtaining these operators is the process of successive 
substitution and integration explained in the first 
part of Section VII; the operators so calculated are 
divergence-free, the divergent parts at every stage 
of the calculation being explicitly dropped after 
being separated from the finite parts by the 
method of Section VI. 

The above rules determine each contribution 
to U() as a divergence-free expression, which is a 
function of the observed mass m and the observed 
charge e, of the electron, both of which quantities 
are taken to have their empirical values. The diver- 
gent parts of the theory are irrelevant to the cal- 
culation of U(), being absorbed into the unob- 
servable constants 6m and e occurring in (8). A 
place where some ambiguity might appear in M is 
in the calculation of the operators Sri’(e), Dri‘(e), 
T,1(e), when the method of Section VI is used to 
separate out the finite parts S(W,?#), D(W’,#), 
Auye( V, #!, #), from the expressions (67), (74), (80). 
Even in this place the rules of Section VI give unam- 
biguous directions for making the separation; only 
there is a question whether some alternative direc- 
tions might be equally reasonable. For example, it is 
possible to separate out a finite part from =(W, #) 
according to (67), and not to make the further step 
of using (70) to separate out a finite part S(W, ?*) 
which vanishes when (69) holds. Actually it is easy 
to verify that such an alternative procedure will 
not change the value of M, but will only make its 
evaluation more complicated; it will lead to an 
expression for M in which one (infinite) part of the 
mass and charge renormalizations is absorbed into 
the constants 6m and e, while other finite mass and 
charge renormalizations are left explicitly in the 
formulas. It is just these finite renormalization 
effects which the second step in the separation of 
S(W,#) and A,-(V,#,#) is designed to avoid. 
Therefore it may be concluded that the rules of cal- 
culation of U(«) are not only divergence-free but 
unambiguous. 

As anyone acquainted with the history of the 
Lamb shift" knows, the utmost care is required 


uH. A. Bethe, Electromagnetic Shift of Energy Levels, 
Report to Solvay Conference, Brussels (1948). 
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before it can be said that any particular rule of 
calculation is unambiguous. The rules given in this 
paper are unambiguous, in the sense that each 
quantity to be calculated is an integral in mo- 


mentum-space which is absolutely convergent at - 


infinity; such an integral has always a well-defined 
value. However, the rules would not be unam- 
biguous if it were allowed to split the integrand into 
several parts and to evaluate the integral by inte- 
grating the parts separately and then adding the 
results; ambiguities would arise if ever the partial 
integrals were not absolutely convergent. A splitting 
of the integrals into conditionally convergent parts 
may seem unnatural in the context of the present 
paper, but occurs in a natural way when calcula- 
- tions are based upon a perturbation theory in which 
electron and positron states are considered sepa- 
rately from each other. The absolute convergence 
of the integrals in the present theory is essentially 
connected with the fact that the electron and 
positron parts of the electron-positron field are 
never separated; this finds its algebraic expression 
in the statement that the quadratic denominator in 
(45) is never to be separated into partial fractions. 
Therefore the absence of ambiguity in the rules of 
calculation of U() is achieved by introducing 
into the theory what is really a new physical 
hypothesis, namely that the electron-positron field 
always acts as a unit and not as a combination of 
two separate fields. A similar hypothesis is made for 
the electromagnetic field, namely that this field also 
acts as a unit and not as a sum of one part repre- 
senting photon emission and another part repre- 
senting photon absorption. 

Finally, it must be said that the proof of the 
finiteness and unambiguity of U() given in this 
paper makes no pretence of being complete and 
rigorous. It is most desirable that these general 
arguments should as soon as possible be supple- 
mented by an explicit calculation of at least one 
fourth-order radiative effect, to make sure that no 
unforeseen difficulties arise in that order. 

The second group of results of the theory is the 
identification of 6m and e by (94) and (86). 
Although these two equations are strictly meaning- 
less, both sides being infinite, yet it is a satisfactory 
feature of the theory that it determines the unob- 
servable constants 6m and e formally as power 
series in the observable e;, and not vice versa. There 
is thus no objection in principle to identifying e; 
with the observed electronic charge and writing 


(e;?/4ahc) =a=1/137. (103) 


The constants appearing in (8) are then, by (94) 
and (86), 


(104) 
(105) 


dm =m(A,a+A20?+---), 
e=e,(1+ Bya+ Bra?+ ee -), 
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where the A; and B; are logarithmically divergent 
numerical coefficients, independent of m and @¢,. 


IX. DISCUSSION OF FURTHER OUTLOOK 


The surprising feature of the S matrix theory, 
as outlined in this paper, is its success in avoiding 
difficulties. Starting from the methods of Tomonaga, 
Schwinger and Feynman, and using no new ideas 
or techniques, one arrives at an S matrix from which 
the well-known divergences seem to have conspired 
to eliminate themselves. This automatic disap- 
pearance of divergences is an empirical fact, which 
must be given due weight in considering the future 
prospects of electrodynamics. Paradoxically op- 
posed to the finiteness of the S matrix is the second 
fact, that the whole theory is built upon a Hamil- 
tonian formalism with an interaction-function (8) 
which is infinite and therefore physically meaning- 
less. 

The arguments of this paper have been essen- 
tially mathematical in character, being concerned 
with the consequences of a particular mathematical 
formalism. In attempting to assess their significance 
for the future, one must pass from the language of 
mathematics to the language of physics. One must 
assume provisionally that the mathematical for- 
malism corresponds to something existing in 
nature, and then enquire to what extent the para- 
doxical results of the formalism can be reconciled 
with such an assumption. In accordance with this 
program, we interpret the contrast between the 
divergent Hamiltonian formalism and the finite 
S matrix as a contrast between two pictures of the 
world, seen by two observers having a different 
choice of measuring equipment at their disposal. 
The first picture is of a collection of quantized 
fields with localizable interactions, and is seen by 
a fictitious observer whose apparatus has no atomic 
structure and whose measurements are limited in 
accuracy only by the existence of the fundamental 
constants c and h. This observer is able to make 
with complete freedom on a sub-microscopic scale 
the kind of observations which Bohr and Rosenfeld” 
employ in‘a more restricted domain in their classic 
discussion of the measurability of field-quantities; 
and he will be referred to in what follows as the 
“‘ideal’”’ observer. The second picture is of a col- 
lection of observable quantities (in the terminology 
of Heisenberg), and is the picture seen by a real 
observer, whose apparatus consists of atoms and 
elementary particles and whose measurements are 
limited in accuracy not only by ¢ and h but also by 
other constants such as a and m. The real observer 


12.N. Bohr and L. Rosenfeld, Kgl. Dansk. Vid. Sels. Math.- 
Phys. Medd. 12, No. 8 (1933). A second paper by Bohr and 
Rosenfeld is to be published later, and is abstracted in a 
booklet by A. Pais, Developments in the Theory of the Electron 
(Princeton University Press, Princeton, 1948). 
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makes spectroscopic observations, and performs 
experiments involving bombardments of atomic 
systems with various types of mutually interacting 
subatomic projectiles, but to the best of our knowl- 
edge he cannot measure the strength of a single 
field undisturbed by the interaction of that field 
with others. The ideal observer, utilizing his ap- 
paratus in the manner described in the analysis of 
the Hamiltonian formalism by Bohr and Rosen- 
feld,!*2 makes measurements of precisely this last 
kind, and it is in terms of such measurements that 
the commutation-relations of the fields are inter- 
preted. The interaction-function (8) will presum- 
ably always remain unobservable to the real ob- 
server, who is able to determine positions of particles 
only with limited accuracy, and who must always 
obtain finite results from his measurements. The 
ideal observer, however, using non-atomic appa- 
ratus whose location in space and time is known 
with infinite precision, is imagined to be able to 
disentangle a single field from its interactions with 
others, and to measure the interaction (8). In con- 
formity with the Heisenberg uncertainty principle, 
it can perhaps be considered a physical consequence 
of the infinitely precise knowledge of location 
allowed to the ideal observer, that the value ob- 
tained by him when he measures (8) is infinite. 

If the above analysis is correct, the divergences of 
electrodynamics are directly attributable to the 
fact that the Hamiltonian formalism is based upon 
an idealized conception of measurability. The 
paradoxical feature of the present situation does 
not then lie in the mere coexistence of a finite S 
matrix with an infinite interaction-function. The 
empirically found correlation, between expressions 
which are unobservable to a real observer and 
expressions which are infinite, is a physically intel- 
ligible and acceptable feature of the theory. The 
paradox is the fact that it is necessary in the 
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present paper to start from the infinite expressions 
in order to deduce the finite ones. Accordingly, 
what is to be looked for in a future theory is nat so 
much a modification of the present theory which 
will make all infinite quantities finite, but rather a 
turning-round of the theory so that the finite 
quantities shall become primary and the infinite 
quantities secondary. 

One may expect that in the future a consistent 
formulation of electrodynamics will be possible, 
itself free from infinities and involving only the 
physical constants m and e,, and such that a 
Hamiltonian formalism with interaction (8), with 
divergent coefficients 6m and e, may in suitably 
idealized circumstances be deduced from it. The 
Hamiltonian formalism should appear as a limiting 
form of a description of the world as seen by a 
certain type of observer, the limit being approached 
more and more closely as the precision of measure- 
ment allowed to the observer tends to infinity. 

The nature of a future theory is not a profitable 
subject for theoretical speculation. The future 
theory will be built, first of all upon the results of 
future experiments, and secondly upon an under- 
standing of the interrelations between electro- 
dynamics and mesonic and nucleonic phenomena. 
The purpose of the foregoing remarks is merely to 
point out that there is now no longer, as there has 
seemed to be in the past, a compelling necessity for 
a future theory to abandon some essential features 
of the present electrodynamics. The present elec- 
trodynamics is certainly incomplete, but is no longer 
certainly incorrect. 

In conclusion, the author would like to express 
his profound indebtedness to Professor Feynman 
for many of the ideas upon which this paper is 
built, to Professor Oppenheimer for valuable dis- 
cussions, and to the Commonwealth Fund of New 
York for financial support. 
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N a recent paper Walker and McDaniel! report 

on measurements of the energy of the gamma- 
radiation emitted in the bombardment of fluorine 
and lithium by protons. The radiation from fluorine 
was found to consist of two lines of energies 6.13 
+0.06 and 6.98+0.07 Mev; similar results have 
been reported by Rasmussen, Hornyak, and 
Lauritsen.2 The 6-Mev radiation has been shown 
to come from an excited O'* nucleus formed in the 
reaction: 


F194 H!—0!6*4 Het, 


and the alpha-particles (a:) produced in this 
reaction have been detected.*4 

We have now observed alpha-particles (a2) cor- 
responding to the emission of the 7-Mev gamma- 
radiation. These particles were resolved magneti- 
cally from protons scattered from the target and 
were detected by a fluorescent screen and photo- 
electric multiplier. Figure 1 shows the number of 
alpha-particles observed from a thin calcium fluo- 
ride target as a function of analyzer magnet current. 
The magnetic analyzer was calibrated by means 
of the particles from the well-known reactions® 
Be*(pa)Li® and Be®(pd)Be® and the Q values de- 
duced for the alpha-particle groups from fluorine 
are shown in Table I, together with values obtained 
by range comparisons. The errors stated represent 
the uncertainty in setting the magnetic field and 
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Fic. 1. Alpha-particles from the F!%(pa,7)O'** reaction for 
proton energies of 867 and 932 kev. Angle of observation 
= 104°. 


1R. L. Walker and B. D. McDaniel, Phys. Rev. 74, 315 


(1948). : 

2 Rasmussen, Hornyak, and Lauritsen, Phys. Rev. (to be 
published). 

?W. E. Burcham and S. Devons, Proc. Roy. Soc. A173, 
555 (1939). 


4 Becker, Fowler, and Lauritsen, Phys. Rev. 62, 186 (1942). 
5Tollestrup, Lauritsen, and Fowler, Phys. Rev. (to be 
published). 
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in the range determinations (0.05 Mev) together 
with an allowance of 0.03 Mev for possible syste- 
matic errors in calibration. The mean Q for the 
group a; (1.93+0.06 Mev) is higher than that found 
earlier,“ ® but the sum of this value and the corre- 
sponding gamma-ray energy is 8.06+0.08 Mev 
which is consistent with the energy of 8.12+0.24 
Mev available from the mass change.’ The Q for 
the group a; is independent of proton energy, in 
agreement with previous work.*4 

The difference between the Q for the reaction 
F!9(pao,7y)O'* at 867 kev and at the other tabulated 
resonances exceeds the experimental error. This 
suggests that the excited state in which the O'* 
nucleus is left in this reaction is not the same at all 
resonances; the results could be explained by the 
existence in the oxygen nucleus of levels at 6.94 
and 7.15 Mev above the ground state, in addition 
to previously known levels at about 6.00 (pair 
emitting level) and 6.13 Mev.” ® If this is so, the 
energy of the gamma-radiation observed at the 
932- and 665-kev resonances should be 7.15 Mev 
and that of the gamma-radiation at the 867-kev 
resonance should be 6.94’ Mev. The thick target 
observations of Walker and McDaniel are not 
inconsistent with this hypothesis.® 

The ratio of intensities *1/az of the two groups 
of alpha-particles (observed at 83° with the proton 
beam) is given in Table II for the more prominent 
resonances below 950 kev, together with the 
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Fic. 2. Alpha-particles from lithium isotopes bombarded with 
440-kev protons. Angle of observation = 104°. 


6 J. M. Freeman and A. S. Baxter, Nature 162, 696 (1948). 

7H. A. Bethe, Elementary Nuclear Theory (John Wiley & 
Sons, Inc., New York, 1947). 

8 Measurements of the gamma-ray energies at the 867- and 
932-kev resonances, kindly communicated to us by Professor 
Lauritsen, are also in agreement with the suggestion of a 
higher energy at the latter resonance. 
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TABLE I. Q values for the alpha-particle groups from fluorine. 








Group a Group a2 
Proton Energy (kev) 932 867 665 932 867 665 


Q by magnetic deflection (Mev) 1.95 1.94 1.97 0.96 1.19 0.98 

Q by range (Mev) 1.88 1.92 1.93 — 1.17 0.96 
Mean Q (Mev) 1.92 1.9% 1.95 0.96 1.18 0.97 
Error (Mev) +0.08 +0.08 
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TABLE II. Ratio of the intensities *1/a2 of the two alpha- 
particle groups and the gamma-ray intensity ratio observed 
by Rasmussen, Hornyak, and Lauritsen. 








Proton Energy (kev) 343 594 


“1 /ae2 50 >60 
Y1/y2 











gamma-ray intensity ratio observed by Rasmussen, 
Hornyak and Lauritsen.? The variation in “1/ae 
with proton energy is predicted by the varying 
penetrability of the barrier of the O'®* nucleus for 
the two alpha-particle groups except in the case of 
the 594-kev resonance, for which the az group 
could not be distinguished above background and 
appears to be forbidden. 

In the work with lithium, Walker and McDaniel 
show that there are gamma-ray lines of energies 
14.8 and 17.6 Mev, and give evidence that these 
lines correspond to transitions in the excited Be® 
nucleus formed in the reaction 


Li7+H'!—Be**—Be’+y. 


The emission of a 17-Mev gamma-ray leaves the 
Be® nucleus in its ground state, while that of a 
14-Mev gamma-ray could leave the nucleus in the 
well-known 2.8-Mev excited state, which has been 
observed in several other reactions and is known 
to break up into two alpha-particles.* We have 


observed these particles by bombarding a thick 


® Bonner, Evans, Malich, and Risser, Phys. Rev. 73, 885 
(1948). 


target of the Li’ isotope (oxidized by exposure to 
air) with 440-kev protons. Figure 2 shows the 
distribution of alpha-particles emitted from this 
target, together with a curve taken with a Li‘ target 
under the same conditions. The alpha-particles 
from the excited state of Be® form a group centered 
at an energy of 1.38+0.08 Mev. This group was 
found to have an excitation function agreeing 
exactly with that of the gamma-radiation for proton 
energies between 350 and 700 kev. The energy of 
the excited state of Be* from these measurements 
is 2.6+0.2 Mev, and the width is 0.9+0.1 Mev. 


_ The higher energy group shown in Fig. 2 (Li’) 
- could be due to contamination of the target by Li® 


and check experiments showed that the number of 
particles in this group was only about twice that 
expected from the contamination ; within the limits 
of accuracy of the comparison, the whole of the 
second group could be ascribed to the Li®(pa)He*® 
reaction. 

We wish to thank Sir John Cockcroft and Dr. 
W. D. Allen and members of his group at the 
Atomic Energy Research Establishment, Harwell, 
who provided the lithium targets used. 
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HE production of multiple heavy particles by 


the interaction of 7-mesons with nuclei has 


been definitely established by the recent investiga- 
tion with photographic plates by the Bristol school.! 
So far little evidence of such interactions has been 
obtained from Wilson Chamber photographs. We 
reproduce herewith a photograph of a shower 
which appears to be produced by the interaction of 
a m-meson with a nucleus; the particles emitted 
are not heavy in character, neither have they 
short ranges like the particles recorded in photo- 
graphic emulsions (see Fig. 1). The photographs 
are stereoscopic and careful reprojection shows that 
the shower starts from a point in the gas of the 


1 Lattes, Occhialini, and Powell, Nature 160, 486 (1947). 


chamber about 1.5 cm below the second lead plate 
(thickness 2.5 cm). Altogether seven particles are 
present in the shower and the two horizontal 
particles ejected towards the left start from the 
same point as the other five particles contained in 
the downward cone. These five particles pass out 
of the third lead plate (thickness 1 cm) with only 
one more secondary particle as the numbering of 
the tracks will show. The track No. 7 is an old 
track which is easily recognized from its diffused 
nature. 

The first interesting point about the shower is 
its generation in the gas apparently from a point 
and the emission of the two particles toward the 
left without any apparent emission on the right 
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the third lead plate of thickness one centimeter. 





TABLE I. Range and energy of the particle P before entering 











Nature of 
particle mo B E Range in lead 
T 1.6X 108 ev 0.56 2.05 X 108 ev 1.01 cm 
MB 1.0108 ev 0.39 1.48 X 108 ev. 1.96 cm 











Fic. 1. Photograph of a shower which appears to be produced 
by the interaction of a 7-meson with a nucleus. 


side. If these are electrons they will carry negligible 
momentum, but otherwise conservation of momen- 
tum would require the emission of one or more 
neutral particles on the right side. Production of a 
pair of tracks in the gas of the chamber has been 
reported before by Rochester and Butler? but the 
present photograph is completely different from 
theirs. 

Of the five particles contained in the downward 
cone, the fourth from the left (or second from the 
right) shows a large increase in ionization on 
passing out of the third lead plate (thickness 1 cm). 
This track is noted as No. 5 on emergence. It is 
clearly seen that track No. 5 has suddenly changed 
its direction and there is a considerable fall in 
ionization from the point at which it has changed 
its course. We shall see from the arguments given 
below that this particle is a -meson and the sudden 
change in ionization and direction represents a 
m-u-decay and not a u-electron decay. Moreover, 
it is most probable that the shower has been 
produced by the interaction of this meson with a 
nucleus. 

As there was no magnetic field in the chamber, 
the only method available for measuring the energy 
of the primary particle P is from the mean angle of 
scattering in the lead plates. The measurement of 
energy in this way is subject to the limitation that 


2G. D. Rochester and C. C. Butler, Nature 160, 855 (1947). 
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instead of determining the mean angle of scattering 

obtained from a large number of scattering observa- 
tions, only the scattering angle in a single case is 
introduced in William’s*® equation. The discrepancy 
between the actual scattering angle (as observed) 
from the mean of a large number of similar observa- 
tions will be small when the thickness of the 
scattering medium is fairly large. In our case the 
thickness is 1-2.5 cm of lead, which is large com- 
pared to the track length of multiply scattered 
particles observed in photographic plates. 

The mean scattering angle of the incident particle 
in the second lead plate (thickness 2.5 cm) in the 
chamber is 0.7°+0.1. This gives the total energy 
of the particle P as 2.04X10° ev, from William’s 
formula.? The mean angle of scattering of track 
No. 5 (which we assume to be continuation of P) 
in the third lead plate (thickness 1 cm) in the 
chamber has been found to be 11°.3+0.3 from 
which the total energy E of the particle before 
entering this plate comes out to be E6?=0.8 X 108 ev. 
This particle may be either a z- or a u-meson. The 
value of 6? was found out from the relation E 
= myc?/(1—8?)# and the above value of E6? for two 
values of mo, those of z- and u-mesons. The results, 
as obtained from Rossi and Griessen’s curves, are 
given in Table I. From the values of the range it 
is evident that if the particle P were a u-meson it 
would have sufficient kinetic energy to pass out of 
the chamber even after passing through 1 cm of 
lead, whereas if it were a w-meson it should stop 
just on emergence from the lead plate, and this is 
what has happened in our photograph. We may 
therefore conclude that the track P is that of a 
a-meson which has reached the end of its range and 
then decayed into a u-meson. We believe this is 
the first cloud-chamber evidence of a z-u-decay. 

The next remarkable point is the scattering of 
track No. 6 in the gas. The scattering angle in the 
gas is about 16° and 2.9°+0.2 in the lead plate 
above. The total energy of the particle before 
entering the plate is therefore 3.3 X 108 ev assuming 
its rest mass to be 108 ev. The particle is thus found 
to be too energetic to stop in the chamber and the 
sudden change in its direction must be attributed 
to nuclear scattering. No other particle has been 
emitted from the nucleus which is simply excited. 
One such case has been reported by Bhabha and 
Daniell‘ from photographic plate observation. 

The particles constituting the shower do not 
appear to be electronic in nature as they do not 
multiply in the third lead plate. Moreover, the 
probability of emission of so many electrons in one 
single act from a point in the gas is negligibly small. 


3E. J. Williams, Proc. Roy. Soc. 169, 531 (1939). 
4H. J. Bhabha and R. R. Daniell, Nature 161, 883 (1948). 
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ORIGIN OF HIGH ENERGY PHOTONS 


The energy of the incident particle has been found 
to be 2.04X10° ev. We have assumed before that 
the x-meson referred to above (i.e., track No. 5) is 
the continuation of this incident particle. On this 
basis we find that the particle has lost an energy 
(2.24 X 10°— 2.05 X 108) = 1.835 X 10° ev in the inter- 
action that has produced the shower. Excluding 
the incident particle there are then six particles in 
the shower and on an average, energy available for 
each is about 3.1108 ev. We have seen that the 
total energy of one of the particles, i.e., particle 
No. 6 is 3.3108 ev which gives support to our 
assumption. Though conservation of energy has 
been fulfilled, conservation of charge requires that 
three pairs of oppositely charged particles have 
been emitted, since it is very difficult to identify 
any of the tracks as due to a broken part of the 
nucleus. We therefore conclude that the shower is 
produced by a z-meson interacting with the nuclear 
field of another nucleus, the process being analogous 
to the phenomenon of scattering as visualized by 
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Heitler and Peng® in which more than one meson 
can be emitted in a single interaction. The average 
total energy of each of the particles emitted in the 
process is about 3.110* ev. The ionization pro- 
duced by a particle of this energy should be per- 
ceptibly more for a x-meson than for a u-meson. 
Hence they appear to us to be more like u-mesons 
than a-mesons as they produce less than the ex- 
pected ionization for m-mesons. According to 
Occhialini and Powell,* however, x-mesons are first 
emitted in such an interaction, which then decay 
into u-mesons. We cannot, however, exclude the 
possibility that they are 7-mesons since the energy 
available for each of them is 3.110 ev, which is 
well above their rest mass. 

The author is indebted to Professor D. M. Bose, 
Director, Bose Institute for very helpful and 
stimulating discussions. 

5 W. Heitler and H. W. Peng, Proc. Camb. Phil. Soc. 38, 
296 (1942). 


6G. P. S. Occhialini and C. F. Powell, Nature 162, 168 
(1948). 
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On the Origin of High Energy Photons 


Satio HAYAKAWA 
Research Institute, Central Meteorological Observatory, Tokyo, Japan 
April 14, 1949 


ECENT experiments concerning mixed showers 

and extensive air showers suggest the simul- 
taneous production of electronic and mesonic com- 
ponents by a nucleon-nucleon collision. The origin 
of such electronic component may, as pointed out 
by Oppenheimer,! be attributed to the disintegra- 
tion photons of neutral mesons which are believed 
to have a very short life. But this interpretation, 
though of great interest, seems to lead to the 
following difficulties. 

(1) The disintegration photons of the neutral 
mesons produced in a thick lead block at high 
altitude would give rise to cascade showers, but 
Schein e¢ al.2 observed only very few such showers 
in their high altitude experiment.* (2) Disintegra- 
tion photons should have as large an angular 
divergence as mesons produced. But this expecta- 
tion could be confirmed neither by the direct cloud- 
chamber observations, that the electron showers 
observed in mixed showers have always smaller 
angular divergence than mesons simultaneously 


1 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 
127 (1948). 
2 Schein, Jesse, and Wollan, Phys. Rev. 59, 615 (1941). 
3M. Taketani, Symposium on Meson Theory (1943). 





produced,‘ nor by the analysis of extensive air 
showers that they have never multiple cores.® (3) 
The number of mesons produced in one collision is 
believed to be several or more and at least one- 
third of them should be neutral as concluded from 
the theory of nuclear forces. This would result in 
that every meson shower should be accompanied by 
multiple electron showers. Even when only one 
neutral meson is produced there would be two or 
more cores of electron showers since it disintegrates 
into at least two photons. The experiment by a 
cloud chamber operated with random expansion, 
however, shows that only one or two meson showers 
in several tens are accompanied by electron show- 
ers. Even in a controlled chamber, which will 
certainly be favorable to mixed showers, not all 
meson showers contain cascade showers.* 7? Further, 
almost all of them have a single core and only very 
few have double cores.‘ 

Beside experimental evidences mentioned above, 


4H. Bridge and W. Hazen, Phys. Rev. 74, 579 (1948). 

5 Robert W. Williams, Phys. Rev. 74, 1689 (1948). 

6 Ralph P. Shutt, Phys. Rev. 69, 261 (1946); Wilson M. 
Powell, Phys. Rev. 69, 385 (1946). 

7 William B. Fretter, Phys. Rev. 73, 41 (1948); C. Y. 
Chao, Phys. Rev. 74, 962 (1948). 
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recent calculation on the life of the neutral meson 
shows-that the life is so long that the simultaneous 
production of electronic component would hardly 
be observed in the cloud-chamber experiment.® 

Now we must look for another cause of the 
production of the electron component appearing in 
mixed showers as well as extensive air showers. 
Tomonaga and the present author have once 
attempted to attribute this soft component produc- 
tion to the production of photons by the charge 
acceleration taking place in nucleon-nucleon colli- 
sion.® The proposed mechanism is solely based on 
the electromagnetic interaction, the theory of which 
is trustworthy up to the region of extremely high 
energy. We concluded that, although other possi- 
bilities could not be excluded, at least a considerable 
part of air showers would have such an origin. 
When a charged particle with a velocity uc is 
stopped, photons with energy between e and e+de 
are emitted by the acceleration. The probability 
for this emission can be estimated simply by 
picturing the phenomena in the following way: 
The Lorentz contracted Coulomb field attached to 
the particle is liberated as photons at the instant 
of the collision. This probability is found to be!® 


1 1 1+u de 
aah - in( )-2 oa 
137r\u 1—u 


€ 
1 E\? de 
~—_(ina(—) —2}-—, (1) 
1377 Me € 
where M and E mean the mass and energy of the 
incident particle. The same can be concluded also 
when a charge begins suddenly to move. Such a 
charge acceleration occurs also when an energetic 
proton or neutron converts into neutron or proton 
by the collision with a matter nucleus. The same 
effect will also be expected for each of newly 
produced mesons if the mesons are produced in the 
collision. In order that this simple picture be 
applicable, however, two conditions must be satis- 
fied: (1) the process must take place sufficiently 
suddenly, and (2) there should be no interference 
between processes taking place at different nucleons 
in the collided nucleus. The first condition requires 
that the time of collision should be shorter than the 
period of the photon emitted. If the collision time 
is longer the process goes on adiabatically and no 
emission of light will take place. Denoting by r 
the impact parameter and by é the Lorentz factor 
for the particle, this condition requires that 
r/&c<h/e, or e<&hc/r which gives the upper limit 
8 H. Fukuda and Y. Miyamoto, to be published. 
9S. Hayakawa and S. Tomonaga, J. Sci. Research Inst. 
43, 67 (1948); Prog. Theor. Phys. 3, 162 (1947). 
10F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937); 


Hayakawa, Miyamoto, and Tomonaga, J. Phys. Soc. Japan 
2, 172, 199 (1947). 


of the spectrum of the emitted photons. The second 
condition requires that the wave-length of the 
emitted photon should be shorter than the mean 
distance # between nucleons in the nucleus: 
e>hc/?, which limits the long wave side of the 
spectrum. The total probability of emission of 
photons in such a collision is now obtained by 
integrating (1) over ¢ from hc/? to thc/r and aver- 
aging over the impact parameter 7, Assuming that 
tmin~h/Mc, rmax~h/pc, and *7~h/yc, w being the 
mass of the meson, we find the probability is 


approximately 
4.7 X10-*(Iné)?. (2) 


The emission of photons by newly produced mesons 
is improbable because the wave packet of the 
mesons produced multiply and cannot be smaller 
than h/yc so that the interference effect mentioned 
above cannot be neglected. The total probability 
of the emission of the photon in the nuclear collision 
is given by multiplying (2) by A, A being the 
atomic weight, and further by a factor k, the 
probability of the nuclear collision in which the 
proton—neutron or neutron—proton conversion 


takes place: 
~kA*X4.7 X10-4(Iné)?. (3) 


Though little is known about the factor k, we may 
suppose that it is not much smaller than unity. 
Then the value of (3) may be sufficient ‘to explain 
the observed frequency of the accompaniment of 
electron showers by meson showers. 

The above mechanism of soft-ray producing 
process can be responsible for the production of air 
showers and seems to be able to explain some 
experimental facts which could not be accounted 
for by the ordinary electron-primary hypothesis, e.g., 
the height of maximum shower frequency and the 
angular distribution." A considerable part of the 
bursts under thick absorbers at high altitude will 
also be due to soft-rays produced by nucleons by 
the same mechanism, while at lower altitude they 
are mainly due to electromagnetic processes (e.g., 
bremsstrahlung and knock-on process) by mesons.” 
Because the nucleon component of the cosmic rays 
increases with altitude more rapidly than the meson 
component, the bursts produced by the former 
predominate over those by the latter at about 7-m 
water depth. The fact that the observed frequency- 
altitude relation of this phenomenon shows a much 
steeper increase at higher altitude than the increase 
of the meson component is accordance with this 
view.'® 

The author should like to express his sincerest 
thanks to Professor Tomonaga for his kind guidance. 

11M. M. Mill, Phys. Rev. 74, 1555 (1948). 

12 M. Schein and P. S. Gill, Rev. Mod. Phys. 11, 267 (1939) ; 
R. E. Lapp, Phys. Rev. 69, 321 (1946); E. F. Fahy and M. 


Schein, Phys. Rev. 75, 207 (1949). : 
18 Fujimoto, Hayakawa, and Yamaguchi, to be published. 
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On the Measurement of Short-Lived Isomers of 
Nuclei* 


F. K. McGowan, S. DEBENEDETTI,** J. E. FRANCIS, JR. 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
April 21, 1949 


HE method of delayed coincidences between two anthra- 
cene scintillation counters has been extended to measure 

time intervals in the region 10~* to 10-7 sec. The pulses from 
two 1P21 or 1P28 type multipliers are supplied to linear 
amplifiers! whose output signal has a rise time of approxi- 
mately 1.5 10-7 sec. and whose pulse height selectors were 
replaced by circuits which minimize the variation in delay.? 
The maximum variation in delay was measured using’ pulses 
of different heights from a signal generator and was found to 
be 8X10-8 sec. After pulse height selection, the pulses are 
fed to a coincidence circuit through terminated coaxial cables 
which introduce a delay of 1.0-u sec. per 24 ft. of line length 
(RG65/U; characteristic impedence 1000 ohms). The delay 
time can be varied from 0 to 2.0-y sec. in discontinuous steps of 
2X10-* sec. The dependence of delay time on line length was 
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Fic. 2. Delayed coincidences as a function of delay time. 


measured with a synchroscope; all delays were found to be 
linear with the length of the coaxial cable. The resolving time 
of the coincidence circuit is 7X 10-8 sec. and is kept constant. 
The clear anthracene crystals’ and multiplier tubes are cooled 
to dry-ice temperature, and the tubes are operated at 60 volts 
per stage. 

Figure 1 shows the number of coincidences as a function of 
delay time obtained with a source of Au!**. The majority of 
the sources used gave similar curves exhibiting a sharp break 
at 1.51077 sec. The coincidences observed for shorter delays 
are mostly due to the scattering of 8~-particles from one to the 
other detector. The width of the peak is just equal to the 
resolving time of the coincidence circuit plus the variation in 
delay introduced by the pulse height selectors. For delays 
larger than 1.5X10-7 sec. the number of coincidences is 
constant and equal to the computed random coincidence rate. 

The present observations with Au! are difficult to reconcile 
with the reported half-life of (2 to 3)1077 sec.‘ for the state 
following the B~-decay of this isotope. 

The existence of short-lived isomeric states of Re!8’* § and 
Ge™* ® was confirmed. The value of the half-lives was found 
to be (5.5+0.5)X 10-7 and (2.9+0.6) X 107’ sec., respectively. 
These values are somewhat different from those previously 
reported and probably more accurate. Figure 2 shows the 
delayed coincidence curve obtained with a source of Ga” 
(decaying to Ge”*) after subtraction of random coincidences. 
If the 0.41-Mev y-rays following the 6~-decay of Au'®* had a 
half-life of (2 to 3)X1077 sec., they should contribute a 
number of delayed coincidences about ten times larger than 
those observed with Ge™*, 

* This document is based on work performed under Contract No. 
W-35-058, eng.-71 for the Atomic Energy Project at Oak Ridge National 
Laboratory. 

** Present address: Washington University, Saint Louis, Missouri. 

1W. H. Jordan and P. R. Bell, Rev. Sci. Inst. 18, 703 (1947). 

2 Bell, DeBenedetti, Francis, Jr., Phys. Rev. 72, 160 (1947). 

3P. R. Bell, Phys. Rev. 73, 1405 (1948). 

4Leon Modansky and M. L. Wiedenbeck, Phys. Rev. 72, 185 (1947). 


5S. DeBenedetti and F. K. McGowan, Phys. Rev. 71, 380 (1947). 
6 Bowe, Goldhaber, Hill, Meyerhof, and Sala, Phys. Kev. 73, 1219 (1948). 
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Polarization of Electrons 


KENICHI SHINOHARA AND Norio Ryu 


Depariment of Physics, Faculty of Science, Kyushu University, 
Fukuoka, Japan 


April 18, 1949 


ANY experimental works have been carried out to find 

out the polarization of electrons by double scattering, 

and disagreeing results were obtained by various authors.! 

In view of the importance of the problem we have also made 

an experiment using a similar procedure but with slight 

modifications which might avoid the possible sources of error 
in the previous experiments. 

The experimental arrangement is shown in Fig. 1. The 
electrons are accelerated by a high voltage equipment of the 
type of Cockcroft. The electrons suffer the first right angle 
‘scattering at the gold foil (the polarizer) placed at the trans- 
mission position. The second foil (the analyzer) was placed 
perpendicular to the incident electron beam and the electrons 
scattered approximately at 78° in the 0° and 180° azimuth, 
respectively, have been counted with two Geiger counters. 
This disposition of the analyzer foil avoids the difficulty of the 
so-called transmission-reflection effect? and also the possible 
error caused by the slight drift of the accelerating voltage 
during the measurement. Since the intensity of the electron 
beam scattered by a nucleus changes greatly with the energy 
of the electrons, a large error may be introduced by a slight 
change of the voltage. The foils used are beaten gold foils of 
the thickness of 5X10~® cm. The slits defining the electron 
beam is made of aluminum, and also the inner surface of the 
scattering chamber was coated with thin aluminum plates, to 
minimize stray electrons and the emission of secondary x-rays. 
Lead blocks and plates were placed at suitable places to 
eliminate the effect of x-rays on the counters (not shown in 
Fig. 1). It was found experimentally that the effect of the 
x-rays and of the stray electrons are almost negligible and no 
error can be introduced from such origin. The part containing 
two counters and the analyzer foil can be rotated as a whole 
about an axis a (Fig. 1), and the positions of the counters can 
be interchanged so that the difference of the counting effi- 
ciencies of the two counters and the possible slight difference 
of the geometry in this part of the apparatus can be eliminated. 

The result is given in Table I, together with the theoretical 
predictions. The errors given are the statistical probable 
errors. It may be concluded that the result shows positively 
the existence of the polarization. Its magnitude agrees rather 
well with the theory and increases with the voltage in the 
range of energies we have measured. The somewhat smaller 
experimental values may be due to the smaller angle of the 
second scattering compared to 90° assumed in all the theories. 
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Fic. 1. Scattering foil and the counter arrangement. 
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TABLE I. Values of 2005. 








Energy of electrons 





(kev) 45 60 70 90 92 
Experiment 3.641.4 4.242.2 6841.0 9.04+1.0 9.1+1.4 
Mott? 3.0 6.4 9.0 13.4 13.6 
Bartlett 
2005 and 8.3 10.1 11.2 12.4 $2.5 
Theory Watson‘ 
Massey 
and 6.6 10.4 12.5 15.8 16.0 
Mohr’ 








A detailed account of the experimental method and the 
results will be published in the Journal of the Physical Society 


of Japan. 


1E, G. Dymond, Proc. new Soc. A145, 657 (1934); P. Thomson, 
Phil. Mag. 17, 1058 (1934); H. Richter, Ann. d. Pha aite 7 28, 533 (1937); 
K. Kikuchi, Proc. Phys. Math: Soc. ag 22, 805 re Shull, Chase, 
and Myers, Phys. Rev. _ 29 (1943); E. Trounson and J. A . Simpson, at: 
Phys. Rev. 63, 55 (1943 

3C. T. Chase and R. Cox, Phys. Rev. al ~~ (1940). 

3N. i Mott, Proc. Roy. Soc. A135, 429 (19. 

4J. H. Bartlett and R. E. Watson, Phys. seg 6, 612 (1939). 

6H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. A177, 341 (1941). 





On the Energy Loss by Fission Fragments Along 
Their Path 


N. O. LASSEN 
Institute for Theoretical Physics, University of Copenhagen, Denmark 
April 22, 1949 


S reported earlier,! the specific ionization by fission 
fragments in argon has been measured by means of a 
shallow ionization chamber. It is found to decrease along the 
path as would also be expected, since the charge of the frag- 
ments due to electron capture decreases with decreasing 
velocity. The ionization-range curves for the two groups of 
fragments are found to be different, the curve for the heavy 
group being the steeper and that for the light group being 
more flat at the beginning of the path. 

Later, similar measurements have been performed in 
various other gases. The main features of the ionization-range 
curves are the same in all gases, but on close investigation the 
shapes of the curves are found to be slightly different in the 
light and in the heavy gases. Since the ionization decreases 
almost linearly over the last section of the range interval 
covered by the measurements, the so-called extrapolated 
ranges R.x may be determined simply by linear extrapolation 

Fig. 1). They are found, especially in hydrogen, to be 
considerably smaller than the ranges as measured in a cloud- 
chamber by Bégggild, Arrge, and Sigurgeirsson.? 

This result is consistent with theoretical considerations.’ 
At the beginning of the path the fragment will be slowed down 
almost entirely by energy transfer to the electrons in the 
atoms of the stopping gas, the atoms consequently being 
ionized or excited. As the ionization by such electronic en- 
counters is proportional to the square of the fragment charge, 
it decreases along the path corresponding to the decreasing 
charge. When the fragments are slowed down to a velocity of 
the order of vo=¢/h, they will be almost completely neutralized 
and, hence, the electronic stopping will become very small. 
This state is reached when the fragments have traversed a 
distance approximately equal to Rex, but due to their large 
masses the fragments still have a considerable energy and will 
proceed in their motion. Over the remaining part of the range 
the fragments lose energy mainly by collisions with nuclei. 

The ionization measurements only refer to the first part of 
the range; for the last part of the range the energy loss per cm 
and the ionization per cm are too low to be measured as 
compared with the background ionization. However, for the 
end of the path the energy loss, supposed to be due entirely to 
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nuclear collisions, may be calculated by means of the stopping 
formula given by Bohr.* The calculation is done for two frag- 
ments; the (z, m)-values of these are chosen to be (39, 95) 
and (53, 139), corresponding to the most frequent values of 
the light and heavy group of fragments, respectively. As an 
example hydrogen may be considered. Curve a in Fig. 1 gives 
the calculated energy loss for the heavy fragment; it is ob- 
tained only as a function of differences of the abscissae and, 
hence, in the figure the end-point for curve @ is chosen in 
accordance with the total range of the heavy group as given 
by Bgggild, Arrge, and Sigurgeirsson. Combining curve a with 
the measured ionization curve, we obtain the fulldrawn curve 
representing the specific energy loss along the whole range. 
The curve for the light fragment is obtained in a similar 
manner. 

The ionization values which were measured only on a 
relative scale have been normalized so as to give an initial 
energy of the light fragment of 86 Mev. The ratio of the 
energy of the light and heavy fragment is found to be 1.53, 
in agreement with the measured value.* The fact that the 
curves in Hz and Dz coincide over the first part of the range 
proves the insignificance of nuclear collisions for the corre- 
sponding rather high velocities of the fragments. For smaller 
velocities the different magnitude of the nuclear stopping in 
Hz and Dz is demonstrated by the splitting up of the curves. 
Of course, the assumption that the electronic stopping becomes 
zero just for v<vo and that nuclear stopping is negligible for 
v>vo is somewhat arbitrary; nevertheless, it leads to dif- 
ferences between the total ranges in De and He of 0.7 and 
0.5 cm for the light and heavy fragment, respectively, which 
are in good agreement with the experiments. 

When given in cm normal air, the extrapolated ranges in 
various gases are, in contrast to the total ranges, found to 
increase monotonically with the atomic number of the stopping 
gas. Corresponding to the smaller values of Rex** the initial 
specific ionization by the fragments relative to that by 
a-particles is higher in the light than in the heavy gases. This 
result is in close agreement with the theoretical expectations 
when the initial charge of the fragments is assumed to be the 
same in all gases. Still, on careful consideration, the ionization 
in He is found to be a little higher than should be expected on 


Light fragment 


energy loss in Mev per em 


Heavy fragment 
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Fic. 1. The open circles give the result of measurements of the specific 
ionization in hydrogen. The full circles correspond to deuterium. 
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this assumption. The measurements thus seem to indicate a 
slightly higher charge in Hz than in other gases, which may 
also be anticipated from the exceptionally low cross section for 
electron capture in He. 

From the dE/dx-curves the energy and the velocity, as 
functions of the distance traversed, can be derived. Good 
agreement is obtained with the velocity-range relation found 
for argon by Bgggild, Brostrgm, and Lauritsen. By means of 
the stopping formula the effective charge of the fragments can 
be calculated; the result agrees fairly well with the direct 
measurements of the total charge and its variation along 
range.® 

A more detailed account of the present work will be pub- 
lished in the Communications of the Copenhagen Academy of 
Science. 

1N. O. Lassen, Phys. Rev. 70, 577 (1946). 

2 Béggild, Arrge, and Sigurgeirsson, Phys. Rev. 71, 281 a 

3N. Bohr, Kgl. Danske Vid. Sels. Math.-Fys. Medd. 18, No. 8 (1948 

4Flammersfeld, Gentner, and Jensen, Zeits. f. Physik 120, 450 (1948). 
W. Jentschke, Zeits. f. Physik 120, 165 (1943). 

5 Bgggild, Brostrgm, and Lauritsen, Kgl. ae Vid. Sels. Math.-Fys. 
at 18, No. 4 (1946); Phys. Rev. 58, 839 (1940 


O. Lassen, Kgl. Danske Vid. Sels. Math. eye. Medd. 23, No. 2, 
(194s); Phys. Rev. 68, 142 (1945); Phys. Rev. 69, 137 (1946). 





The Distribution of Arc-Chord Differences in 
Scattered Particle Tracks* 


W. T. Scott 
Brookhaven National Laboratory, Upton, Long Island, New York 
April 11, 1949 


N a previous letter,! it was suggested that the scattering of 
particle tracks in emulsions might be readily measured by 
the difference between the actual length of track and the 
chord joining the two ends. In fact, an approximate expression 
for the average value of this difference was given, which was 
quite similar to the corresponding expression for the usual 
measure of scattering. 





Fic. 1. A scattered track of arc length s, chord D, projection on the initial 
direction x, lateral displacement y, and angular deviation a. 


It is to be expected, however, that the statistical distribu- 
tions in the two quantities should be qualitatively different. 
The arc-chord difference should be subject to relatively large 
fluctuations. A given, fairly large angle of scattering near the 
middle of the track will affect the entire measurement although 
a similar scattering near one end will have a much smaller 
effect. On the other hand, the sum of the squares of successive 
chord angles will not be greatly affected if one of the angles is 
large, and in fact the distribution of this quantity will cer- 
tainly get narrower as the number of chords is increased. It 
is the object of this note to report on calculations of these two 
distributions that partially bear out these expectations. 

The calculations are made for the case of constant energy 
which, of course, does not obtain in photographic emulsions, 
but which allows an explicit result that will serve to compare 
the two methods. We start with a diffusion equation for the 
combined distribution W of u, y and @ as functions of s. In 
these expressions, u stands for the difference between the arc 
length s and the projection x of the track along its initial 
direction; y is the lateral displacement from the x axis, and @ 
gives the direction of the track (Fig. 1). We have, assuming 
all angles to be small, 
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where A represents a “scattering length”; 2/A is the mean 
square projected scattering angle per unit path length.? This 
equation may be solved by assuming an exponential-type 
solution (LaPlace transform) in the variables u, y, and s, 
solving the resulting ordinary differential equation in 6, in 
terms of Hermite functions. The condition of convergence in 6 
yields an expression for the exponential coefficient of s and a 
6(6) boundary condition yields a solution in the form of a 
double integral over the transformed variables for u and y 
with an infinite series of the Hermite functions for 0. 

The series may readily be summed. The coefficient of the 
double integral is determined in the following manner: 
W(u, y, 9, s) is written in terms of the dimensionless variables 
§=ud/s?, v=y(A/s*)!, and »=0(A/s)*. It may be shown from 
Eq. (1) that the resulting distribution is independent of s, 
which implies that the shape of the distribution is constant, 
the scale factors changing as s changes. Hence, a normalized 
distribution of this form yields for s=0, W=6(u)é(y)6(6). 
There is a unique coefficient in the double integral which 
yields this behavior. Two further checks are that integration 
over y yields a solution to the diffusion equation for u, 0, and 
s as it should, and integration over u yields Fermi’s distribu- 
tion function in y and 6 (Eq. (1) of reference 2). 

To get the distribution in v=s—D=s— (x?+y*)t2u—y?/2s, 
we change variables from u to v, integrate the solution over 
vy and 7, and using the dimensionless variable w=vd/s? we 
arrive finally at the desired distribution 


dw 


F(w)dw = Imi 


® 34 sinh-ts exp($2%w)dz. (2) 
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Fic. 2. F(w), the distribution function for arc-chord differences, as a 
function of w=A(s—D)/s? and W(Q), the distribution function for the 
sum of squares of chord angles, as a function of Q = (3A/4s)Z; ax? (calculated 
for nine chords). 
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Fic. 3. Pi(M), the arc-chord difference distribution, as a function of the 
apparent mass M@ 
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G. 4. P2(M) the sum-of-squares distribution for nine chords, as a function 


F 
of the apparent mass M. 
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Fic. 5. P3(M) the sum-of-squares distribution (uncorrelated), for twenty- 
one chords, as a function of the apparent mass 


The moments of the distribution are readily calculated: 
(wav = 3 (w*)av=1/20; (wo) av— (w) av? ]# = 0.89(w) ay. The dis- 
tribution itself may be calculated by expanding sinh~#z in 
powers of e~*; the kth term of the sum yields on integration 
an expression involving the parabolic cylinder function 
Dsl (4k+1)/2wt]. These functions are expressible in terms 
of tabulated Toronto functions;? the final result of the com- 
putation is shown in Fig. 2. The skewness of this curve is quite 
apparent, the most probable value of w being about } the 
mean. The most important feature, however, is the long tail 
on the curve, indicating large fluctuations. (The skewness 
itself disappears if log w instead of w is used as a measure of 
scattering, e.g., for reasons of constant relative error. But, the 
nearly symmetrical curve obtained is very broad.) 

The distribution in g=(E?/e)Za;2’, the sum of the squares 
of angles between successive chords, may be found from the 
correlated “probability for N such angles (reference 2, Eq. 
(31)). Standard probability calculus is used; we give here the 
result for nine track segments or eight chord angles (the 
improvement for more segments varies as NV), in terms of the 
dimensionless variable Q=3dge/4sE? where s is the length of 


one path segment: 


w(0)dQ= Lispefed Bs]? ” die 
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The integral is readily transformed into two real integrals 
suitable for numerical calculation, and Fig. 2 shows this 
curve also. Moments are readily found : (Q)y=8; (Q?)ay= 81.75; 
[(Q*) av — (Q)av?_] = 0.53(Q) ay. While the curve is not as broad or 
skew as that for F(w), the fluctuations are still large. 

A better representation of the efficacy of each method for 
estimating the masses of scattered particles is to plot each 
distribution as a function P(M) of the “apparent mass” M 
which is the mass of a particle for which the given value of 
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w or Q is the mean value. In this way, considerations of range 
and energy do not need to be explicitly included. Figure 3 
shows P:(M) for the arc-chord differences, for three different 
‘average values of M; M is in units of the electron mass. 
Figure 4 shows P2(M) for the sums of squares of chord angles. 
Figure 5 shows P3(M) calculated for the uncorrelated prob- 
ability for 20 chord angles with 21 segments. The result will 
be slightly broader if the correlation were taken into account. 

The arc-chord difference is certainly a less precise measure 
of the scattering. However, the overlap of the curves in each 
graph shows the difficulty in using multiple scattering as an 
indication of the mass of the particle, and indicates the extent 
to which especially large or small observed values of w or Q 
can eliminate, respectively, a large or small mass value from 
consideration. The separate chord-angle method can serve 
to distinguish between protons and mesons in most, but not all 
cases, which the arc-chord difference cannot do as well. 
Neither method has any reliability for distinguishing meson 
masses Closer even than the values used in preparation of the 
figures. 

* Research carried out at Brookhaven National Laboratory under the 


— of the AEC, while the author was on summer leave from Smith 
college. 

1S. A. Goudsmit and W. T. Scott, Phys. Rev. 74, 1537 (1948). 

2W. T. Scott, Phys. Rev. (to be published). 

3A, H. Heatley, Trans. Roy. Soc. Canada 37, 13 (1943). 





Scattering of Slow Neutrons by Deuterium Gas 


J. A. SPIERS 
National Research Council Laboratories, Chalk River, Ontario, Canada 
April 12, 1949 


HYSICAL intuition is often considered of little use as a 
guide to the outcome of computations based on quantum- 
mechanical formulas. Here is an instance of an elaborate com- 
putation which finally led to results very similar to those ob- 
tained from a simple picture, a fact probably not to be sur- 
mised from inspection of the original formulas. 

It is well known that slow neutron scattering experiments 
in deuterium gas can give information on the neutron-deuteron 
interaction.! 

Only the total cross section has been considered so far as 
the calculation of the differential cross section requires 
involved transformations from the center of mass systems to 
the laboratory system, owing to the thermal velocities of the 
molecules. 

A relatively simple method of calculation in which this 
effect is accurately taken into account has been devised by 
the writer, and is being used to compute the angular distribu- 
tion in the laboratory system of monokinetic neutrons of 
energy 0.07 ev scattered by deuterium gas at a temperature 
of 90°K. 

Two points of general interest have arisen as a result of these 
computations: 

(1) Although kT~ pth of the incident neutron energy for 
the figures quoted, the assumption of molecules initially at 
rest would lead to relatively small errors in the computed 
differential cross section (~1 to 7 percent, although percentage 
corrections to individual transitions may be large), according 
to the results obtained so far, which are for angles of scattering 
in the laboratory of 30° to 120°. 

(2) The computed curves closely resemble those obtained 
from a semi-classical picture in which the incident neutron is 
scattered by two deuterons at a fixed distance (0.74A) apart 
on an axis with fixed but random orientation,? provided rela- 
tive changes of phase on scattering by the two scatterers of 
(i) 0 and (ii) x-radians are assumed. Thus, it was found that 
for each initial molecular rotational quantum number J (the 
computations covered J=0, 1, 2, 3), the contribution to the 
differential cross section due to all transitions to final states of 
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the same parity, had the form of curve (i), while for parity 
change the contribution had the form of curve (ii). 

The respective quantum-mechanical curves follow closely 
the semi-classical curves for angles of observation (lab. 
system) around 30°, but fall off from the latter with increasing 
angle of observation to approximately } of the semi-classical 
value at 180°. 

Analytically, the quantum-mechanical formulas become 
identical with the semi-classical ones described above if the 
energy lost or gained by the neutron in the various molecular 
transition is treated as negligible, which, in fact, of course, is 
far from being the case. The same result is not obtained by 
neglecting the mass of the neutron compared with that of the 
molecule, since if we do this there is no recoil of the deuterium 
molecule, and the results then differ widely from the correct 
quantum-mechanical results. 

The two methods of calculation (quantum and semi- 
classical) would however be expected to yield identical results 
for those diatomic molecules whose masses are, in fact, large 
compared to that of the neutron,’ but the relatively good 
agreement for deuterium is perhaps surprising. 

These calculations, together with graphs exhibiting the 
dependence of the various partial cross sections on angle of 
scattering, will be published in due course by the National 
Research Council of Canada. 

1M. Hamermesh and J. Schwinger, Phys. Rev. 69, 145 (1946). 

2 See Section 4 of the paper by E. Fermi and L. Marshall, Phys. Rev. 


71, 666 (1947). 
3N. Z. Alcock and D. G. Hurst, Phys. Rev. 75, 1609 (1949). 





Observations on the Blood of Cyclotron Workers 


M. INGRAM AND S. W. BARNES 


Departments of Radiation Biology and Physics, The University of Rochester, 
Rochester, New York 


April 20, 1949 


TTENTION is called to the finding of two types of 
unusual cells in the blood of personnel of the 130-in. 
cyclotron at Rochester, New York. These, are, respectively, 
very early mononuclear cells and cells which appear to be 
lymphocytes with bilobed or double nuclei. These cells, par- 
ticularly the latter, occur in very small numbers, and it has 
been necessary to inspect several thousand leukocytes from 
each person in order to be assured of the finding. The “early 
mononuclear cells’’ are large (approximately 18-20u in 
diameter), peroxidase negative, have deeply basophilic 
cytoplasm, and no nucleoli. The “lymphocytes with bilobed 
nuclei” tend to be somewhat larger than typical large lympho- 
cytes. The nuclei stain slightly lighter than the nuclei of the 
other lymphocytes but are similar in consistency and have no 
nucleoli. The cytoplasm is clear, basophilic, peroxidase 
negative, and commonly contains a few typical azurophilic 
granules. 

Both kinds of cells have been found in individuals not 
associated with the cyclotron who have abnormal blood 
smears due to infections, specifically in several cases of infec- 
tious mononucleosis and in one case of acute pharyngitis due 
to Hemolytic H. Influenza. There is, however, no indication 
that the findings in cyclotron personnel are due to infections. 

Early mononuclear cells are occasionally found in routine 
films of ‘‘normal blood,’ however, lymphocytes with bilobed 
nuclei have not, to our knowledge, been described previously, 
and it is felt that they represent a true departure from the 
usual or normal blood picture. Although it is not possible to 
draw any conclusions relative to the significance of these cells 
.as indicators of radiation damage, the findings may conceiv- 
ably have such significance, and are presented at this time so 
that they may come to the attention of responsible individuals 
associated with cyclotrons in other institutions. 

This work was supported by the joint program of the ONR 
and AEC, 
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Total Reflection of Neutrons on Cobalt 


Morton HAMERMESH 
Argonne National Laboratory, Chicago, Illinois 
April 13, 1949 


TTENTION has recently been called to the possibility 

of producing polarized neutron beams by reflection from 

magnetized iron mirrors.1 The indices of refraction differ for 

the two neutron spin states, since their magnetic scattering 

amplitudes are opposite in sign. The resultant difference in 

critical angle of total reflection can be used to separate the 
spin components. 

For Fe, the coherent nuclear amplitude exceeds the mag- 
netic amplitude, so that the index of refraction is less than 
one for both spin states, and both are capable of total reflec- 
tion. Since the critical angle is proportional to neutron wave- 
length, two wave-lengths (one for each spin state) will overlap. 
This circumstance prevents attainment of complete polariza- 
tion, since intensity requirements dictate the use of a fairly 
broad band of neutron energies. 

It is interesting to note that by reflecting neutrons from a 
cobalt mirror magnetized along the beam direction one can 
obtain an exact analog of the Nicol prism. The coherent scat- 
tering cross section of Co is ~1.8 barns? compared to 10.3 
barns for Fe. At the same time, the magnetic amplitude for 
Co is ~4.6X10- cm, which is only slightly below the value 
6.0X10-" for Fe, so that for Co the magnetic amplitude 
exceeds the nuclear amplitude. Consequently, the refractive 
indices for the two spin states lie on opposite sides of unity 
for all wave-lengths, and only one of the spin components is 
capable of undergoing total. reflection. With an arbitrarily 
broad spectrum of incident neutrons, the mirror will reflect a 
completely polarized beam. 

D. J. Hughes and his associates are now conducting reflec- 
tion experiments with Fe and Co. 


10. Halpern, Phys. Rev. 75, 343 (1949). 
2C. G. Shull and E. O. Wollan, unpublished. 





On the “Magic Numbers” in Nuclear Structure 


Otto HAXEL 
Max Planck Institut, Gottingen 
J. Hans D. JENSEN 
Institut f. theor. Physik, Heidelberg 
AND 
Hans E. Suess 
Inst. f. phys. Chemie, Hamburg 
April 18, 1949 


SIMPLE explanation of the ‘‘magic numbers” 14, 28, 

50, 82, 126 follows at once from the oscillator model of 
the nucleus,! if one assumes that the spin-orbit coupling in 
the Yukawa field theory of nuclear forces leads to a strong 
splitting of a term with angular momentum / into two distinct 
terms j=/+}. 

If, as a first approximation, one describes the field potential 
of the nucleons already present, acting on the last one added, 
as that due to an isotropic oscillator, then the energy levels 
are characterized by a single quantum number r=71+72+7s, 
where 1, 72, 73 are the quantum numbers of the oscillator in 3 
orthogonal directions. Table I, column 2 shows the multi- 
plicity of a term with a given value of r, column 3 the sum of 
all multiplicities up to and including r. Isotropicanharmonicity 
of the potential field leads to a splitting of each r-term accord- 
ing to the orbital angular momenta / (7 even when 1 is odd, 
and vice versa), as in Table I, column 4. Finally, spin-orbit 
coupling leads to the /-term splitting into j7=/-+4, columns 5 
and 6, whose multiplicities are listed in column 7. 

The “magic numbers’ (column 8) follow at once on the 
assumption of a particularly marked splitting of the term with 
the highest angular momentum, resulting in a ‘closed shell 
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TABLE I. Classification of nuclear states. 











1 2 3 4 5 6 7 8 
Oscil- 
lator- 
quan- Total 
tum Sum Orbital angular 
num- of all momen- momen- Magic 
ber Multi- = multi- tum tum Multi- num- 
r plicity _ plicities l j lj-symbol plicities bers 
1 2 2 0 1/2 S12 2 
2 1 3/2 paz 4 
6 8 1/2 pie D 
3 2 5/2 ds/2 6 14 
3/2 d3/2 4 
12 20 0 1/2 S12 2 
4 3 7/2 fin 8 28 
5/2 Soj2 6 
1 3/2 ps2 4 
20 40 1/2 prye 2 
5 4 9/2 £9/2 10 50 
7/2 87/2 8 
2 5/2 ds/2 6 
3/2 d3/2 4 
30 70 0 1/2 S1/2 2 
6 5 11/2 hue 12 82 
9/2 hoje 10 
3 7/2 Sie 8 
5/2 Soy2 6 
1 3/2 paz 4 
42 112 1/2 Pry2 2 
7 6 13/2 413/2 14 126 
11/2 411/2 12 
4 9/2 g9/2 10 








structure’ for each completed r-group, together with the 
highest j-term of the next succeeding r-group. This classi- 
fication of states is in good agreement with the spins and mag- 
netic moments of the nuclei with odd mass number, so far 
as they are known at present. The anharmonic oscillator 
model seems to us preferable to the potential well model,? 
since the range of the nuclear forces is not notably smaller 
than the nuclear radius. 

A more detailed account will appear in three communica- 
tions to Naturwissenschaften.’ 


age - H. A. Bethe and R. Bacher, Rev. Mod. Phys. 8, 82 (1937), 
pars. 32-34. 

2 Which anyhow does not lead to a very different term-sequence com- 
pared with that of an anharmonic oscillator, see reference 1. 

3 (a) Haxel, Jensen, and Suess, Naturwiss. (in press). (b) Suess, Haxel, 
ond J — Naturwiss. (in press). (c) Jensen, Suess, and Haxel, Naturwiss. 
in press). 





Concerning the Abundance of Atmospheric 
Carbon Monoxide 
ARTHUR ADEL 


Arizona State College, Flagstaff, Arizona 
April 19, 1949 


N October of 1941 the 4.7-micron region of the solar 
spectrum was examined by the author at the Lowell Ob- 
servatory, Flagstaff, for evidence of the carbon monoxide 
fundamental. The observation was made with a 2400-lines/ 
inch grating in an f/5-Pfund type spectrometer of focal length 
30 inches. Galvanometer deflections were recorded photo- 
graphically. The solar spectrum was compared with laboratory 
observations,! but no conclusive evidence could be deduced for 
the existence of spectroscopically detectable quantities of 
carbon monoxide in the atmosphere above the observatory. 
The adequacy of the solar spectrum can be judged from the 
fact that carbon dioxide fine structure (some of it since traced 
to vs of C30,!*), which is twice as difficult to’resolve as carbon 
monoxide fine structure, was abundantly present and clearly 
resolved. 

One notes with interest, therefore, Migeotte’s recent ob- 
servation of the carbon monoxide fundamental as a prominent 
feature in the solar spectrum at Columbus, Ohio.? 

The purely local nature of atmospheric abundance of 
carbon monoxide is emphasized by its absence over Flagstaff, 

















he 
si- 
ig 
ar 
or 
1,2 
er 


a- 
Ms 


1, 











LETTERS TO 


and further emphasized by the extremly large variations in the 
amount over Columbus as reported by Migeotte. There is a 
temptation to regard the presence of carbon monoxide in the 
air as a consequence of its nature as a product of incomplete 
combustion. It would be most instructive to follow the course 
of carbon monoxide above Columbus as a function of fuel 
consumption and local weather. 

Amongst the minor constituents of the atmosphere, carbon 
monoxide must be regarded as a local manifestation, unlike 
nitrous oxide, for example, which was recently shown to be 
world wide in an essentially constant amount.® 

1S, E. Whitcomb and R. T. Lagemann, Phys. Rev. 55, 181 (1939). 

2M. V. Migeotte, Phys. Rev. 75. 1108 (1949). 


3 Arthur Adel, Astrophys. J. 90, 627 (1939); 93, 509 (1941); Shaw, 
Sutherland, and Wormell, Phys. Rev. 74, 978 (1948). 





On the Excited States of Li’ 


S. S. HANNA AND D. R. INGLIS 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
April 20, 1949 


HE ground state of Li? has nuclear spin J=3/2, and the 
possibility! that the 480-kev excited state is the other 
state of the doublet, *P;, is favored? by the existence of a 
transition’ to this state by K-capture in Be’. However, when 
thermal neutrons impinge on B!°, whicht has J=3, the transi- 
tion by alpha-emission leads* almost entirely (93 percent) to 
the excited state of Li’, and this strong preference seems to 
demand® a selection rule based on a large angular momentum 
associated with the excited level, considerably larger than the 
value [=1/2. In keeping with the assumption of spherically 
symmetric exchange interactions, which have been used’ fairly 
successfully to correlate nuclear stability properties, it was 
suggested® that the excited level of Li? might be the two states 
of an unresolved *F, having J=7/2 and 5/2. In the light of 
recent observations® which display the energy groups as sharp 
peaks and agree quite closely on the excitation energy (and 
barring a pervasive selection rule), this would require very 
small spin-orbit coupling (<10 kev). 

The objection to this latter scheme® is that it leaves the 
total orbital angular momentum L too nearly a good quantum 
number, and the Be’? K-capture to the excited level would be 
forbidden with AL=2. Retention of Z as a quantum number 
is perhaps an oversimplification. It is noteworthy that agree- 
ment could be obtained both with the Be’ K-capture and the 
B'°(n, «)Li’ transitions to the excited state by the assumption 
that this excited state is single and simply has [=5/2. This 
assumption is also compatible with the observed lifetime! of 
the excited state, which may be attributed to a magnetic 
dipole transition moment of plausible magnitude,’® but 
requires an electric quadrupole transition moment consider- 
ably larger than estimated from nuclear dimensions. It agrees 
as well with the observed angular distribution" of the reaction 
Li‘(d, p)Li? at low energies, wherein the spherical symmetry 
of the long-range protons and a term as high as cos‘@ in the 
short-range protons may be explained, only if the excited state 
has I>5/2, in which case the explanation involves compound 
states 0+, 2+ (both competing with alphas!) and 5~. Since 
I=5/2 seems to be the only single value compatible with all 
the observations, the problem is to make this assumption 
theoretically plausible. 

The shell structure apparent as ‘‘magic numbers” in nuclear 
stability has been correlated by Mayer with the trend of 
nuclear spins and magnetic moments by postulating j—j 
coupling for the individual nucleons, which requires strong 
spin-orbit coupling in most nuclei. There are sufficiently few 
exceptions to the general experimental agreement'* that the 
scheme has a strong empirical appeal in spite of its sharp 
divergence from previous concepts.”? Perhaps the most serious 
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discrepancy is found in Li’, where two nucleons each with 
j=3/2 would be expected" to combine to make J=3, rather 
than 1 as observed, but there might be exceptionally small 
spin-orbit coupling in this nucleus because of the exceptionally 
weak binding of these nucleons. Then Li? might also be ex- 
pected to have somewhat weaker spin-orbit coupling than 
normal for p orbits, and a 480-kev doublet splitting would 
seem ample to be compatible with a splitting of 2 Mev or more 
in heavier nuclei as might be required to have an influence on 
shell structure. This would leave the excited state a *P}. 
Because this is incompatible with the B!(m, a)Li’ and the 
Li‘(d, p)Li? data, we wish also to consider the possibility of 
stronger spin-orbit coupling in Li’. 

In extreme j—j coupling, one obtains the low states by 
coupling three vectors j=3/2. Because of the exclusion 
principle, the two neutron vectors make J,=0 in the ground 
state, and ’,=2 combining with j, to make J=7/2, 5/2, 3/2, 
1/2 in the simplest description of the next higher states, and 
we may expect that some acceptable choice of nucleon inter- 
actions would make their energies ascend in this order. 
Enumeration of the higher states with various nucleons having 
j=1/2 rather than 3/2 shows that there are in all two states 
with 7/2, five states with 5/2, eight with 3/2, and six with 1/2. 
In a second-order calculation departing from extreme j—/j 
coupling, one might expect very roughly that the extent of 
depression of the lowest state with a given J, due to the 
familiar second-order ‘‘repulsion”’ in energy, would be greatest 
for the value of I which characterizes the greatest number of 
states. By this criterion, the first-order ground state would be 
depressed most and remain the ground state, and J=5/2 
would be depressed more than J=7/2, which does indeed 
make it a fairly plausible first excited state. Unfortunately, in 
an approach to the intermediate coupling situation from the 
opposite extreme of L—S coupling with the ?P assumed lowest 
in first order as in earlier calculations,’ the same plausibility © 
argument favors J=1/2 as the first excited state. This sug- 
gests that the interactions which one assumes to provide the 
j—j coupling scheme may have to deviate from previous 
concepts so severely as to alter the order of the multiplets 
calculated by neglecting spin-orbit coupling. Another dif- 
ficulty is that recent observations'® fail to detect further 
excited states in Li? up to about 1.6 Mev, and this qualitative 
discussion unfortunately does not suffice to explain this gap. 

1D. R. Inglis, Phys. Rev. 50, 783 (1936); G. Breit and J. R. Stehn, 
Phys. Rev. 53, 459 (1938). 

2G. Breit and J. K. Knipp, Phys. Rev. 54, 652 (1938). 

3N. P. Heydenburg and G. L. Locher, Phys. Rev. 53, 1016 (1938); 


unpublished data of H. T. Richards and R. M. Williamson (12 percent to 
excited state). 

4 Gordy, Ring, and Burg, Phys. Rev. 74, 1191 (1948). 
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Meson Exchange and Spin-Orbit 
Coupling in Nuclei 


D. R. INGLIS 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
April 20, 1949 


HE single-nucleon spin-orbit coupling required by recent 
conjectures'~* concerning the prevalence of a j—j 
coupling scheme in most nuclei is too strong a coupling to be 
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entirely accounted for by the simple theory based on a 


Thomas precession 
wor =aXv/2c?, (1) 


proportional to the acceleration a and velocity v of a nucleon 
endowed with an intrinsic spin.‘~* The analysis of the magnetic 
moments of the three-nucleon nuclei involves the graphic con- 
cept of exchange currents’ representing the transport of charged 
mesons responsible for some of the inter-nucleon interactions. 
Certain types of mesons which may be responsible for nuclear 
forces (x-mesons with spin 1) are carriers of spin as well as of 
charge, and one may anticipate on the basis of similar graphic 
concepts that the process of meson exchange which binds a 
circulating nucleon to the rest of the nucleus involves a pre- 
dominantly centripetal acceleration of the meson momentarily 
associated with the circulating nucleon. This meson accelera- 
tion is expected to be much greater than the centripetal 
acceleration of the nucleon, since the exchange process may 
be expected in effect to take place many times per revolution. 
Although one does not have at hand a sufficiently complete 
analysis of the energetics of meson fields, it seems plausible to 
suppose that this large acceleration a of the meson, together 
with the tangential component of v which the meson would 
have in common with the circulating nucleon, should give rise 
to a Thomas precession of the meson spin much more rapid 
than that of the intrinsic nucleon spin previously derived 
from (1). Even if somewhat suppressed by a weighting factor 
representing the ephemeral association of the meson and 
nucleon (as enters, for example, in the interpretation of 
anomalous nucleon magnetic moments),® this might still give 
a spin-orbit coupling «-wr much larger than that arising from 
precession of the nucleon spin alone. (A factor of ten or more 
seems to be needed by the empirical conjectures.) During the 
meson’s fleeting association as part of the circulating nucleon, 
the meson spin has the direction of the nucleon spin of which 
it is a part (that is, a nucleon with spin up is part of the time 
a nucleon with spin down and a meson with spin up), and the 
directions of a and v are the same as before, so the sign of 
the coupling is the same as that arising from a Thomas pre- 
cession of an intrinsic nucleon spin, which is satisfactory. 
From these graphic considerations, it seems more likely that 
a spin-orbit coupling belonging to each individual nucleon 
would arise from this second-order relativistic effect than 
from the second-order perturbation theory with a tensor 
interaction, as treated by Dancoff* in the simple case of He® 
with only one circulating nucleon. 

1M. G. Mayer, Phys. Rev. (to be published). 

2 E, Feenberg and K. C. Hammack, Phys. Rev. (to be published). 

4 S. Hanna and D. R. Inglis, Phys. Rev. — - os (1949), 

. R. Inglis, Phys. Rev. he 783 (1936); W. H. Furry, Phys. Rev. 50, 

784 Vi986): €. Breit and J. R. Stehn, Phys. Rev. 53, 459 (1938). 

5D. R. Inglis, Phys. Rev. 74, 1878 (1948). 

6S. Dancoff, Phys. Rev. 58, 326 (1940). 

7S. T. Ma and F. C. Wu, Phys. Rev. 62, 118 (1942); F. Villars, Phys. 
Rev. 72, 256 (1947); A. Thelling and F. Villars, Phys. Rev. 73, 925 (1948). 


8 Frdéhlich, Heitler, and Kemmer, Proc. Roy. Soc. Al66, 127 (1938); 
M. Jauch, Phys. Rev. 63, 344 (1943). 





The Interpretation of the K** Radioactivity* 


FRANKLIN B. SHULL AND EUGENE FEENBERG 
Wayman Crow Laboratory, Washington University, St. Louis, Missouri 
April 20, 1949 


NUMBER of recent studies have been concerned with 

the occurrence of a characteristic forbidden type of 
energy distribution in several well-known beta-radioactive 
transitions. The necessary theoretical conditions! are 

(1) Gamow-Teller selection rules govern the beta-process, 

(2) the transition is first-forbidden, with AJ = +2 and a change in parity. 
For this situation the beta-spectrum differs from the allowed 
shape by a factor G, which, if Z is small, has the approximate 
form G~(Wo— W)?+ W?—1. Here W is the electron energy 
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Fic. 1. Decay scheme of K?. 











Fic. 2. FK plots for K*, using data due to Siegbahn. Upper curve 
“allowed” plot, lower is ‘‘forbidden’’ plot. 


and Wp is the total energy release, both in units mc*. The factor 
G emphasizes the relative number of high-energy particles and 
may also emphasize low-energy particles if Wo=2. The FK 
(Fermi-Kurie) plot (computed as though the transition were 
allowed) tends to bulge upward at high energy, and may also 
curve upward at low energy, thus producing an S-shaped plot. 

Beta-distributions of the type described above have been 
measured for Y* by Langer and Price? and by Osoba,* for 
Cs!87 by Mitchell and Peacock‘ and by Osoba,’ for Y® and 


-Sr® by Braden, Slack, and Shull,§ and for Rb** by Mitchell.® 


The product ft provides a means of classifying transitions as 
allowed or forbidden to various degrees.’ Here ¢ is the half-life 
and f is the integral of the allowed probability function P(W) 
over the available energy range. For the first-forbidden 
transitions discussed above P(W) is modified by the factor G; 
consequently in this case the product (W,?—1)ft should be 
more nearly constant than ft. 

Using the shell model® as a guide, it is possible to select a 
group of beta-transitions between ground states wherein a 
change of parity is likely and for which the ft product is 
characteristic of first- or second-forbiddenness according to 
the empirical scheme of Konopinski. When these are reclas- 
sified according to the magnitude of (W,?—1)/ft, it is found 
that the isotopes Y%, Cs'87, Y, Sr, and Rb®*, for which the 
forbidden shape has already been observed, fall into a select 
category. For these isotopes, the product (W,?—1)ft has 
values close to 10!°, whereas it is smaller by a factor of 10 or 
more for other transitions marked by a change in parity 
(according to the shell model). This suggests that (Wo?—1) ft 
~10" provides a rough criterion whereby one can pre-select 
the first-forbidden transitions for which AJ= +2. 


Nucleus Cls8 At! K# Br Rb% Sr89 
(W?—1)ftx10" 0.5 1.4 0.7 0.8 0.8 0.7 
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Nucleus Sr = Sr ys Y" Sb = Cs187 


—1)ftx10" 04 0.7 0.3 0.8 1.1 1.8 


The criterion fits Sr8® and K*; in both cases shell model 
considerations support the assignment AJ = +2 and change in 
parity. An excellent measurement of K* has already been 
made by Siegbahn.® It disintegrates (Fig. 1) by negatron 
emission to the ground state of Ca and also to an excited 
state followed by a gamma-ray. We have analyzed Siegbahn’s 
data for the high energy component with results shown in 
Fig. 2 both for an allowed FK plot and again as a forbidden 
FK plot wherein the factor G is included. The bulging curvature 
of the one and the near-straightness of the other confirm the 
above-stated criterion as well as those aspects of the shell 
model and of the Fermi theory of beta-decay which are 
involved in this example. 

The shell model associates the odd configuration (3d)—1(4f)* 
with the ground state of K*. Similarly the even configuration 
(4f)? may be associated with the ground state of Ca (probably 
I=0) and with low excited states (J=2, 4, and 6). We suggest 
I =2 and even parity for the excited state of Ca* observed in 
the K® decay. The low energy transition is thus interpreted 
as first-forbidden with AJ=0. 

* Assisted by the joint program of the ONR and the AEC. 

1E, J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 

2L. M. Langer and H. C. Price, Jr., Phys. Rev. 75, 1109 (1949). 

3 J. S. Osoba, to be published. 

4A. C. G. Mitchell and C. L. Peacock, to be published in Phys. Rev. 
(private communication). 

5C, Braden, L. Slack, and F. B. Shull, to be published. Also L. J. 
Laslett and E. Jensen (private communication). 

6 A. C. G. Mitchell (private communication) ; also + Kern, and 
Meo Phys. Rev. 74, 682 (1948), particularly Fig. 4 

E. J. Konopinski, Rev. Mod. Phys. 15, 209 (1943). 


: E. Feenberg and K. Hammack, Phys. Rev., to be published. 
9K. Siegbahn, Arkiv. f. Mat., Astr. o. Fys. 34B, No. 4 (1946). 





The Magnetic Moment of Be®* 


W. C. DICKINSON AND T. F. WIMETT 


Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


April 14, 1949 


HE ratio of the frequency of the nuclear magnetic 

resonance of Be® to that of the proton has been measured 
at 7000 gauss by the magnetic-resonance-absorption method 
of Pound, Purcell, and Torrey.! The magnet and radiofre- 
quency bridges employed were those used by both Bitter? and 
Poss* in their recent nuclear-magnetic-moment determina- 
tions. However, the accuracy of the present measurement 
exceeds that of previous measurements with this equipment 
by about a factor of ten. This was accomplished by taking 
advantage of the almost integral ratio of the two frequencies 
and heterodyning the seventh harmonic of the Be® frequency 
with the fundamental of the proton frequency. 

Both the proton and Be® resonances were obtained from a 
single sample consisting of an aqueous solution of beryllium 
fluoride. The sample container was a cylindrical section }-in. 
long and $ in. in diameter. The coil for the 4.2-Mc (Be® resonant 
frequency) bridge was wound around the cylinder, and the 
coil for the 30-Mc (proton resonant frequency) bridge was 
wound at right angles over the first. This technique has 
previously been used by F. Bitter and assures that the 
external magnetic field seen by the two types of nuclei is the 
same. The two resonances were traced on separate recording 
milliammeters as the magnetic field was slowly varied. The 
frequencies were adjusted so that the resonances occurred 
nearly simultaneously. From a calibration of the rate of 
change of magnetic field, a correction was made,. when neces- 
sary, to take into account the small field differences separating 
the two resonances. This correction never exceeded 0.003 
percent of the observed frequency ratio. 
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A total of ten determinations was made. From these the 
following value for the ratio of the resonant frequencies in 
the same magnetic field was obtained: 


v(Be®) /v(H!) =0.1405187 +0.000002. 


All ten values fall well within the above limits which were 
determined entirely by the uncertainty in locating the exact 
centers of the resonance curves. 

Applying the Lamb‘ diamagnetic correction, and using the 
Millman and Kusch® value of the proton moment (2.7896 
+0.0008) uy, the Be® magnetic moment is found to be 


u(Be®) = (—) (1.17619 +0.00034) uy. 


If, in agreement with more recent experiments, the more 
accurate value® of (2.7926+0.0006)uw, is taken for the proton 
moment, the following value is obtained: 


u(Be®) = (—) (1.17747 0.00027) uy. 


It is to be noted that the uncertainties indicated for the Be® 
magnetic moment are determined by the uncertainty in the 
proton moment and not by that of the above frequency ratio. 


* This work has been supported in part by the Signal Corps, the Air 
Materiel Command, and the ONR. 

1 Pound, Purcell, and Torrey, Phys. Rev. 69, 681 (1946). 

2F. Bitter, Phys. Rev. 75, 1326 (1949). 

3H. L. Poss, Phys. Rev. 75, 600 (1949). 

4W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). 

5S. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 

*This value was calculated using the absolute value of the proton 
gyromagnetic ratio given by Thomas, Driscoll, and Hipple, eg = Rev. = 
902 (1949), Fay the oS constants ¢, me and ¢ taken from J. 
Dumond and hen, Rev. Mod. Phys. 20, 82 (1948). The Fahad 
moment ba Se ‘in this way agrees very well with the value given by 
Millman and Kusch if the latter is corrected for the magnetic moment of 
the electron as suggested by J. Schwinger, Phys. Rev. 73, 416 (1948). 
However, the small uncertainty in the absolute value of the proton gyro- 
magnetic ratio cannot be carried over to the proton moment in units of 
nuclear magneton because of the larger uncertainty in the values of e and 


Mp. 





Paramagnetic Resonance Absorption in Crystals 
Colored by Irradiation 


CLypE A. HUTCHISON, JR. 
Institute for Nuclear Studies, University of Chicago* 


an 
Argonne National Laboratory, Chicago, Illinois 
April 19, 1949 


ARAMAGNETIC resonance absorption at 9350 mc 
produced by the irradiation of LiF with neutrons has been 
observed. Single crystals of LiF, which showed no resonance, 
were irradiated in a flux of approximately 10" neutrons cm~ 
for periods of time varying from 1 to 24 hrs. After irradiation, 
these crystals showed the resonance absorption described in 
Fig. 1, when placed at the midpoint of a resonant section of 
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Fic. 1. Resonance absorption of LiF crystals after irradiation 
with neutrons. 
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rectangular wave guide oscillating in the TEo,,2 mode and 
the external field applied perpendicular to the wider dimension 
of the guide. The intensity of the effect observed after 24-hr. 
irradiation was less than that observed in an equal weight and 
volume of CuSOQ,-5H:0'! by a factor of approximately 10. 
After 1-hr. irradiation, the effect was just slightly above the 
limits of observability. The width at half maximum absorption 
is approximately 160 gauss, and the absorption is asymmetric 
about the maximum. The maximum absorption occurred at a 
ratio of frequency to field strength identical with that for 
MnSO,-2H;0! within the error of measurement which is 
approximately 0.5 percent. Independent calibrations of the 
magnetic field and wave meter give the value, 2.00, for the 
ratio hy/8Hmax=g. When the colored crystals were bleached by 
heating at 500°C, the paramagnetic resonance absorption dis- 
appeared completely. The effect has also been observed in 
KCl; the intensity is much less than in the LiF. 

Attempts to correlate the growth and decay of the para- 
magnetic resonance absorption on irradiating and heating with 
the corresponding effects on the optical spectra encounter dif- 
ficulties due to the intense colorations. E.g., the optical F 
band** at 2750A, supposedly due to trapped electrons, is so 
intense after irradiation times required for observation of the 
resonance that it-cannot be measured in the thinnest crystals 
so far obtained. 

The observed resonance is consistent with prevalent theories‘ 
of the trapping of electrons in negative ion vacancies to 
produce F centers. Other possible sources of such resonance 
are electrons trapped in other types of structure defects, free 
Li atoms, and free F atoms, all of which are quite probable 
consequences of the release of 4.6 Mev® per disintegration 
produced in the crystal. The problem of radiation-produced 
paramagnetic resonance is being investigated in some detail 
and a more complete account will be presented in the future. 

The suggestion by O. C. Simpson of the possibility of 
observing the resonance, and the assistance and advice of 
P. Pringsheim and R. Casler of the Argonne National Labora- 
tory, and of W. E. Good of the Westinghouse Research 
Laboratories are gratefully acknowledged. 

* Assisted by the ONR. 

1Cummerow, Halliday, and Moore, Phys. Rev. 72, 1233 (1947). 

2M. Burton, MDDC Document No. 17 War Department, Corps of 
Engineers, Office of the District Engineer, Manhattan District, Oak Ridge, 
Tennessee. 

3H. F. Ivey, Phys. Rev. 72, 341 (1947). 


4F. Seitz, Rev. Mod. Phys. 18, 384 (1946). 
5M. S. Livingston and J. G. Hoffman, Phys. Rev. 50, 401 (1936). 





Neutron Capture y-Rays from Cd* 
C. D. Moaxk AnD J. W. T. DABBS 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
April 15, 1949 


HE neutron capture y-rays from Cd"! have been studied 
by the cloud-chamber method in an attempt to deter- 
mine the y-ray energy distribution. A Cd target was placed 
in a neutron beam from the Oak Ridge National Laboratory 
pile; some of the resulting y-rays entered a cloud chamber 
placed in a 1400-gauss magnetic field, where they struck a 
0.0083 cm Pb foil and produced positron-electron pairs. 
Stereoscopic photographs were taken of the tracks and energy 
measurements were made by reconstructing the helical tracks 
through the optical system used in taking the pictures. For 
each pair of tracks measured an estimate was made of the 
various errors involved, namely: (1) multiple scattering 
error, (2) magnetic field error, (3) error due to electron energy 
loss in the Pb foil, and (4) errors of measurement due to finite 
track width, etc. 
Each y-ray measurement was then plotted as an appropriate 
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Fic. 1. (a) Distribution of pairs observed. (b) Sum of previous data and 
(a), normalized to connect with (a) at 3.75 Mev. 


error function of unit area so that when all measurements were 
completed the best estimate of the number of y-rays found in 
any energy interval could be obtained by adding up all the 
area found in the interval. The energy interval widths were 
adjusted to give a constant probable counting error of 13 
percent except at the ends of the distribution where the 
interval width was allowed to shrink to zero at Emax+AEmax 
and Emin—AEmin where the AE’s are the resolution half-widths. 
This method of plotting, which allows both the counting 
errors and the resolution errors to dictate the amount of detail 
one is justified in seeing in the final distribution, will be 
described in more detail later. 

The first run** of pictures was taken under unfavorable 
background conditions which introduced many extraneous 
y-rays from sources other than the Cd; a study of these back- 
ground data showed that no reliable information could be 
obtained from the pictures for energies below 3.75 Mev. It 
was suspected that fast neutron effects were affecting the 
upper end of the distribution. For the second run the shielding 
against spurious y-rays was improved and a set of background 
pictures was obtained in which every fifth picture was taken 
with a boron shutter placed in front of the neutron beam. This 
shutter allowed fast neutrons and pile y-rays to pass through 
but stopped the slow neutrons. Thus every fifth picture 
showed the effect of all but slow neutron capture y-rays from 
Cd. In this run No. 2, 8000 run-pictures and 2000 background- 
pictures were taken; 208 pairs were found in the run-pictures 
and no pairs were found in the background pictures. The 
energy distribution of the 208 pairs found is shown in Fig. 1(a) 
with the vertical lines shown in a few places to give a picture 
of the couriting uncertainties. The highest energy measured in 
this run is noted on the curve as Emax. Run No. 1 in which 
background difficulties made the distribution uncertain below 
3.75 Mev has been added to the part of 1(a) which lies above 
that energy. The result has been area-normalized and con- 
nected with the lower section of 1(a) and is shown as the 
dotted line of Fig. 1(b). Probable counting errors for 1(b) are 
94 percent. An analysis of the average asymmetry in the 
division of the y-ray energy between positrons and electrons 
has shown that in all energy intervals except 1-2 Mev the 
average splitting is roughly equal. Below 2 Mev the data are 
probably not as reliable since at these energies the probability 
may be appreciable that a low energy Compton electron 
ejected from the foil will curve back into the foil and be back- 
scattered into the chamber giving a spurious “pair.” If this 
occurs frequently the average splitting of the energy of the 
y-rays will be toward the positron side. This asymmetry was 
observed below 2 Mev. 
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Fic. 2. (a) Curve 1(a) corrected for pair cross section. 
(b) Curve 1(b) corrected for pair cross section. 


Compensation for pair-production cross: section of the 
curves of Fig. 1(a) and 1(b) gives the curves of Figs. 2(a) and 
2(b), respectively, plotted to an arbitrary scale. 

It is observed that the high energy tail of the gamma-ray 
distribution extends to 8.7 Mev (+0.6 Mev). Some sig- 
nificance should ge given to this value of Emax since in the run 
8 pairs were observed with energies above 7.0 Mev while in 4 
as many background pictures which include the effects of the 
high energy neutrons in the beam no high energy gamma-rays 
were found. 

* This document is based on work performed under Contract No. 
W-7405, eng. 26, for the Atomic Energy Project at Oak Ridge National 
Laboratory. 

** Data of this run were reported in paper Z-6 at the Washington meeting 


of the American Physical Society, April 29, 1948. C. D. Moak and J. W. 
T. Dabbs, Phys. Rev. 74, 1249 (1948). 





New Ferroelectric Crystals 
B. T. MATTHIAS 


Bell Telephone Laboratories, Murray Hill, New Jersey 
' April 18, 1949 


HREE different groups of crystals are known which 
show an anomalous dielectric behavior somewhat 
analogous in their phenomenological aspects to ferromag- 
netism. The crystal groups are: Rochelle salts; KH2PO, and 
the corresponding isomorphous crystals; and barium titanate 
and its solid solutions with the strontium and lead salts. 

The mechanism responsible for the high dielectric constant 
in the first two groups is generally considered to be associated 
with hydrogen bonds, whereas in BaTiO; the high polariza- 
bility of the TiO. octahedras combined with the polarizability 
of BaO is thought to be responsible for the occurrence of a 
spontaneous polarization.! The latter assumption is reasonable 
in view of the high dielectric constants of rutile and BaO. 

As expressed previously? the occurrence of ferroelectricity 
in Rochelle salt and BaTiO; seems to be of an accidental 
nature, insofar as none of their isomorphous crystals are fer- 
roelectric. In the case of BaTiO; it was thought probable that 
crystals would be ferroelectric, regardless of valency, if the 
metal-oxygen octahedra were of identical size and of similar 
electronic configuration to the Ti-O, octahedra in BaTiOs. 
From this point of view the metals columbium and tantalum 
appeared to be of interest. Both the Cb*® and Tat® ions have 
a noble gas configuration similar to Ti** and have the same 
octahedral radii. In the fourth row of the periodic table Gat 
might be considered, though it is slightly smaller and its elec- 
tronic core, although having closed shells, has not a noble gas 
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configuration. The compounds of the foregoing metals which 
have a perovskite structure are KCbO;, NaCbO;:, KTaOs;, 
NaTaO; and LaGaOs. 

Verification of the ferroelectric behavior of the alkali 
columbates and tantalates has recently been reported. These 
crystals are piezoelectric, show a dielectric hysteresis loop and 
go through one or more polymorphic transitions below their 
Curie points. Their c/a ratios, as determined from powder 
pictures (under the assumption of a tetragonal symmetry) at 
room temperature, are between 0.98 and 0.99 for the colum- 
bates. For the tantalates they are even closer to 1, but remain 
below this value. 

NaCbO;, KCbOs:, NaTaOs;, and KTaO; have been obtained 
in clear crystals of 1 to 2-mm cube edge. The Curie points can 
be observed either by dielectric measurements or by optical 
observation, since at this point the crystals go from an aniso- 
tropic state to an isotropic one. The peak of the dielectric 
constant at the Curie point can be well observed as long as 
this temperature is not too high (Fig. 1). At higher tem- 
peratures, however, the dielectric tests become sowmheat 
more difficult due to the increase in conductivity. While the 
Curie point of NaTaO; around 475°C is the highest so far 
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Fic. 1. Dielectric constant and loss of a NaCbOs crystal. 


observed, that of KTaO; is even lower than reported pre- 
viously* and comes close to room temperature. 

It is expected that crystals of LaGaO; and LaFeO; may 
exhibit similar polymorphic transitions. Though the powder 
picture hardly indicates deviations from the cubic system for 
LaFeOs;, the crystals appear optically anisotropic. With 
increase of temperature their birefringence gradually de- 
creases until, near 200°C, they are quite isotropic. For 
LaGaOs;, x-rays show a (tetragonal, c/a>1) deviation from 
the cubic system. The crystals undergo a marked optical 
transition between 90° and 100°C. Below this temperature 
they show parallel and 45° extinction, but above the transition 
they show only 45° extinction. 

The dielectric constant of LaGaO; shows a discontinuity at 
its transition temperature. LaFeO; could not be tested dielec- 
trically because of its high conductivity. 

The x-ray investigation of these compounds and the optical 
investigation were carried out by Elizabeth A. Wood. The 
writer wishes to express his appreciation for her assistance. 

1G. H. Jonker and J. H. van Santen, Chemisch Weekblad 43, 672 (1947). 


2 Phase Transition meeting of the NRC, Cornell (1948). 
3 Bull. Am. Phys. Soc. 24, No. 4, April 28-30, 1949, abstract L6. 
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Isotope Shift in the Helium Spectrum 
MarK FRED, FRANK S. TOMKINS, AND JAMES K. Bropy 


Argonne National Laboratory, Chicago, Illinois 
April 14, 1949 


HE availability of pure He’ in this laboratory has made 
it possible to measure the He*— He‘ shifts of a number 
of lines in the spectrum. The gas was diluted to about 55 per- 
cent He® with He‘ and sealed off in Pyrex tubes at 5 mm Hg 
pressure. The tubes were immersed in liquid nitrogen and 
excited by an electrodeless discharge. The spectrum was 
photographed directly in high orders of a Baird 3-meter Eagle 
mounting spectrograph, and witha Fabry-Perot interferometer 
and a 21-foot Jarrell-Ash Wadsworth mounting spectrograph. 
The direct shifts and the interferometer patterns were mea- 
sured with a Leeds and Northrup recording microphotometer 
and also with a comparator, the latter giving much more 
accurate results except for some of the wide triplet lines. 

The observed shifts Avy in cm™ are listed in Table I. Shifts 
have previously been reported on samples enriched in He’ from 
natural sources to approximately one percent by Bradley and 
Kuhn! for 5015 (Av= —0.83+0.03 cm“) and by Andrew and 
Carter? for 6678 (Av=—1.045+0.010 cm). The present 
samples are considerably more favorable, especially for the 
triplet lines, for which the isotope shift is of the same order as 
the fine structure. The triplet shifts in Table I were measured 
on the strong component (?P;:+*P2); measurements on the 
single weak *P» component gave discordant results, apparently 
due to a 15 percent increase in the triplet width for He’. 

The line shifts Av are equal to the difference in the shifts AT 
in the term values of the corresponding levels. The AT’s 
cannot be determined uniquely by the combination principle 
but can only be compared with theory. The theory has been 
worked out by Hughes and Eckart® who showed that, neglect- 
ing electron spin energy, all levels are shifted by AT = (Au/m)T, 
where Au is the difference between the two reduced masses, 
m is the electron mass, and T is the absolute term value‘of the 
level. In addition to the reduced mass effect there is a further 
shift, upward for singlets and downward for triplets, which 
requires explicit expressions for the wave functions in order to 
be evaluated. Hughes and Eckart give a general formula 
based on approximate one-electron product functions with 
effective nuclear charges as determined independently by the 
variational procedure. This expression gives a contribution 
only for P terms. The theoretical shifts, using effective charges 


’ TABLE I. Isotope shifts in the helium spectrum. 











Transition Wave-length —Av, Obs. —Ay, Calc. Difference 
28P—3%S 7065 A (0) 0.083 _— 
4 4713 0.278 0.406 —0.128 
5 4120 0.440 0.545 —0.105 
6 3867 0.522 0.618 —0.096 
7 3732 0.591 0.660 —0.069 
2%*P—3%D 5875 (0) 0.214 _— 
4 4471 0.343 0.458 —0.115 
5 4026 0.471 0.571 —0.100 
6 3819 0.555 0.632 —0.077 
7 3705 0.605 0.670 —0.065 
21P—31S 7281 1.045 0.999 0.046 
4 5047 1.314 1.277 0.037 
5 4437 1.442 1.402 0.040 
21P—31D 6678 1.118 1.056 0.062 
4 4921 1.336 1.300 0.036 
5 4387 1.445 ‘s 1.413 0.032 
6 4143 1.496 1.474 0.022 
rf 4009 1.524 1.512 0.012 
2 *S—2%P 10830 0.975 0.986 —0.011 
3 3888 1.378 1.351 0.027 
21S —31P 5015 0.850 0.780 0.070 
4 3964 1.158 1.102 0.056 
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Fic. 1. Difference between observed and predicted term shifts plotted 
against the square root of the term value. (Nolte: The terms above which 
appear in parentheses should read [1 —(u/m)] and should mot be preceded 
by minus signs. Also, the triangle at the extreme left of the lower curve 
should be above the line rather than on it.) 


as determined by Eckart,‘ are also given in Table I, and 
finally the difference between the observed and calculated 
shifts. 

It will be observed that the deviations are much larger than 
the estimated errors, which are in general about +0.005 cm. 
It is unlikely that the choice of wave functions is at fault since 
a change of nuclear charge of 0.01 shifts the P levels by about 
0.01 cm=}, so that the observed deviations are much larger 
than corresponds to the known errors in the functions. More- 


TABLE II. Isotope shifts of helium term values. 











—AT, —AT, 
Term Obs. Cale. Difference T Tt Diff. / Ti 
23S 1.747 1.758 +0.011 38455 196.7 +0.056 X 10* 
3 _ 0.68! —_ 15074 122.8 _ 
4 0.494 0.366 —0.128 8013 89.5 —1.43 
$ 0.332 0.277 —0.105 4964 70.4 —1.49 
6 0.250 0.154 —0.096 3375 58.1 —1.65 
7 0.181 0.112 —0.069 2242 49.4 —1.40 
3%D _— 0.558 —_ 12209 110.5 _ 
4 0.429 0.314 —0.115 6866 82.8 —1.39 
5 0.301 0.201 —0.100 4394 66.2 —1.66 
6 0.217 0.140 —0.077 3051 $35.2 —1.40 
7 0.167 0.102 —0.065 2241 47,3 —1.38 
21S 1.534 1.464 —0.070 32033 174.2 —0.40 
3 0.569 0.615 0.046 13446 116.0 0.40 
4 0.300 0.337 0.037 7371 85.8 0.43 
5 0.17 0.212 0,04 4647 68.2 0.6 
6 — 0.146 _ 3196 56.5 _— 
31D 0.496 0.558 0.062 12205 110.5 0.56 
4 0.278 0.314 0.036 6864 82.8 0.43 
5 0.169 0.201 0.032 4393 66.2 0.48 
6 0.118 0.140 0.022 3050 55.2 0.40 
7 0.090 0.102 0.012 2241 47.3 0.46 
23P (0.772) 0.772 0.000* 29224 170.9 (0) 
3 387 0.407 —0.020 12746 113.0 —0.018 
4 0.220 0.230 —0.020 7094 84.2 —0.034 
21P ei) 1.614 0.000* 27176 164.8 (0) 
3 0.684) 0.684 0.000* 12102 110.0 (0) 
4 0.376 0.362 —0.012 6818 82.6 —0.015 








* Assumption. 
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over, different Z’s for the 2P level would be required to explain 
the shifts for different lines if the theoretical shifts for the S 
and D levels are assumed correct. On the other hand it will be 
noted that the deviations for successive series members 
decreases and appears to approach zero at the limit, suggesting 
that the calculated P shifts are valid and that the S and D 
shifts are incorrect. On this basis the S and D shifts can be 
determined by subtracting the observed Av’s from the cal- 
culated P shifts. These ‘‘observed” term shifts are given in 
Table II, together with the calculated shifts and the differ- 
ences. The differences appear to be proportional to T+ as shown 
in Fig. 1. . 
The following facts may be noted: 


1. The shifts AT = 7“) —T®) of the S and D levels may be represented by 
AT =(A4u/m)T £4.77 X10-4(2S +1)T#, 


where the plus sign applies to the triplets and the minus sign to the singlets. 

2. The distinction between the triplets and singlets in the correction 
indicates that it is associated with electron spin. The ordinary reduced 
mass effect gives the center of gravity of the “‘spin’’ isotope effect. No 
difference - be distinguished between S and D terms. 

3. The correction evidently does not apply to P terms or to the 2S 
term, but it is not of the form of a perturbation due to these low terms. 

4. The fine structure of the 2%P term seems to be about 15 percent 
greater for He’. 


Further measurements are in progress. 

We are indebted to Mr. J. C. McGuire of the Chemical 
Engineering Division for the preparation of the sample tubes, 
and to the Ryerson Physical Laboratory of the University of 
Chicago for permission to use its comparator. 

1L, C. Bradley and H. Kuhn, Nature 162, 412 (1948). 

2 Alan Andrew and W. W. Carter, Phys. Rev. 74, 838 (1948). 


3D. S. Hughes and Carl Eckart, Phys. Rev. 36, 694 (1930). 
4 Carl Eckart, Phys. Rev. 36, 878 (1930). 





Relativistic Treatment of Neutron-Proton Elastic 
Scattering in the Born Approximation 


F. E. ALzoron* 


Radiation Laboratory, Department of Physics, University of California, 
Berkeley, California 


April 18, 1949 


T a kinetic energy of 90 Mev, a neutron or proton (we 
assume both to have the same rest mass: M=938 Mev) 
has a total energy: E’=1028 Mev, (v'/c)=6’=0.409 and 
y' = (1—6’)-+=1.10, all in the laboratory system. The mag- 
nitude of 8’ indicates the necessity of a relativistic treatment of 
n—p scattering, taking into account the retardation of the 
meson field through which the »— interaction is assumed 
to take place. 

We have calculated the »— cross section for elastic scat- 
tering in the Born approximation, assuming a pseudoscalar 
coupling with exchange of both charged and neutral mesons. 
The interaction Hamiltonian has been given by N. Kemmer.! 

The calculations were performed for the center of mass 
system (indicated by unprimed symbols). Transformation 
from the laboratory to the center of mass system is effected by 
means of the relations: 


Bem = (E’/Me—1/E'/Me+1)}, 
tan0/2=~Yem tané’, (2) 
B= (8’—Bem)/(1—B’Bem), (2a) 


where Bem=Vem/¢ and Vem denotes the speed of the center of 
relative to the laboratory system. For example, if Z’=1028 
Mev, then Bem =0.214, B’=0.409, and 8B=0.213; also: 


(Bem — B’/2)/B’/2 =4.4 percent 
(8—'/2)/p'/2 =3.9 percent. 


(1) 


and 
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For a neutron incident with momentum p=$yMc and a 
proton scattered into solid angle 2x sin@d6, we find the dif- 
ferential cross section: 


o sin?9/2 2 
(<) r eal [cose + (ae sin?6/ ;) | 
cos?@/2 ] 
/4M?-+ B*y? cos?0/2 
sin‘’6/2 
p?/4M?+6*7? sin? /2 








+ fanere+(; 





~ [ sinto/ 2 cos*0/2+ 


cos‘@/2 
p?/4.M?2+ 2? cos*0/2 
r sin?6/2 cos?@/2 |} 3) 
" (u2/4.M2+ By? sin?@/2)(u2/4.M?+ 8%? cos*0/2) 1) ’ 


with oo=[4(M/y)(h/uc)(g*/hc) ?. The first two terms arise 
from the exchange of charged and neutral mesons, respectively, 
the third from the interference of these effects. The coupling 
constants between nucleon and meson fields were chosen with 
a view toward obtaining a cross section symmetric about the 
angle 6=90°;? thus if g denotes the charged meson-nucleon 
coupling constant, and g’, g’’ the coupling constants for neutral 
mesons, we choose g?= —g’g”’. 
The total cross section corresponding to Eq. (3) is: 





a 














a) ee oo 

ma 3 art eaant on? 
__ WAM _ og 28/4) + Gy? 
12/4MP+ (By? 2 


pe Flog 
+267) ati 2+ 
_ /4M*+ (By? a u?/4M? )| (4) 
2yu?/4M?+ (By)? u?/4M?+ (By)V I 
The non-relativistic limits of Eqs. (3) and (4) were obtained 


by comparing states of the same momentum, with the 
assumption that 81 in the non-relativistic case. We find: 


oo sin?6/2 2 
(2),.=6 “Gaeee! aa) 
- sin?@/2 cos?0/2 
(u2/4.M?+ By? sin?0/2)(u?/4.M?+6*7? cos*0/2) 
cos*6/2 
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1. Relativistic differential scattering cross section as a function of 
the scattering angle 6. Born approximation. 
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oa -( ee 
ae Spuat Oy p?/4.M?+6%2 
2u2/4MP+ 8%? 2/4 + Bye d” 
For 4 =326m,., we obtain the curves shown in Fig. 1. The 
strong influence of the interference terms is to be noted. 
The dependence of the potential energy on the separation 
r=|r’—r?|, of the nucleons can be shown to have the form 
(in the Born approximation): 
V(r) = (g/«)?(1+Pr)(tvs'((x?—A)t—o"-'7 ) 
X (iys?((x)?—A)*—o*- Y )e~*"/r, 
with P;=}(1++’-*?). Relation (7) may be simplified.* 
The author wishes to thank Professor R. Serber for sug- 


gesting the problem and for valuable discussion. 
This work was performed under the auspices of the AEC. 





(7) 


* Now at North American Aviation, Inc., Los Angles, California. 
1N. Kemmer, Proc. Roy. Soc. 166A, 127 (1938). 
( 49}. Kelly, Leith, Segré, Wiegand, and York, Phys. Rev. 75, 351 
1949 
3F, J. Dyson, Phys. Rev. 73, 929 (1948). E. C. Nelson, Phys. Rev. 60, 
830 (1941). 





A Suggested Slow Neutron Crystal Counter* 


K. A. YAMAKAWA** 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
April 15, 1949 


SINGLE mixed crystal of lithium and silver bromide 

when annealed and cooled to liquid nitrogen temperature 
has been found to count ionizing radiation and neutrons. The 
crystal, grown by Bridgman’s method, was 0.75 cm in thick- 
ness and 1.2 cm? in area and contained approximately four 
times as many silver atoms as lithium atoms. 

In the experiment a field of 2700 volts/cm was maintained 
across the crystal. The radiation was provided by a 25-milli- 
curie radium-beryllium source imbedded in an eight-inch 
cube of paraffin and shielded by four inches of lead. A 3;-in. 
sheet of cadmium placed between the lead and the paraffin 
was used as a shutter for slow neutrons. 

Differential pulse-size distribution curves as shown in Fig. 1 
were obtained with and without the cadmium shutter. The 
difference between the upper two curves gives the contribution 
from slow neutrons. For comparison, a similar curve (not 
shown) was taken for gamma-rays from a 0.1-millicurie 
radium source. The maximum pulse height for these gamma- 
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Fic. 1. Pulse height distribution for lithium bromide-silver bromide 
crystal counter irradiated by neutrons from a radium-beryllium source. 
Top curve: source filtered by paraffin—lead. Middle curve: source filtered 
= paraffin—lead and cadmium. Bottom curve: background with source 
absent. 
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rays was estimated to be about 70 volts. Thus, the pulses due 
to neutrons are seen to extend considerably beyond those due 
to gamma-rays from radium. 

The energy of the particles released in the neutron capture 
by Li® is 4.7 Mev, while the maximum energy of the gamma- 
rays from the radium is 2.4 Mev. Since the neutron pulses 
seem to have a high energy tail in the region where the gamma- 
ray pulses fall to zero, it would appear that the value of energy 
per ion pair for heavy particles (namely H* and Het‘) released 
within the crystal is not more than twice, and may well be 
equal, to the value for beta-particles. This observation is to 
be contrasted with a result of Van Heerden! with silver 
chloride that the energy per ion pair for alpha-particles from 
an external source is four to six times the energy per ion pair 
for beta-particles. It is possible that the discrepancy is due to 
surface effects. 

The slow neutron capture cross sections for naturally oc- 
curring lithium and silver are approximately equal.? Thus, in 
the crystal studied only one-fifth of the slow neutrons are 
captured by Li® nuclei, and four-fifths by silver nuclei. These 
latter decay quickly to give beta-rays with maximum energy 
about the same as that for the gamma-rays from radium. 

The present counter of natural isotopes and of 0.75-cm 
thickness has an efficiency of the order of 5 percent for slow 
neutron detection. The efficiency and selectivity can be 
considerably improved by using a thicker crystal of lithium 
enriched in Li*. It would then be expected that a crystal one- 
or two-centimeters thick with the same proportion of lithium 
to silver would have an efficiency of the order of 70 percent. 

This work was performed as part of a Ph.D. thesis at 
Princeton University. The author is grateful to Professor R. 
Hofstadter for his continued encouragement and assistance. 

* Supported in part by the Joint Program of the ONR and the AEC. 


** Now at Ballistic Research Laboratories, Aberdeen Proving Ground, 


ey ee 
P. J. Van Heerden, The Crystal Counter, Thesis, Utrecht (1945). 
2 Goldsmith, Ibser, and Feld, Rev. Mod. Phys. 19, 259 (1947). 





Microwave Spectrum of Formaldehyde 
J. K. Bracc* AND A. H. SHARBAUGH 


General Electric Research Laboratory, Schenectady, New York 
April 14, 1949 


IVE lines of the pure rotation spectrum of formaldehyde 
have been observed in the region 18,300-27,500 mega- 
cycles. Comparison of the observed spectrum with that cal- 
culated for a wide range of the molecular parameters, and the 
resolution of the Stark pattern of the 92, 592 7 transition, per- 
mits an unambiguous identification of four of the lines. The 
analysis was facilitated by the fact that only transitions 
between the two components of “‘K-doublets” are expected in 
the region surveyed; this is a result of the small moments of 
inertia. 

The observed spectrum is given in Table I; listed for com- 
parison are the calculated frequencies, and the centrifugal 
distortion corrections which were applied. The rigid rotor 
frequencies were calculated by the method of Golden.! Wang? 
has given a simple expression for the splitting of K-type 
doublets which was useful for preliminary analysis but not 
sufficiently accurate for precise calculations. In the final calcu- 
lation of the spectrum with x= —0.9612, the continued fraction 
method? was used to provide precise values of the rigid rotor 
frequencies. 

The corrections for centrifugal distortion were obtained by 
a method due to Golden,‘ based on the theory of Wilson.® 
Necessary values of the valence-type force constants were 
taken from Ebers and Nielsen.* The uncertainty in these cor- 
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TABLE I. The observed microwave spectrum of formaldehyde. 











Temper- 
ature* 
Observed Calcu- Centrifugal coeffi- 
ob freq. lated distortion cient of Inten- 
Transition (mc/sec.) (mc/sec.) correction intensity sity 
254,227254,21 19595.23- 19,593 —305 1/5 m 
20736.64 1/2 w 
92,392,7 22,965.71 22,966 — 30 2 s 

173,157173,14 24,068.31 24,036 —147 1/3 m 
264,23 -+264,22 26,358.70 26,390 —396 1/5 w 








* Approximately, J(—78°C)/I(25°C). 
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Fic. 1. Stark effect of formaldehyde absorption line at 22965.71 Mc/sec. 


rections is rather large, since the results of calculation repre- 
sent differences in large numbers, in which inadequacies in the 
assumptions made, or small discrepancies in the force con- 
stants, may be magnified. It is possible, for example, to change 
the correction to the 264 2326, 22 transition by 10 megacycles 
simply by varying the HCO bending force constant within the 
limits of uncertainty quoted by Ebers and Nielsen. The mag- 
nitude of these corrections is due to the small moment of 
inertia about the twofold axis. 

Four Stark components of the 925927 transition were 
resolved (see Fig. 1): their behavior as a function of frequency 
served to establish the identity of the line. The dipole moment 
in the ground vibrational state was calculated to be 2.17 +0.02 
Debye units, using asymmetric rotor theory.? As far as we 
know, the only previously reported value is* 2.27, measured at 
420-520°K. 

The identity of the line at 20,737 is not known: it cannot 
be identified with any pure rotational transition below J =35 
on the basis of the present assignment. Nevertheless, one 
cannot interpret even three lines of the spectrum on the basis 
of any other choice of rotational constants. The present 
assignment predicts that the strong 3;,3;—>31,2 transition should 
fall at 29,058 +50 megacycles. 

Further work is planned on the identification of the 20,737 
line, and on refinement of the centrifugal distortion correc- 
tions, with the eventual object of providing close estimates of 
the limits of accuracy of the present theory of the semirigid 
rotor. It is hoped the work will lead to an independent set of 
force constants, which may then be compared with those 
determined from vibrational spectra. 

The values of the effective molecular parameters on which 
the calculated spectrum is based are x= —0.9612+0.0001 
X (a—c)/2 = 1.2482 xX 10§+0.006 xX 105 megacycles. These are 
in essential agreement with the values —0.9623 and 1.2391 
105 calculated from the results of the ultraviolet spectrum.’ 
The value of « can be given rather precisely because the fre- 
quency of the high J transitions is extremely sensitive to the 
parameters; there is a corresponding large uncertainty in the 





value of (a—c)/2. Observation of the 3;,;—>31,2 transition 
would suffice to determine the latter parameter with precision. 

We wish to acknowledge the numerical calculations carried 
out by Miss Sally Thomas and Warren Thayer. 


* Present address, Chemistry Department, Cornell University, Ithaca, 
New York. 

1S. Golden, J. Chem. Phys. 16, 78 (1948). 

* 2S. C. Wang, Phys. Rev. 34, 243 (1929). 

3 King, Hainer, and Cross, J. Chem. hot 11, 27 (1943). 

4S. Golden, J. Chem. ve. 16, 250 (19. 

+E. Bright Myon ss J, J. Chem. Phys. $ a7 (1937). 

‘FE. S, Ebers and H. H. Nielsen, J. Chem. Phys. 6, 311 (1938). 
7S, Golden and E. B. Wilson, Jr., J. Chem. Phys. 16, 669 (1948). 
8 E. C. Hurdis and C. * Smyth, J: Am. Chem. Soc. 65, 89 (1941). 
®G. H. Diecke and G. B. Kistiakowsky, Phys. Rev. 45, 4 (1934), 





The Emission of Protons from Boron and Argon on 
Bombardment with Po a-Particles 


R. R. Roy 
King's College, University of London, London, England 
April 18, 1949 


ORON.—Earlier reports on the reaction B!°(a,p)C® show 
that the compound nucleus ;N"* may decay with the 
emission of a proton leaving the final nucleus in the ground 
state or one of its excited states. The ground state transition 
(Q=4.14 Mev) escaped observation for a long time because of 
its feeble intensity. However, Brubaker and Pollard’s! experi- 
ments gave a Q value of 4.70.5 Mev for the protons emitted 
from the ground state. Later this result was confirmed by 
other workers. Jentshke? and Merhaut? obtained the values 
3.86 and 3.85 Mev, and Joliot and Zlotowski‘ 4.3 Mev for 
protons of the longest range group. 

The Q valves corresponding to the protons which are 
emitted from the compound nucleus, leaving the final nucleus 
C8 in an excited state are 3.3, 0.5, 0.1, —0.78, and —1.86 Mev. 

The present experiment, utilizing a cloud chamber was 
chiefly concerned with the investigation of the angular dis- 
tribution of the protons arising from the various states. The 
polonium source, strength 5 mc, was deposited on a silver foil 
2 mmX2 mm and the beam of a-particles was canalized 
through a slit arrangement before striking the target, the 
thickness of which was 0.8 cm air equivalent. 

In the course of over 700 photographs 86 protons were 
obtained. Figure 1 shows the variation of the yield of protons 
with the incident a-particle energy. The curve does not indi- 
cate a well defined level. From considerations of the barrier 
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Fic, 1, The variation of the yield of protons with the incident 
a-particle energy, 
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TABLE I. Q values calculated from the energies of the emitted 
protons and incident a-particles. 








No. of protons observed Corresponding Q values in Mev 





12 3.1 
30 0.42 
44 0.09 








height of the B’° nucleus, it was estimated that the a-particle 
penetrated the nucleus through the top of the barrier and this 
could explain the absence of any peak in the curve. 

The Q values calculated from the energies of the emitted 
protons and incident a-particles are given in Table I. These 
values are in close agreement with those reported by. previous 
workers. 

Owing to their feeble intensity there was no indication in 
this experiment of the longest range group of protons. No 
attempt was made to observe the protons from the still higher 
excited states because of their short ranges. 

Miller, Duncanson, and May® reported a resonance level 
of the compound nucleus 7N"* corresponding to the incident 
a-particle energy of 2.9 Mev but no evidence of this level was 
obtained in the present experiment. 

It should be remembered that B" is present to the extent 
of only 20 percent of the total, B™ constituting the remaining 
80 percent. The reaction B"(a,p)C" gives a Q value of 0.88 
Mev for the longest range group of protons. On comparison 
with Table I it may be seen that the protons corresponding to 
the Q value 3.1 Mev were from the reaction B!(a,p)C". In the 
remaining two groups (Q values 0.42 and 0.09 Mev) it is likely 
that B" may also have contributed to the total yield, in which 
case the protons emitted came from such transitions as left 
the final nucleus C™ in the excited state. In the reaction 
B"(a,p)C™ Pollard® did not observe any protons from the 
excited states, but only the long range group attributed to the 
ground state transition. 

The angular distribution of the protons of Q values 0.42 and 
0.09 Mev have been plotted (Fig. 2). The abscissa, 0, is in the 
C.M. system. These distributions appear to have broad 
maximums between 30°-65° for Q=0.09 Mev and between 
45°-65° for Q=0.42 Mev, but it is more reasonable to assume 
the distributions in both cases to be isotropic within the 
limits of statistical fluctuation. Also the distribution for 
Q=3.1 Mev (not shown in Fig. 2) indicates no definite maxi- 
mum in any direction. It should be noted that only 12 protons 
were observed and therefore no definite conclusions can be 
drawn. 

For the second and third excited states, however, as the 
distributions are isotropic it can be said that the angular 
momentum of the incident a-particle is ]=0 and consequently 
only an S-wave is involved in this interaction. 


oo 
——— 
1 











Fic. 2. The me” distribution of ee protons of Q values 
0,42 and 0,09 Mev 
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Argon.—The investigation of Pollard and Brasefield’ failed 
to detect any protons from the reaction A‘°(a,p)Sc*. Using a 


cloud chamber and a strong a-particle source of Ea=4.7 Mev . 


this reaction was studied in the present experiment. 

In the course of 300 photographs, no protons were observed, 
which supports the findings of the previous workers. The 
isotropic masses of A‘® and Sc* are known.’ It is also known 
that Sc* is a positron emitter with a half-life of 4 hours. The 
Q value calculated from the mass-data is 3.71 Mev indicating 
that the reaction is energetically possible. 


1G. Brubaker and E. Pollard, Phys. Rev. 51, 1013 (1937). 

2W. Jentshke, Physik. Zeits. 41, 524 (1940). 

30. Merhaut, Physik. Zeits. 41, 528 (1940). 

4F. Joliot and I. Zlotowski, J. de phys. et rad. 9, 393 (1938). 

5 Miller, Duncanson, and May, Proc. Camb. Phil. Soc. 30, 549 (1934). 

6° E, Pollard, Phys. Rev. 56, 1168 (1939). 

7 E. Pollard and C. J. Brasefield, Phys. Rev. 51, 8 (1937). 

8 R. Grégéire, Constantes Selectionnées Physique Nucléatre (Hermann and 
Cie, Paris, 1948). 





On the Cosmic-Ray Stars 


Y. Fujimoto AND Y. YAMAGUCHI 
Physical Institute, Tokyo University, Tokyo, Japan 
April 14, 1949 


URSTS in thin-walled chambers show the same altitude 

dependence as stars in emulsions, so that both may be 
considered as being the same events. In fact, it was experi- 
mentally confirmed,! that most of such bursts were due to 
stars from the chamber wall. Meanwhile, Carmichael pub- 
lished his experimental data on bursts and analyzed them.? 
He thought that most of his “fragmentation” bursts were 
caused by single a-particles with rather high energy. But it is 
unlikely that such a high energy a-particle is frequently 
emitted in stars, so we reanalyzed his data and showed that 
these bursts could be explained by the ordinary star.* 

The agents of these cosmic-ray stars are considered to be 
moderate energy nucleons (perhaps several hundred Mev), 
most of which are neutrons. These nucleons may be created in 
penetrating showers together with several mesotrons. We 
have calculated roughly the moderate energy nucleon intensity 
under the proton primary hypothesis.‘ If 1.6 such nucleons are 
produced in one penetrating shower in the average, we can 
obtain the correct intensity in the order of magnitude. 

We can explain the most part of energy distribution curve 
of star particles according to the evaporation theory of nuclear 
physics.5 § Figure 1 shows the experimental data of Perkins? 
and Weisskopf’s distribution with the mean temperature of 
nuclei 7’=2.5 Mev, which corresponds to the mean excitation 
energy Ey~300 Mev, and the barrier height V=7 Mev. Most 
of these stars seem to be originated form heavy nuclei in 
emulsion, such as Ag or Br, thus these 7 and V should cer- 
tainly be reasonable. From this curve, we see that many more 
protons are emitted in high (~30 Mev) as well as in low 
(<V=7 Mev) energy region than expected from the evapora- 
tion theory. As is well known, high energy protons are ejected 
from nuclei by a direct collision, not through the evaporation 
process. Thus, actually these protons must be added to 
evaporated ones. In order to explain the low energy protons, 
we are compelled to suppose either the nuclei are so enor- 
mously swelled out that barrier height decreases to a small 
fraction of its usual value,* or the protons penetrate the 
potential barrier by the tunnel effect. Since the compressi- 
bility of nuclear matter has a large value,® the former possi- 
bility will be too radical. Thus we may adopt the latter one. 

The high energy nuclear reaction (s3sAs®™+190 Mev 1D?) 
caused by Berkley cyclotron® throws the new light on our 
problem. From the yield of this reaction, we see that the 
number of emitted neutrons is about twice that of protons. 
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Fic. 1. Energy distribution of protons. The solid line represents the experi- 
mental data of Perkins. The dashed line is Weisskopf's distribution. 


We may suppose the same circumstances will occur also in 
the cosmic-ray stars. This seems probable since the proton 
must go over the barrier. So after the evaporation process, the 
residual nucleus will be highly unstable, i.e., largely proton 
excessive. Under these circumstances it may be expected that 
a proton-decay will occur, analogous to the a-decay of heavy 
nuclei. 

Assuming Geiger-Nuttal’s law also to hold for the proton- 
decay, the lifetime of this new type of decay is estimated to be 
10-5— 10-3 sec. for 4 =100 and proton energy 3—1.5 Mev. 
This lifetime is much shorter than that of the 6t-decay. a- or 
y-decay needs not to be considered because it does not improve 
the proton-excessive state. Finally, it is unlikely that the 
fission-like processes suggested by Bragge® occur in these 
nuclear states, because Bohr-Wheeler theory!® shows that the 
threshold energy of fission has in our case a very large value 
(~40 Mev). 

Thus we may conclude that the proton-decay predominates 
over other evaporation processes, and this will explain the 
appearance of low energy protons in stars. Also the cloud- 
chamber picture of Powell!! seems to support the existence of 
this new type of decay; i.e., his picture Fig. 7a shows the 
heavy particle (proton) was emitted a few thousandths of a 
second after the evaporation process. 

The detailed account will be published soon in Progress of 
Theoretical Physics. We should like to express our gratitude to 
Professor Tomonaga and Mr. Hayakawa for their kind interest 
taken in this work. 

1 Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 (1948). 

2H. Carmichael, Phys. Rev. 74, 1667 (1948). 

3 Y, Fujimoto and Y. Yamaguchi, Prog. Theor. Phys., to appear shortly. 

4 Y. Fujimoto and Y. Yamaguchi, Prog. Theor. Phys., to appear shortly. 

5 V. Weisskopf, Phys. Rev. 52, 293 (1937). 

: z Bragge, Ann. d. Physik 39, 512 (1941). 

D. H. Perkins, Nature 160, 299 (1947). 
OE. Feenberg, Rev. Mod. Phys. 19, 239 (1947). 
9H. H. Hopkins and B. B. Cunningham, Phys. Rev. pant. 1406 (1948). 


10 N, Bohr and J. A. Wheeler, Phys. Rev. i 426 (193' 
11 W. M. Powell, Phys. Rev. 69, 385 (1946). 





Pressure Change of Resistance of Tellurium 
J. BARDEEN 


Bell Telephone Laboratories, Murray Hill, New Jersey 
April 21, 1949 


RIDGMANt has observed that the resistivity of tellurium 
decreases by a factor of more than 600 at a pressure of 
30,000 kg/cm?*. He interprets this large change as a result of 
the tellurium becoming more metallic with increase in pressure. 
As shown particularly by work at Purdue University,’ tel- 
lurium is a typical semiconductor with an energy gap between 
the filled band and the conduction band of about 0.38 ev. 
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TABLE I. Relative resistance and calculated energy gap in tel- 
lerium at a function of pressure. 











I II , III IV Vv 
P logioR/Ro Eg 
kg/cm? 23.5° from axis 86° from axis ev 
30°C 30°C 7s*C 
0 0 0 —0.311 0.29 (0.38 
2500 —0.280 —0.384 —0.696 0.29 (0.33) 
5000 —0.722 —0.739 —1.035 0.275 (0.29) 
7500 —1.027 — 1.066 —1.330 0.246 
10,000 —1.302 —1.360 —1.590 0.214 
12,500 —1.547 —1.622 —1.818 0.182 
15,000 —1.761 —1.855 —2.020 0.154 
17,500 —1.945 —2.063 —2.197 0.125 
20,000 —2.110 —2.246 —2.353 0.100 
22,500 —2.257 —2.408 ° —2.490 0.076 
25,000 —2.386 —2.552 —2.610 0.054 
27,500 —2.499 —2.679 —2.715 0.034 
30,000 —2.599 —2.790 —2.806 0.015 








The purpose of this note is to point out that the large change 
of resistivity with pressure is a result of a decrease in the 
energy gap, the gap becoming very small at 30,000 kg/cm?. 
At a somewhat higher pressure (45,000 kg/cm?) Te undergoes 
a phase transition. The high pressure modification may well 
be a true metallic phase. 

Shown in the first four columns of Table I are Bridgman’s 
measurements of the pressure change of resistance of a single 
crystal of tellurium. Measurements were made in two direc- 
tions making angles of 23.5° and 86° to the axis of the crystal. 
In the 86° orientation measurements were made at 30°C and 
75°C. Bridgman gives values of logioR/Ro, where Ro is the 
resistance at 30°C at atmospheric pressure. 

Very pure samples of Te are in the intrinsic conductivity 
range at room temperature, the resistance varying as 


R=R. exp(E¢/2kT), (1) 


where T is the absolute temperature. The energy gap can be 
estimated from resistance measurements, R; and Re, made at 
two different temperatures T; and 7>. 


Eg=2k log(Ri/R2)/[1/Ti—1/T-2]. (2) 


Using Bridgman’s data for the 86° orientation at the two 
temperatures, values of Eg in ev have been calculated from 


Eg=0.93[logioR (30°C) —logioR(75°C) J. (3) 


The values are listed in column V of Table I and are plotted 
in Fig. 1. The sample is not entirely in the intrinsic range at 
pressures below 7500 kg/cm?, at least at the lower temperature. 
An extrapolation of Eg from Bridgman’s data obtained above 
7500 kg/cm* to Miss Johnson’s value of 0.38 ev at zero 
pressure is shown by the dotted line. Extrapolated values are 
given in parentheses in the table. 
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Fic. 1. Energy gap in tellurium as determined from variation of resistance 
with temperature at different pressures. Solid line; from Bridgman’s data. 
Dotted line; extrapolation to Eg =0.38 ev at zero pressure. 
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TABLE I. Electron energies with their identification. 

























































































0 
-0.2 Possible Possible 
Electron interpre- Gamma- Electron  interpre- Gamma- 
a energy tation energy energy tation energy 
30.2 kev Ko 99.5 90.0 kev Ms 92.8 
34.1 Li 46.2 or Kis 159.3 
-0.6 37.7 Kio 107.0 96.1 Ms 98.9 
40.0 Ku 109.3 98.2 No 98.8 
43.3 M 46.1 100.0 Liz 112.1 
-0.8 or Kie 112.6 102.2 Kis 171.5 
46.4 Le 58.5 108.3 Kx 177.6 
48.4 Ki $87.7 109.2 Mi 112.0 
-1.0 52.7 L3 64.8 127.1 Ku 196.4 
53.4 Ku 122.7 137.8 Lis 149.9 
54.7 Ls 66.8 142.2 Kn 211.5 
-1.2 55.3 M2 58.1 147.2 Mw 150.0 
56.7 Ls 68.8 or Lis 159.3 
=> 61.7 M; 64.5 150.4 Ku 219.7 
oe -14 64.1 Ns 64.7 157.7 Ku —- 227.0 
~ or M4 66.9 165.3 Lx 177.4 
a or Le 76.2 174.2 M2 177.0 
— -1.6 66.1 Ms 68.9 176.8 Nx 177.4 
2 or Na 66.7 184.7 La 196.8 
$ 69.1 Kis 138.4 191.3 Ks 260.6 
S -1.8 71.5 7 83.6 208.6 Ls 220.7 
73.2 Me 76.0 215.6 Lu 227.9 
81.2 Mz 84.0 216.7 Ma 219.5 
-2.0 or Ls 93.3 224.0 Mu 226.8 
“ or Kis 150.5 232.3 Kx 301.6 
y 87.1 Ls 99.2 237.9 Ka 307.2 
-2.2 88.6 Ku 157.9 250.3 Ls 262.4 
259.1 Kx 328.4 
aii A 
-2.6 fa rays. With the increased absolute accuracy and sensitivity now 
3 available with our photographic beta-spectrometers this 
-2.8}59 A emitter has been reexamined and found to yield several 
/ previously unobserved gamma-rays, all fitting into a logical 
4 . 
-3.0/¢ decay ‘scheme. In all, 48 electron lines are observed as shown 
collectively in column 1, Table I. 
-3.2 On applying the K-L-M differences characteristic of 





0 0.05 010 0415 0.20 0.25 030 035 0.40 
ENERGY GAP (ev) 


Fic. 2. Relative resistance of tellurium as a function of the energy gap. 
The dotted line gives the resistance change expected from the change in 
energy gap alone, other factors remaining constant with pressure.. 


As may be seen from Eq. (1), a decrease in Eg results in a 
decrease in R with pressure. When evaluated for T=348°K 
(75°C), Eq. (1) may be written in the form 


logio(R/Ro) =logio(Ra/Ro)+7.3Eg. (4) 


In Fig. 2 we have: plotted logio(R/Ro) from Bridgman’s 
measurements as a function of Eg, using the extrapolated 
values of Eg at low pressures, and have shown for comparison 
a line of slope 7.3. It can be seen that the major cause of the 
pressure change of resistance is the decrease in the energy gap, 
Eg, and that changes in R, with pressure are of secondary 
importance. 

1P, W. Bridgman, Proc. Am. Acad. Sci. 72, 159 (1938). Earlier measure- 
ments to 12,000 kg/cm? which cover a larger temperature range are given 
by the same author in Proc. Am. Acad. Sci. 68, 95 (1933). 

2V. E. Bottom, Phys. Rev. 74, 1218(A) (1948), V. A. Johnson, Phys. 
Rev. 74, 1255(A) (1948). Mis:, Johnson gives a value of 0.38 ev for the 


energy gap. 
3 P, W. Bridgman, Proc. Am. Acad. Sci. 74, 21 (1940). 





Gamma-Rays from Tantalum 182 


J. M. Cork, H. B. KELLER, J. SazYnsk1, W. C. RUTLEDGE, 
AND A. E. STODDARD 
University of Michigan, Ann Arbor, Michigan 
April 15, 1949 


N an earlier investigation! it was found that pure tantalum 
oxide irradiated in the Oak Ridge pile formed the radio- 
active tantalum isotope of mass 182, which emitted a profusion 
of electron groups due to several internally converted gamma- 


tungsten (Z=74) following beta-emission from tantalum 
(Z=73), the electron lines give evidence for the existence of 
28 gamma-rays, as shown in column 3, Table I, and sum- 
marized in Table II. Some of the electron lines as shown in 
column 2 are subject to alternate or dual interpretation. The 
subscripts for the number of the gamma-ray are arbitrarily 
assigned in the order of increasing energy. 


182 - 
74W 
(ENERGY LEVELS) 


731A 


(123%) DAYS 


374.5 
368.2 
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2612 
257.4 


2165 
196.6 


158.8 
148.1 


122.8 





Fic. 1. Energy levels in tungsten 182 following beta-emission 
from tantalum, 
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TABLE II. Energy of gamma-rays. 








Gamma-energy 





Number Number Gamma-energy 
1 46.2 kev 15 138.4 
2 58.3 16 150.2 
3 64.7 17 157.9 
4 66.8 18 159.1 
5 68.8 19 171.5 
6 76.1 20 177.5 
7 83.7 21 196.6 
8 93.1 22 211.5 
9 99.2 23 219.7 

10 107.0 24 227.0 
11 109.3 25 261.2 
12 112.4 26 301.6 
13 117.7 27 307.2 
14 122.7 28 328.4 








It can be noted that a great many numerical identities exist 
between mathematical combinations of the gamma-energies. 
For example, ten distinct combinations are observed to add 
to 374.5 kev. This suggests the possibility of a nuclear level 
scheme as shown in Fig. 1. While this proposal is undoubtedly 
not unique, it is remarkable that the 13 levels account com- 
pletely for the 28 observed gamma-rays. In only a few cases 
. do the gamma-energies deviate from the level differences by 
as much as 0.3 kev. 

The decay of the tantalum shows the presence of activities 
of half-lives 3.5 days and 123.5 days. The radiations from the 
short-lived emitter have not been determined. This inves- 
tigation was made possible by the support of the AEC and the 
ONR. 


1J. M. Cork, Phys. Rev. 72, 581 (1947). 





Nuclear Collisions of Heavy.Cosmic-Ray 
Primaries 
H. L. Brapt AND B. PETERS 


University of Rochester, Rochester, New York 
April 13, 1949 


EAVY primary cosmic-ray ions, predicted by Alfven! and 

later discovered at high altitudes in photographic plates 

and cloud chambers,’ are absorbed in the upper layer of the 

atmosphere mainly as a result of nuclear collisions. One may 

classify these collisions according to their effect on the bom- 
barding nucleus as follows: 

(a) The incoming nucleus can proceed almost undeflected with undi- 
minished charge. In this case a few nucleons may be ejected from the 
target nucleus. An example of such a collision is given in Fig. 1. 

(b) The incoming nucleus may be completely destroyed in a large nuclear 
explosion. An example of such an event was published earlier,* 

(c) Part of the incoming nucleus may be sheared off in the collision. 
The remaining nuclear matter proceeds with its original momentum either 
as a compact nucleus of reduced charge or partially or completely dissoci- 
ated. This type of collision results therefore in a narrow penetrating shower 
consisting in general of relativistic protons, a-particles and heavy fragments. 


We have so far observed eight narrow showers of relativistic 
particles. Most of these were observed in a 3X10” stack of 
25 electron sensitive Eastman NTB3 plates flown for 6 hours 
at an altitude of 92,000 ft. off the coast of Cuba (A=294°N 
magn.). In the three cases where the incoming nucleus belonged 
to the carbon, nitrogen, oxygen group the shower contains only 
protons or a mixture of a-particles and protons. An example 
of such a shower is shown in Fig. 2. 

In the remaining five cases where the bombarding nuclei 
have charges Z=14, 19, 20, 26, and 26 the shower contained 
in each case one heavy fragment of charge Z=10, 11, 10, 10, 
and 20, respectively. One example is shown in Fig. 3. The 
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PROTON KNOCKED OUT OF A WUCLEUS BY A FAST = \ 
CARBON PRIMARY 


Fic. 1. Proton knocked out of a nucleus by a fast carbon primary (Ekin 
~10 Bev). The track of the heavy ion in the emulsion was 1.13 cm long 
and the charge Z =6 was determined both by grain counting and 4é-ray 
counting. The energy of the secondary proton is Ep=2.6 Mev and the 
angle between the track of the carbon ion and the proton track is # =20° 
(8proj =5°). Hence the collision could not have been an elastic collision 
(Ilford C-2 emulsion). 


picture shows two sections of the same track in two adjacent 
photographic plates. The collision occurred in the glass 
between the emulsions. 

The frequency of these showers is comparable (though 
perhaps smaller) to the number of collisions leading to total 
destruction of the incoming particle. They have not been 
observed earlier because all the lighter shower particles being 
in the relativistic range will only be recorded in electron sen- 
sitive emulsions, such as the Eastman NTB3 plates. 
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Fic. 2. Narrow shower of protons and a-particles resulting from the 
collision of a primary nitrogen nucleus. One of the a-particles has a path 
length of 5 cm in the emulsion. The projected angles between the tracks 
are 0.033, 0.077, and 0.110 degrees, respectively. (Eastman NTB3 emulsion.) 
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Fic. 3. Figure 3a shows the track of the nucleus of charge Z =19 as it 
appears in three plates before the collision occurs. Figure 3b shows the 
narrow shower emerging from the glass plate in which the collision occurred. 
It consists of a heavy fragment of Z =11, one a-particle, and 6 protons. 
The a-particle and 3 protons can be seen in the photograph. The apparent 
curvature of the tracks is the result of a distortion of the emulsion (Eastman 
NTB3 emulsion). 


Since the tracks can be frequently followed through a 
whole stack of plates, the angles between the shower particles 
can be measured with very high precision and can therefore 
be used to estimate the energy of the incoming particle. 

One may expect angles of the order of 


3 =(p1)w/ Po (2Mc(E,)w)#/Eo, 


where (f1)y is the average transverse momentum of the 
nucleons inside the incoming particle (the corresponding 
energy is (Ey) ~(2/3)(3/5)-20 Mev=8 Mev) and fp is the 
longitudinal momentum per nucleon. 


In the shower illustrated in Fig. 3 we have an incoming 
nucleus of Z=19+1 and a shower consisting of 6 protons, 
1 a-particle, and 1 nuclear fragment of charge Z=11+1. The 
angles between the light particles and the heavy fragment pro- 
jected on the plane of the emulsion vary from 0.0050 to 0.0292 
radian, the average projected angle (8#’=#8/v2) being 0.017 
radian. The deviation of the angles obtained by measuring the 
change in separation in successive pairs of plates show that 
the scattering, although measurable, is less than 0.001 radian/ 
cm of glass and therefore does not affect the argument. Hence 
we estimate that the incoming particle had an energy of the 
order of 5 Bev/nucleon. 

A similar shower produced by an iron nucleus and consisting 
of 3 a-particles, probably some unobserved protons, and a 
heavy fragment of Z~10 has been observed in a stack of 
plates flown at Minnesota. It leads to an estimate for the 
total kinetic energy of the primary particle of 0.510" ev. 

Since most of the collisions occur in the glass only collisions 
of class (b) and (c) will in general be observed. If we define 
collisions as events where the charge of the incoming particle 
is reduced by at least two units we obtain from 40 collisions 
in an over-all path length of 520 cm of glass a mean free path 
\=33 g/cm? for nuclei of 6£ Z<8, and from 26 collisions in 
255 cm of glass a mean free path of \=23.5 g/cm? for nuclei 
of 10<Z< 18. The corresponding collision cross section agrees 
for both groups with the one calculated for glass, assuming for 
all nuclei involved an effective collision radius equal to the 
geometrical nuclear radius Rg=1.45-A!-10-8 cm diminished 
by a constant decrement AR=0.8X 10-" cm. 

Since as many as 3 nuclear collisions may be required to 
reduce the charge of an iron nucleus to Z~6, it may be possible 
to observe such narrow showers even at low altitude. The 
appearance of these showers in a cloud-chamber photograph 
should be similar to the showers of parallel tracks of positive 
particles reported by Rochester and Butler,‘ for which no 
satisfactory explanation has thus far been found. 

We are greatly indebted to Dr. John Spence of Eastman 
Kodak Company for preparing the large stack of very sensitive 
plates used in this investigation, to Dr. E. O. Salant and Dr. 
J. Hornbostel of Brookhaven National Laboratory for making 
many of the arrangements for the balloon flight and to the 
ONR for organizing the flight. 

We are also grateful to Mr. R. Rickard and R. Brent who 
did much of the necessary surveying. 

This work was carried out under the joint program of the 
ONR and the AEC. 

1H. Alfven, Nature 143, 435 (1939). 

215 oe Lofgren, Ney, Oppenheimer, Bradt and Peters, Phys. Rev. 74, 


3H. L. Bradt and B. Peters, Phys. Rev. 74, 1828 (1948). 
4G. D. Rochester and C. C. Butler, Proc. Phys. Soc. 61, 535 (1948). 











